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V, | FOREWORD TO SOMMERFELD’S COURSE 


S3A5¥-OP 


P. P. EWALD 
PoLyTEcHNIC InstrTuTE oF BRooKLYN, New York 


The author of this Course on Theoretical Physics, Arnold Sommerfeld, 
was one of the central figures in achieving the transformation through which 
physics passed in the two decades from 1910 to 1930. Without his inspired 
and untiring efforts both the tumultuous advance and the wide-spread 
dissemination of the quantum theory of the atom would not have been what 
they were. Sommerfeld’s Institute for Theoretical Physics in Munich became 
a school from which issued a steady stream of research papers by German 
and foreign, young and mature students of atomic theory. His famous 
book ‘“‘ Atombau und Spektrallinien,” followed later by the companion 
volume “‘ Wellenmechanik,” was for a long time the only full and authori- 
tative account of this fundamental subject; its successive editions unroll an 
impressive survey of the rapid development of atomic theory following 
Niels Bohr’s first papers. ; 

Both by his training and previous research Sommerfeld was firmly rooted 
in the mathematical methods of classical physics, and to this fact he owes 
much of his mastery of the newly created methods of quantum physics, 
especially after the advent of Schrédinger’s wave mechanics in 1926. It 
was therefore natural for Sommerfeld to give his students a thorough training 
in classical methods, all the more so since he himself took great delight 
in the aesthetic beauty of classical theory. The harmony between mathe- 
matical formalism, its physical interpretation, and experimental materializa- 
tion was cast in relief in Sommerfeld’s lectures and deeply impressed his 
students. 


Sommerfeld was over seventy, and retired after forty years of academic 
teaching, when he committed his lectures to paper. He did it with a sense 
of double obligation: to preserve through a crisis the achievements that had 
carried physics to great triumphs and to bequeath to the young generation of 


_ physicists the valuable analytical tools that had been shaped on the classical 


problems. Sommerfeld had taken an active part in perfecting these tools 
from 1895 onwards, when he wrote his doctoral thesis on Arbitrary Functions 
in Physics. Among his earliest brilliant work was the construction of a 
strict solution for the diffraction of a wave by an edge ; he extended the 
methods that Riemann used in the theory of functions, with the result 
that a solution of the diffraction problem by an image method in multi-valued 
space was obtained. The reader will find this discussed in Volume V on 
Optics. Extending from Sommerfeld’s early period in Géttingen to the 
beginning of the quantum period in Munich, and in co-authorship with the 
great mathematician Felix Klein in Géttingen, the preparation of the four 
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volume standard work on the theory of rotating rigid bodies, Theorie des 
Kreisels, proceeded. This work was intended to demonstrate the intimate 
connection between “pure” and “applied” mathematics by bringing 
a great variety of mathematical topics, such as the theory of functions, 
elliptic functions, quaternions, Klein-Caley parameters, etc., to bear on this 
problem of dynamics of a rigid body. While holding the chair of Technical 
Mechanics at the Technische Hochschule in Aachen, 1899-1905, Sommerfeld 
became deeply interested in engineering problems. His papers on the hydro- 
dynamics of lubrication, on the interaction between electrical generators 
working on the same power line, on the braking of trains, and on other 
topics all adopt a general approach that gives them lasting value. With the 
advent of wireless telegraphy a series of papers by Sommerfeld and his 
pupils began on the mode of emission and of propagation of radio waves. 
They offer excellent examples of the mathematical methods in which 
Sommerfeld was a master. In particular, the diffraction problem of these 
waves round the earth was brought down to the discussion of complex 
integrals, which form a strict solution (see Volume 6, Chapter 6). 


It would be out of place to elaborate a full list of the achievements with 
which Sommerfeld enriched physical theory. The reader may be referred 
to some of the articles listed below. But a few words may be added on 
Sommerfeld as a teacher, and on the significance of the course of lectures 
now being published in translation. 


The courses of theoretical physics held in Munich were of two kinds, 
general ones and specialized ones. The former were given four hours, or 
more precisely periods of 45-50 minutes, a week through a 13-week winter 
semester and an 1l-week summer semester. These six courses form the 
subject of the present six volumes. Each served as an introduction for 
students who had taken the demonstration courses on experimental physics 
(given, in Munich, by Roéntgen, later by W. Wien). In experimental 
physics the student acquired a factual survey of the phenomena and of their 
quantitative evaluation, based on a fundamentally non-mathematical 
treatment. In the courses on theoretical physics the elementary ground 
was gone over again, but with a view to developing the mathematical 
handling and to constructing an integrating theory which could then be 
extended to advanced problems. The latter might change from one series 
of courses to the next, and the inclusion of topical subjects in the second 
halves of these courses made them most interesting even to advanced students 
who had already gone over the subject in their previous work. In addition 
to the lectures, two hours a week were devoted to discussing problems. 


The specialized courses were two-hour-a-week lecture courses on subjects 
which could be dealt with only briefly in the general course, or had topical 
interest. Those given by Sommerfeld were usually connected with his own 
current research and often contained parts which appeared a little later as 
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original papers. The interpretation of the Lorentz transformation as a 
rotation in four dimensional space (Volume 3, §26), the transition from 
wave optics to geometrical optics (Volume 5, §35), the discussion of 
the signal velocity in a dispersive medium (Volume 5, §22) are some 
examples. In later general courses such subjects were often included, to 
the exclusion of other less interesting parts of previous courses. 


Besides the lecture courses, a seminar and colloquium offered instruction 
in advanced topics ; here the students had to review the assigned subject 
and to deliver the talk, which meant several weeks’ intensive study. 


From the student’s point of view the great attraction of Sommerfeld’s 
lectures lay in their clarity : the approach from the physical side, the for- 
mulation of the mathematical problem, the simple and yet general explana- 
tion of the mathematical methods used, and the thorough discussion of the 
result again in terms of physical experiment. His firm, well-distributed 
writing on the blackboard, and the evidence of his diagrams, helped the 
student to survey at the end of each period all the subjects that had been 
covered. Besides, the standard of the course was high enough to tax the 
powers of the better students and to demand vigilant cooperation. This 
was all the more important in a university system where there was no check 
on attendance and only a voluntary one on performance. In giving an 
original discussion of a problem in the exercises even the beginner would 
attract the attention of Sommerfeld or of the assistant in charge, and he 
would be stimulated by the appreciative understanding his effort received. 


Sommerfeld had an extraordinary flair for genuine endeavor and per- 
formance, irrespective of the age of his students. That is why scientists of 
the rank of Debye, Pauli, Heisenberg (to name only those who now are 
Nobel prize men) became attached to him in their early years of study. 
But also the good average student was well looked after and given smaller 
problems or small responsibilities to exercise his forces. The indolent student 
soon turned away on his own account. Thus Sommerfeld’s students formed 
in a way a select group, but their number remained large enough to create 
a breeze that helped the inexperienced newcomers rapidly to unfurl their 
own sails. May the translation of Sommerfeld’s lectures carry some of this 
breeze afield and assist other groups in preparing to sail the ocean of 
discovery. 


Some ARTICLES ON THE AUTHOR’S WORK 


Anon., Current Biographies, 1950, pp. 537-538 (with portrait). 

P. Kirkpatrick, Am. J. Physics (1949). 17, 5, 312-316. (Presentation of the Oerstedt 
Medal to Sommerfeld by the American Association of Physics Teachers.) 

M. Born, Proc. Roy. Soc., London. A. (1952). (Obituary.) 

P. P. Ewald, Nature (1951). 168, 364-366. (Obituary Notice.) 

W. Heisenberg, Naturwissenschaften (1951). 38, 337. 

M. v. Laue, Naturwissenschaften (1951). 38, 513-518. (A full appraisal of Sommerfeld’s 
work.) 
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PREFACE TO THE FIRST EDITION, SEPTEMBER 1942 


The encouragement of some of my former students and the repeated 
suggestion of the publishers decided me to publish my general course on 
theoretical physics which I gave regularly for thirty-two years at the 
University of Munich. 


This was an introductory course, and was attended not only by the 
physics majors of the University and the Polytechnic Institute (Technische 
Hochschule), but also by candidates for teachers’ degrees in mathematics 
and physics, by students of astronomy and some few of physical chemistry— 
all usually in their third and fourth years. The lectures were held four 
times a week and supplemented by a two-hour problem period. Special 
courses on modern physics, which were given concurrently with these, have 
not been included in this series of books; their subject matter found its way 
into my scientific papers, summarizing articles, and other books. While it is 
true that quantum mechanics always hovers in the background and refer- 
ence is made to it now and then, the actual substance of these lectures is 
classical physics. 


The order of the courses, which has been kept in their publication, was 
Mechanics 

Mechanics of Deformable Bodies 

Electrodynamics 

Optics 

Thermodynamics and Statistical Mechanics 

Partial Differential Equations in Physics 


eo roe P 


The courses on mechanics were given in alternate years by myself and 
by my colleagues in mathematics. Concurrent courses in hydrodynamics, 
electrodynamics, and thermodynamics were taught by younger members of 
the staff. Vector analysis was given in a separate course so that its systematic 
development could be omitted from my lectures. 


In print, as in my classes, I will not detain myself with the mathematical 
foundations, but proceed as rapidly as possible to the physical problems 
themselves. My aim is to give the reader a vivid picture of the vast and 
varied material that comes within the scope of theory from a suitably 
chosen mathematical and physical vantage point. With this in mind I shall 
not be too concerned if I have left some gaps in the systematic justification 
and axiomatic structure of the work. In any case I do not wish to frighten 
the hearer of my lectures with drawn-out investigations of a mathematical 
or logical nature and distract his attention from what is physically interesting. 
It is my belief that this attitude proved its worth in my courses ; it has 
therefore been retained in the printed lectures. Whereas the lectures of 
Planck are irreproachable in systematic formulation, I believe that I can 
claim for mine a greater variety of subject matter and a more flexible handling 
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of the mathematical apparatus. Moreover, I gladly refer the reader to the 
more complete and often more thorough treatment of Planck, especially in 
thermodynamics and statistical mechanics. 


The problems collected at the end of each volume should be regarded as 
supplementary to the text. They were handed in by the students and then 
presented orally during the problem periods. Elementary numerical 
problems, to be found so prolifically in texts and collections of problems, have, 
in general, not been included. The problems are numbered by chapter. 
Sections are numbered through in each volume and equations in each 
section. References within each volume to earlier equations can thus be 
made merely by giving the section, and equation numbers. To make it 
simpler to find a given section the upper inside corners of every pair of 
pages bear the section and chapter number. 


Looking back on my years of teaching I wish to acknowledge with grati- 
tude my special indebtedness to two men, Rontgen and Felix Klein. Rontgen 
not only created the external conditions for my professional activity by 
calling me to a privileged sphere of action; he also stood by my side and act- 
ively furthered the increasing scope of my work over a period of many years. 
Even earlier Felix Klein had imparted to my mathematical thinking that 
turn of mind which is best adapted to applications; through his mastery in 
the art of lecturing he exerted a strong indirect influence on my own teaching. 
In particular let me mention that the last part of this course was announced 
for the first time while I was still instructor in Géttingen and imbued with 
the mathematical tradition of that university symbolized in the three names 
Riemann—Dirichlet—Klein. At that time my course was less comprehensive 
than the present Volume VI, but it found much resonance in the audience. 
When the course was repeated in later years my students often told me 
that only here had they really grasped the handling and application of 
mathematical results, e.g., Fourier methods, applications of the theory 
of functions, boundary value problems. 


In conclusion, let me send out these volumes with the wish that they 
arouse the reader’s interest in our beautiful science and give him as much 
pleasure as the courses gave to those attending them and to me during my 
many: years of teaching activity. 


Munich, September 1942 Arnold Sommerfeld 
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INTRODUCTION 


Mechanics is the backbone of mathematical physics. Though it is 
true that we no longer require physics to explain all phenomena in 
terms of mechanical models, as was common during the last century, 
we are nevertheless convinced that the principles of mechanics, such as 
those of momentum, energy, and least action, are of the greatest importance 
in all branches of physics. 

We call this book ‘‘ Mechanics,” not “ Analytical Mechanics” as the 
mathematicians are wont to do. The Jatter name has its origin in the 
great work of Lagrange (1788), who attempted to mold the whole system 
of mechanics into a consistent language of mathematical equations and was 
proud of the fact that “one would not find a single diagram in his work.” 
We, on the contrary, shall draw as much as possible on illustration and 
comparison. The reader will find in this volume many concrete applica- 
tions in astronomy, physics, and even to some degree in engineering, which 
should help to make the principles clearer. 

The exact title of the book should be ‘‘ Mechanics of Systems of a Finite 
Number of Degrees of Freedom ’’; that of the second volume would accor- 
dingly be ‘‘ Mechanics of Systems with an Infinite Number of Degrees of 
Freedom.” Since, however, the concept of degrees of freedom is not too 
well known and can here be explained only at the beginning of the second 
chapter, we shall be satisfied with the customary title “‘ Mechanics,” a 
title hardly subject to misunderstanding. 

We commence with Newton’s fundamental] analysis in his ‘‘ Philosophiae 
Naturalis Principia Mathematica ” (London, 1687); not that Newton lacked 
important predecessors, such as Archimedes, Galileo, Kepler, and Huygens, 
to mention only a few. It was, nevertheless, Newton who first created 
a firm foundation for general mechanics. Even today, apart from some 
changes and reinforcements, the foundation laid down by him provides 
us with the most natural and didactically simplest approach to general 
mechanics. 

We shall at first investigate the mechanics of the single mass point 
or particle. 


CHAPTER I 
MECHANICS OF A PARTICLE 


§ 1. Newton’s Axioms 


The laws of motion will be introduced in axiomatic form; they 
summarize in precise form the whole body of experience. 

First law: Every material body remains in its state of rest or of uniform 
rectilinear motion unless compelled by forces acting on it to change its state. 

We shall at first withhold explanation of the concept of force introduced 
in this law. We notice that the states of rest and of uniform (rectilinear) 
motion are treated on equal footing and are regarded as natural states of the 
body. The law postulates a tendency of the body to remain in such a 
natural state; this tendency is called the inertia of the body. One often 
speaks of Galileo’s law of inertia instead of Newton’s first law in referring 
to the above axiom. We must say in this connection that while it is 
perfectly true that Galileo arrived at this law long before Newton (as a 
limiting result of his experiments with sliding bodies on planes of vanishing 
inclination), we find it characteristic of Newton that the law holds top 
position in his system. Newton’s word “ body ”’ will, for the time being, 
be replaced by the words “ particle” or ‘‘ mass point.” 

To formulate the first law mathematically we shall make use of definitions 
1 and 2 preceding it in the “ Principia.” 

Definition 2: The quantity of motion is the measure of the same, arising 
from the velocity and the quantity of matter conjunctly.? 

The “ quantity of motion’’ is hence the product of two factors, the 
velocity, whose meaning is geometrically evident,? and the “ quantity of 


1 We mention here, and in connection with what is to follow, the book Die Mechanitk in 
threr Entwickelung (8th ed., F. A. Brockhaus, Leipzig, 1923; translated into English 
under the title The Science of Mechanics, Open Court Publishing Co., LaSalle, 
Ill., 1942) by Ernst Mach. The study of this excellent critical history is recom- 
mended to all students of mechanics, especially since in our book we must restrict 
ourselves to the concepts of mechanics in a form ready for use and cannot delve 
into the origin and gradual clarification of these concepts. This should not be 
interpreted to mean, however, that we agree with Mach’s positivistic philosophy as 
it is developed in Chapter IV, 4, of his book, with its attendant overemphasis of 
the Economy Principle, the denial of atomic theory and the preference for formal 
continuity theories. 

2 Newton's Principia, translated by Andrew Motte.—TRANSLATOR. 

3 Evident, that is, once a reference system has been chosen in which the velocity is to 


be measured. 
3 
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matter,” which is to be explained physically. Newton attempts the latter 
in his definition 1, in which he says that the quantity of matter is measured 
by its density and volume conjunctly. This is obviously only a mock 
definition, since density itself cannot be defined in any other way than by 
the amount of matter in unit volume. In the same definition 1, Newton 
also states that instead of “ quantity of matter ’’ he will use the word mass. 
We shall follow him in this, but shall postpone the physical definition of 
mass (as well as that of force) until later. 

The quantity of motion accordingly becomes the product of mass and 
velocity. Like the latter it is a directed magnitude, a vector. We write* 


(1) p=mv 
and formulate the first law of motion in its final form: 
(2) p=constant in the absence of forces. 


We shall put the law of inertia thus formulated at the head of our 
mechanics. It is the result of an evolution extending over many centuries, 
and is by no means as self-evident as it appears to us today. The philosopher 
Kant, for instance, says in his paper, “‘ Thoughts on the True Estimation of 
Living Forces,” written in 1747, long after Newton: “ There exist two kinds 
of motions; those which have ceased after a certain time, and those which 
persist.” The motions that in Kant’s opinion cease by themselves are, 
according to modern ideas — and those of Newton — motions which are 
attenuated by frictional forces and finally destroyed. 

The expression “ quantity of motion’ is unfortunately chosen in that 
it does not take into account the vector character of mv. Thus a better 
term would be the word “ impulse,”’ which conveys the idea of a push of a 
certain magnitude in a definite direction that the given mv is able to impart, 
by collision, to some body initially at rest. Since the term “impulse ” 
is, however, used in a somewhat different sense in mechanics, we shall 
have to retain the name “ quantity of motion,” or, in modern language, 
momentum for the vector p. Instead of the law of inertia and Newton’s 
first law of motion we can then speak of the law of conservation of momentum. 

We shall now discuss Newton’s second law, the real law of motion: 
The change in motion 1s proportional to the force acting and takes place in the 
direction of the straight line along which the force acts. 
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* We assume that the reader is familiar with the elements of vector algebra. Since, 
however, vector operations originated in close association with mechanics (includ- 
ing the mechanics of fluids), we shall often have occasion to explain vector concepts 
simultaneously with mechanical concepts. 

As regards notation, vectors will be designated throughout by bold-faced letters; 
thus @ for the angular velocity when regarded as a (axial) vector. In diagrams, 
overhead arrows will occasionally be used. 


1.1 Newton’s Axioms a - 5 


By “change in motion” Newton undoubtedly means the change with 
time of the previously defined momentum p, hence the vector p (the dot 


is Newton’s notation for the “ fluxion ” p=). If we designate the force 


by the letter F, our second law can then-be written as 
(3) p=F. 


Since we called p the momentum, this law expresses the manner in which 
momentum changes with time, and can, for brevity, be called simply the 
law of momentum. 

Unfortunately the law is often, especially in the mathematical literature, 
designated as “‘ Newton’s law of acceleration.” It is of course true that 
if we treat m as a constant, (3) combined with (1) is identical to 


(3a) mv=F: Mass - Acceleration= Force. 


But mass is not always constant; it is variable in the theory of relativity 
for example, where Newton’s formulation (3) prophetically turns out to be 
the correct one. We shall treat a series of examples with variable mass in 
§ 4, where we shall have a closer look at the interrelation between formula- 
tions (3) and (3a). Incidentally, the mechanical system which is next 
in simplicity to that of a single mass point, namely, the rotating rigid body, 
leads us to an equation of motion along the lines of (3), in the form “ rate 
of change of moment of momentum (angular momentum) = moment of force 
(torque) ’’; a description in terms of angular acceleration, similar to (3a), 
is not possible. An effect similar to the non-constancy of mass in relativity 
must be taken into account: the moment of inertia, here replacing the 
mass, changes with changing location of the axis of rotation in the body. 
We must now seek to get a clear idea of the concept of force. Kirchhoff® 
wanted to degrade it to a quantity defined by the product of mass and 
acceleration. Hertz®, too, tried to eliminate and replace it by coupling 
the system under consideration with other, generally hidden systems 
interacting with the former. Hertz carried out this program with admirable 
consistency. His method, however, hardly produced fruitful results; and 
it is especially unsuitable for the beginner. 
__We are of the opinion that we have at least a qualitative notion of 
“ force ’’ which we acquire quite directly through the feeling we experience 
when using our muscles. In addition the earth has provided us with the 
comparison standard of gravity, with which we can measure all other 
forces quantitatively. For this purpose we need merely balance the effect 


5 Gustav Kirchhoff, Vol. I of his Vorlesungen tiber mathematische Physik, p. 22. 
6 Heinrich Hertz, Miscellaneous Papers, Vol. II, Principles of Mechanics, Macmillan, 
New York, 1896. 
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of a given force by a suitable weight. (By means of a pulley and string 
we can let the vertical force of gravity act in a direction opposed to the 
given force.) If, in addition, we procure a number of equally heavy bodies, 
a ‘set of weights,” we obtain a tentative scale with which to measure 
forces quantitatively. 

The same is true for the concept of force as for all other physical con- 
cepts and names: word definitions have very little meaning; physically signi- 
ficant definitions are obtained as soon as we prescribe a way of measur- 
ing the quantity in question. Such a prescription need not contain the 
details of practical procedure, but merely state a way to measure the 
quantity in principle. 

The above prescription, making use of gravity, has given a concrete 
content to the right member of our law of momentum (3); it has thereby 
become a real physical statement. It is true that the left member still con- 
tains the mass m, up to now undefined. This does not mean that the defini- 
tion of mass is the only content of the law. For the law brings out that 
it is p, not p itself or perhaps p which is determined by the force. We shall 
see in § 4 how the definition of mass is obtained in case it is variable, the 
relativistic mass serving as example. 

Third law: Action always equals reaction, or: the forces two bodies exert 
on each other are always equal and opposite in direction. 

This is the principle of action and reaction. It says that for every 
pressure there is a pressure in the opposite direction. Forces always occur 
paired in nature. The falling stone attracts the earth just as strongly as 
the earth attracts the stone. 

This law makes possible the transition from the mechanics of single mass 
points to that of compound systems ; it is therefore fundamental to the 
entire field of structural statics, to name but one example. 

We shall call the rule of the parallelogram of forces our Fourth law, 
even though in Newton it appears merely as an addition or corollary to 
the other laws of motion. The fourth law states that two forces applied 
to the same mass point compound to act like the diagonal of the paral- 
lelogram formed by them: forces add like vectors. This seems self-evident 
since we equated the force F to the vector p in the Second Law. Actu- 
ally, however, the Fourth Law, as Mach emphasizes, contains the axiom 
that each force acting on a mass point causes it to change its motion as if 
this force were the only one acting there. The parallelogram of forces 
hence establishes axiomatically the independence of the effects of several 
forces acting together at the same point, or, more generally, the principle 
of superposition of forces. Of course the last statement as well as the 
laws of motion preceding it are nothing but an idealization and a precise 
formulation of our whole body of experience. 
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Having introduced the concept of force, we shall at this point introduce 
that of work with the definition 


(4) dW=F + ds=F ds cos(F, ds). 


Thus the work does not equal “‘ force times distance” as often stated, but 
“component of force along path times path length’ or “force times 
component of path length along force.” 

From the statement, ‘‘ forces add vectorially,” follows immediately the 
complementary statement that ‘‘ work adds algebraically.”” Indeed 


F,+F,+-++=F 
leads to 


(5) ' F,- ds+F,-ds+---=F-ds 


by scalar multiplication with the distance ds. Here F is the resultant 
force. The definition of the scalar product contained in (4) automatically 
sees to it that, for example, in the first product of (5) only ds,, the com- 
ponent of the distance in the direction of the force F,, occurs. Hence we 
can also write instead of (5) that 


(6) dW,+dW,+ +--+ =dw, 
as stated above. 

Related to the concept of work is that of power; power is the work done 
in unit time. 

In concluding these introductory remarks we shall have to agree on 
how to measure the mechanical quantities that we have introduced. Here 
we have a choice of two systems of units, the physical (or absolute) and the 
practical (or gravitational) metric systems. The difference between them is 
that in the absolute system the gram (or kilogram) serves as unit mass, 
whereas in the gravitational system the kilogram (or gram) serves as unit 
force. In the latter case we speak of a kilogram-weight and write 


1 kg-weight=g + kg-mass. 


The gravitational acceleration g is, however, a function of the location 
on the earth, being greater at the poles than at the equator because of a 
smaller distance from the center of the earth as well as because of diminished 
centrifugal force. Hence the kg-weight is dependent on location; a kg- 
weight sample cannot be transported. The gravitational system is therefore 
unsuitable for precise measurements. The physical system has, in contrast, 
been distinguished by the title, “absolute system of units.” We have 
nevertheless become so accustomed to the gravitational system that in many 
cases where we should really say “‘ mass,” the word “ weight” has once 
and for all made its way into our scientific language. Thus we talk of specific 
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weight when we should say specific mass or density; and of atomic and 
molecular weights — which surely have nothing to do with the acceleration 
due to gravity. 

Gauss, the originator of absolute measurements, decided in favor 
of the absolute system after some hesitation. Initially he, too, was in 
favor of introducing force as the basic unit, since it played a more direct 
role than mass in his measurements of terrestrial magnetism. On the other 
hand he wanted these measurements to encompass the entire surface of 
our globe; he therefore saw himself forced to adopt as unit a quantity 
whose value would not depend on location. 

Below we have put the two systems next to each other and at the same 
time introduced the derived units dyne, erg, joule, watt, and horse power (HP): 


Absolute system (CGS) Gravitational system (MKS) 
cm, g-mass, sec kg-weight, m, sec 
1 kg-weight = 9.81-105 g cm sec~? 1 g-mass= sone sec? m=} 
=9.81-105 dyne 
1 erg=1 dyne-1 cm 1 unit of work=1 kg-1m 


1 jowe=10 erg 
1 mkg-weight= 1000-g-100 erg 


== 9.81-107 erg 
=9.81 joule 
1 watt=1 joule sec _. 1 unit of power=1 kg m sec 
1 kilowatt = 1000 joule sec? 1 HP=175 kg m sec 
=) = 1.36 HP —75-1000-100-981 erg sec 


=75°9.81 watt=0.736 kw 


It should be noted that according to a decision of the pertinent international 
commissions the CGS system was to be replaced by an absolute MKS system 
beginning with the year 1940. In this new system the meter takes the 
place of the centimeter, and the kilogram that of the gram as unit of mass, 
while the second is retained as unit of time. This is in agreement with a 
proposal of G. Giorgi, which shows its advantages fully only in electro- 
dynamics with the addition of a fourth independent electrical unit (see 
Vol. III of this series). In mechanics the proposed change would have the 
advantage that in the definition of the joule and the watt the bothersome 
powers of ten are eliminated. With the new'larger units M and K the 
units of work and power become 


1 M*KS~*= 107 cm? g sec-?=1 joule, 
1 M?KS-*= 107 cm? g sec-8=1 watt. 
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The unit of force in the new system, called the newton, is thus 

I newton=1 MKS~?=105 cm g sec-?= 105 dyne. 
This, too, can be regarded as an advantage of the Giorgi system, since now 
the new unit of force is brought closer to the convenient gravitational 


unit, the kg-weight, whereas the old unit of force, the dyne, is inconveniently 
small for most practical uses. 


§ 2. Space, Time and Reference Systems’ 

Newton’s views about space and time seem to us moderns quite unrealistic 
and appear to contradict his declared intention to base his analysis on 
fact alone. He states: 

“* Absolute space, in its own nature, without regard to anything external, 
remains always similar and immovable. 

“ Absolute, true, and mathematical time, of itself, and from its own 
nature, flows equably without regard to anything external, and by another 
name is called duration.” 

From these two quotations one would conclude that Newton worried 
but little where absolute time was to be taken from, and how an immovable 
absolute space was to be distinguished from one moving uniformly with 
respect to it. This is all the more surprising since he put the states of 
rest and of uniform motion on the same footing in his first law. On the 
other hand Newton tried to clarify the distinction between absolute and 
relative motion by his famous pail experiment.’ In this experiment a 
pail is suspended from a twisted thread and filled with water. The pail 
is then suddenly released and as the thread untwists acquires a rotation 
about its axis of symmetry. The surface of the water remains at first 
level, although the relative velocity between pail and water is great. 
Gradually the water is set in motion by friction with the walls of the pail, 
climbs up the wall, and its surface assumes the familiar hollow paraboloidal 
shape. Finally a steady state is reached in which the relative motion 
between pail and water is zero; the ‘ motion of the water in 
space has, on the other hand, increased to a maximum, and with it the 
curvature of the surface. 

Actually the experiment only shows that the rotating pail does not 
furnish a suitable reference system from which the motion of the water 


‘ absolute ’ 


can be understood. Is the earth such an unsuitable reference system ? 


?7 The beginner to whom the following somewhat abstract considerations seem un- 
familiar may postpone the study of this section and of § 4 until a later time. 

8 ‘‘T have performed this experiment myself,” says Newton, probably with reference 
to the natural philosophers, perhaps his compatriot Francis Bacon, who was wont 
to describe the results of experiments he had not performed. 


10 Mechanics of a Particle LZ 


It, too, rotates and furthermore describes an orbit around the sun. In 
general, what are the requirements that an ideal reference system has to 
satisfy in mechanics? By a reference system is meant a frame in space 
and time which will enable us to read off the position of mass points and 
the passage of time; we might take a Cartesian system of coordinates 
x, y, 2, and a time scale, t. 

In practice we shall have to rely on the astronomers for this choice. 
The fixed stars furnish sufficiently constant directions for our coordinate 
axes, and the sidereal day furnishes a sufficiently constant interval of time. 
Theoretically, on the other hand, we are forced to recognize a disagreeable 
tautology: that reference frame is an ideal one in which the Galilean law 
of inertia holds with sufficient accuracy, for a sufficiently force-free body. 
Thus the first law is degraded to a formal identity or to the rank of definition. 
The only positive, not purely formal content that the law retains is the 
assertion that reference systems of the required properties do exist. All 
our experience indicates that one such system is approximated by astro- 
nomical determinations of position and time. 

We mean essentially the same thing when we say that the laws of 
mechanics presuppose the existence of an inertial frame, i.e., an imaginary 
structure whose axes are trajectories of bodies moving purely under inertia. 

The question now arises to what extent this ideal system of reference 
is determined. Is there only one such system 2, y, z, t, or are there perhaps 
infinitely many such systems? Newton’s first law gives the answer at 
once, for it states that any two systems 2, y, z,¢ and x’, y’, z’, t’ are equivalent 
if they differ only by a uniform translational motion. In mathematical 
form 


x’ =x-+ aot 
(1) y’=y+ Bot 
ia 


We can generalize the transformation (1) by performing a rotation on the 
spatial system x, y, z about its origin, which amounts to replacing 2, y, z 
in (1) by new space coordinates €, n, £ such that 


(2) C4724 CHar+y2+ 22, 


This condition defines an arbitrary orthogonal transformation. With 
op, Pz, ¥z, the direction cosines, it yields 


(eee 
(3) € a) “eee ae 
7 | By Bo Bs 
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This scheme can be read equally well from left to right as from top to 
bottom. Because of (2) the «, 8, y satisfy the well-known relations 


(4) >= > P= D> V=1, Day, B,= +++ =0, ete. 


If now we replace the x, y, z in the right member of (1) by the &, n, £ of (3), 
we obtain the generalized transformation scheme® 
a) ee: 
aalet; ogee Cen Adio 
(5) y 1B: B, Bs Bo 
21 Ye Ys Wit 
| OW) Clee. 

The fact that the primed system 2’, y’, z’, t’ is just as good a reference 
frame for the purposes of classica] mechanics as the unprimed system 2, y, z, t 
is called the principle of relativity of classical mechanics. In what follows (5) 
will be called a Galilean transformation. It is a linear transformation in 
the four coordinates; it is orthogonal in the first three, and leaves the 
time coordinate invariant (t’/=t). The last statement means that the 
principle of relativity of classical mechanics leaves intact the absolute 
character of time as postulated by Newton. 

A new situation arises, however, in the field of electrodynamics, particu- 
larly in the electromagnetic theory of optical phenomena. Maxwell’s 
equations, which form the basis of this field, require that the process of 
the propagation of light in vacuo with the velocity c be independent of the 
frame of reference from which this process is observed. The front of a 
spherical wave whose source is at the origin of coordinates is given by the 
equation 


(6) etyt2actt or 2’2+y'242'%=c? t? 


respectively, depending on whether we are describing the wave front in 
the unprimed or the primed system. It is now convenient to change the 
names of the coordinates in the following manner: 


(7) L=y, Y= Ve, Z=Nq, 101— Ay, 


where 7 is the imaginary unit; we introduce a corresponding change of 
notation for the primed coordinates. Equations (6) then read 


(8) S2i-0, Sx2=0, 
7 T 


® Note that this table can be read from left to right but no longer from top to bottom, 
since the transformation is no longer orthogonal.—TRANSLATOR. 
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and the fact that the propagation of light does not depend on the choice of 
reference frame demands that?° 


4 "4 
(9) >*F=>% 
1 1 


Whereas Eq. (2) was an orthogonal transformation in three-dimensional 
space, we are dealing in (9) with an orthogonal transformation in four- 
dimensional space. True, the fourth coordinate is imaginary. ‘This, 
however, will not affect the existence of equations analogous to (3), (4) 
and (5). The relation between the 2, and the 2’, arising from (5) is in 
general called a Lorentz transformation, after the great Dutch theoretical 
physicist Hendrik Antoon Lorentz. We write it in the form of the general 
scheme 


Ly Xo Xs TM, 
1% %y yg yy 
(10) Hi | %y gn gg ag 
%,) %1 %sq «= gg ag 
, 


Kaa 


a 
= 
=) 
Ry 
be 
Se 
o 


This table shows at once that the time coordinate (in the imaginary form ,) 
is now involved in a change of reference system to the same extent as the 
space coordinates. As a necessary consequence of the invariance require- 
ment (9) the absoluteness of time is now destroyed. 

More instructive than the general Lorentz transformation is the special 
one which we obtain when we leave two space coordinates, say 7, and 2p, 
unchanged, and transform only 2, and 24. 

Then all the «,; of the first and second rows of columns in (10) must 
vanish, except for 

011 = %o= I, 
because x}=2,, %4=, (as read from left to right as well as from top to 
bottom). Furthermore we have the conditions analogous to (4), 


2 2_ 2 2.2 2.9 et 
(11) Ogg Ogy= Ogg t Ky = Ayer Ayy— yt y= 1, 
and therefore 

2.2 2 2 

eg = Ugg %yq— Hye. 
Letting 6=-+1, we can write 


(11a) O34 = 5045 


10 For one of the Eqs. (8) must be the consequence of the other. In view of the linearity 
of the relation between them, one of the expressions (8) must be proportional 


to the other. Since the relation is a reciprocal one, the factor of proportionality 
must be unity. 
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and we must then put 
(11b) : OY — 8a, 


because of the other orthogonality condition agg0¢4+ o43%,=0. We now 
make use of (lla, b) to solve for the primed coordinates in terms of the 
unprimed. At the same time, with the help of (7), we go back to our original 
coordinates z, f, z’, t’ to obtain 


2 tag 2+ ide*t), 


(12) ies 
v= _ fr) tag + a A as 2). 
The first of these equations shows that 
(12a) = 
a3 


must be identified with the velocity with which the z’-axis moves parallel 
to the z-axis in the positive direction of the latter, as observed from the 
unprimed system. With the help of (12a) Eqs. (12) become 


z= O33 (z—vt), 

, v 

a 

Finally we must determine «,,. To this end we use Kq. (9) which, in the 
original coordinates, now simplifies to 2’?—c?’2=2z2—c?#2, Let us introduce 


here the values of 2’ and ¢’ from (13). The factor of 2vzt vanishes on the 
left. Comparison of the factors of 2% and # on the left and right yields 


Bee el 
33 {—v/c8" 


(13) 


x 


In the limit c > o (13) must of course reduce to the Galilean transforma- 
tion (1) with «,=f,=0 and yyp=—v. To this end we must put 6=—1 
and must choose the positive sign of #33. We then obtain the characteristic 
two-dimensional Lorentz transformation 


_— z2—vwvt 
(1 - 6?)# 
—— 
ee 
(14) t (a AayF? 


ent 1788) a 
where B=-, (1 B2)?>0. 
The relativization of the time in (14) and the change of scale of the 


A F - v\t 
space coordinate z, as embodied in the denominator (1-3) > are, as we 
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have seen, a result of the fact that the velocity of light c is finite, a fact 
with which the principle of relativity of classical mechanics is incompatible. 

If it be true that all electrodynamic effects are propagated with finite 
velocity c, it follows that for such effects the Galilean transformation must 
always be replaced by a Lorentz transformation, either in the general 
form (10), or the specialized form (14). We call this fact the principle of 
relativity of electrodynamics. It is evident, however, that mechanics too 
has to adapt itself to the fact of the finite propagation velocity of light. 
Now all velocities occurring in ordinary mechanics are quite small com- 
pared toc. This is the reason why for the purposes of mechanics we can, 
as a rule, neglect the change of scale of the space and time coordinates 
indicated by (14). 

The wealth of physical facts embodied in the Lorentz transformation 
will be discussed in the third volume of this series. Here we shall only 
investigate the changes that we have to make in the concept of the funda- 
mental quantity p, the momentum, as a result of our new relativity principle. 


We have called p a vector. This means that the three components of 
p transform just like the coordinates themselves [i.e., the components of 
the radius vector r=(z, y, z) | in a change of the system of coordinates. 
We therefore say that p is covariant to r. 


This is valid only from the viewpoint of the Galilean transformation, 


where the time is regarded as absolute. From the viewpoint of the Lorentz 
transformation the radius vector is a four-component quantity, a four-vector 


(15) X= (2%, Wg, Lg, Wq). 


Our relativistic momentum will similarly have to be a four-vector, i.e., 
must be covariant to x, if it is to have a meaning in relativity theory. We 
arrive at this four-vector in the following manner: 

(a) (15) being a four-vector, the coordinate distance between two 


neighboring points 


(16) dx=(dx,, dx,, dx3, dx,)=(d2z,, dz,, dz, tcdt) 


is also a four-vector. 


(6) The magnitude of this distance is certainly invariant under a Lorentz 
transformation. Apart from a factor ic, it is given by 


1 
(17) dr = [dt*—5 (de? + da} +-dzx2)]} 
We follow Minkowski in calling dr the element of proper time; in contrast 


to dt it is relativistically invariant. We shall factor out dt in (17) and 
introduce the ordinary velocity v of three dimensions, to obtain 
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(17a) dr = dt(1—S)* = at(1— p28. 


(c) Division of the four-vector (16) by the invariant (17a) yields 
another four-vector; we call it the four-vector velocity 
(18) ia al dt dt dt ic) 

(d) Earlier we derived the momentum vector p by multiplying the 
velocity three-vector by a mass m independent of the reference frame. We 
shall similarly deduce the momentum four-vector p from the four-vector 
(18) by multiplication by a mass factor independent of the frame of reference. 
We shall call this mass factor the rest mass m, and obtain 

, " Mo dat, | datg. dity ay 

(19) a re mille dt dt ic) 
It is proper to call the quantity in front of the parenthesis the moving 
mass (since it reduces to the rest mass for B=0), or simply the mass. We 
therefore assert that 


Mo 
~ "Rae 

This expression was first derived by Lorentz in 1904 under very special 
assumptions (deformable electron). The derivation from the principle of 
relativity makes such special assumptions unnecessary. Eq. (20) has been 
confirmed by many precision experiments with fast electrons. Together with 
optical experiments, notably that of Michelson and Morley, it forms the basis 
of the theory of relativity. Here we have proceded in inverse order and 
deduced Eq. (20) from the principle of relativity in what appears to be a 
very formal procedure. This is not only logically admissible, but especially 
serviceable in view of the brevity of these introductory explanations. In 
§ 4 we shall discuss what changes in the further application of Newton’s 
laws of motion will have to be made as a result of the velocity-dependence 
of mass. 

At this point we should, if only sketchily, bring to a conclusion the 
question of the permissible frames of reference; to this end we must pass 
from the special theory of relativity treated so far to the general theory of 
relativity (Einstein, 1915). In special relativity there are allowed reference 
systems which are obtained from one another by Lorentz transformations, 
and forbidden ones, such as, for example, those that are accelerated with 
respect to the former. In general relativity all possible frames of reference 
are admitted. Transformations between them need no longer be linear 
and orthogonal as in (10), but can instead be given by arbitrary functions 
a’ ,=fy(X1» V2, Zz, %Z4). Hence we are dealing with systems which are moving 
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and are being deformed with respect to each other in any way desired. As 
a result space and time lose any vestiges of the absolute character which 
they held in Newton’s fundamental analysis. They become merely classifi- 
cation schemes for physical events. Euclidean geometry no longer suffices 
for this classification and must be replaced by the much more general metric 
geometry advanced by Riemann. The task then arises to give such a 
form to physical laws that they will remain valid in all frames of reference 
here considered, i.e., a form that remains invariant under arbitrary point 
transformations 2,=f;,(%,+++%,) of four-dimensional space. The positive 
content of the general theory of relativity is precisely the possibility of 
this task. We cannot in this volume delve into the mathematically very 
involved form which the laws of mechanics take on in their invariant 
formulation. Suffice it to say that the general theory leads to a derivation 
and a more precise formulation of Newtonian gravitation. 

We conclude with a remark about the name, theory of relativity. The 
positive achievement of the theory is not so much the complete relativiza- 
tion of space and time, but the proof that the laws of nature are independent 
of the choice of reference system, i.e., that events in nature are invariant 
under any change in the observer’s view point. The names, “theory 
of the invariance of natural events,” or, as occasionally proposed, ‘‘ view- 
point theory,’ would be more appropriate than the customary name, general 
theory of relativity. 


§ 3. Rectilinear Motion of a Mass Point 
Let the motion of the particle take place along the x-axis. Only the 
x-components of any forces present will have any effect. Let X denote 
the resultant of these components. 


d d 
We have v=v= = and p=m-.. Then 
(1) p=X 
and, with constant m, 
qd? 
(2) mo —. 


We wish to study the integration of this equation of motion for the 
three cases: X is given as a pure function of the time, [X=X(t)], of 
the position, [X= X(x)], or of the velocity, [X = X(v)]. 

(a) X=X(t). 

Immediate integration yields 


t 
(3) v= = [X(tdt= +2). 


to 
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Here Z(t) is by definition the time integral of the force and equals the 
change in momentum during the time from ¢, to #. 
A second integration leads to the equation of the trajectory, 


i 
(4) % — y= Vo(t—ty) += | Z(t)dt. 
to 
(Gyex =X (x). 
This is the typical case of the force field given as a function of position. 
Integration is achieved by use of the principle of the conservation of energy. 


We multiply (2) on both sides by o. 


(5) mda oa 


- The left member is now a complete differential, 


d { mm ( a) }. 
dt | 2\ dt 
In agreement with the general definition of (1.4) we write for the right 
member dW=Xdzx and call dW the work done over the path dx. The 
equation thus arising says that the change in kinetic energy equals the work 
done. 
For we define 


6) 1 =H, =" 


as the kinetic energy or energy of motion of the mass point; the older name, 
live force (Leibniz), shows the ambiguity of the word force (he distinguished 
live force, vis viva, i.e., kinetic energy, and motor force, vis motrix, our 
present-day force; even Helmholtz, as late as 1847, entitled a treatise 
dealing with the conservation of energy ‘‘ Concerning the Conservation of 
Force ”’). 

To the definition of the kinetic energy we add that of the potential 
energy V, 


(7) dV =—dW=—Xdz, V=E,,=—f Xdz. 


In one-dimensional particle mechanics this definition suffices; in the case 
of two- or three-dimensional force fields the existence of V depends on 
the character of the fields (cf. § 6, Part 3). According to (7) V is deter- 
mined only to within an additive constant. 

With these definitions the integrated Eq. (5) yields the law of the 
conservation of energy, 
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(8) T+ V=constant=£. 


Here E is the energy constant or fotal energy. 

The principle of the conservation of energy possesses not only an 
exceedingly great physical importance, but also remarkable mathematical 
power. For it performs, as we have seen, not only the first integration of 
the equation of motion (hence its alternate name, “integral of energy ”’), 
but at once makes possible — at least in the present case (6) — a second 
integration as well. If we write (8) in the form 


(G)=;,2-V@)1, 


we can solve for dt, 


so that 


x 


(9) - oi Clie i 


Xo 


Thus ¢ is a known function of x, and therefore x can also be expressed in 
terms of ¢. (9) is then the completely integrated equation of motion. 


(c) X=X(v). 
Now the equation of motion reads 


a 
ma = Xv) 
which we rewrite as 
thereby at once obtaining 
Vv 
(10) en { CF). 
% 
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Examples 
1, Frere Fart Near Eartu’s Surrace (Falling Stone) 


We take the positive x-direction as vertically upward. The force is 
constant, 


(11) X=—mg, 


i.e., independent of ¢, x, and v. Here all three methods of integration (a), 
(6), (c) can be applied. 

We shall carry out (a) and (6), and postulate explicitly that the “ gravita- 
tional mass ”’ and the “ inertial mass ”’ be equal, 


(12) Minert = gray - 


Minert 18 the mass defined by the Second Law; m,,,, is the mass occurring 
in the law of gravitation and hence also in our force equation (11). 

Bessel recognized the necessity for testing Eq. (12) experimentally, 
by means of pendulum experiments.14_ A much more precise experimental 
proof was furnished by Edtvés with his torsion balance. Later on, Eq. (12) 
gave the first impulse to Einstein’s theory of gravitation. 

(a) x=—g. With suitable choice of the integration constants (v=0 
and «=h for t=0) we end up with 


<= —gt, eh =i. 


(b) Since dW=—mgdx, V=mgex and T+mgz=E. If v=0 at x=h, 
we must have H=mgh; therefore 


Fe +mgx=mgh. 


From this we get for the particular value x=0 that v?=2gh, or 


(13) v= (2gh)}. 
Inverting this equation we obtain 

wy? 
(13a) _h= 9’ 


which is the height to which an arbitrary mass must be raised in order 
to attain, falling through this height in the gravitational field, a specified 
velocity v. The introduction of this height h instead of the velocity v is 
convenient, especially in certain engineering problems, such as the 


11 Incidentally we would like to direct the reader’s attention to an interesting sentence 
occurring in Newton’s Mechanics. At the beginning of this work, under Definition 1, 
Newton says: ‘‘ Through very carefully performed experiments with pendula I 
have verified that mass and weight are proportional.” 
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height to which water rises in a Pitot tube,!? the pressure head in a centrifuge, 
etc. The height to which the water surface climbs in Newton’s pail experi- 
ment is similarly given by (13a). 


2. Freez Fatt From a Great Distance (Meteor) 
Now the force of attraction is no longer constant. Instead we must 
use the law of gravitation 


: d*r mMG 
(14) moa 


b) 


where m is the mass of the meteor, M that of the earth, G the gravitational 
constant. Instead of the coordinate x we have introduced the distance r 
of the meteor from the center of the earth. Since the force is now a function 
of 7, method of integration (6) should be used. 

In particular, for the surface of the earth, with a the earth’s radius, 
(14) yields 


mMG 
1 >a 

so that mMG can be eliminated from (14), 
rat 

dt? Ge 


With this notation (7) yields 
dV =—dW=mga? a, 

so that the potential energy, with zero level at infinity, becomes 

(15) i V(r)=—mg®- 


Eq. (8) therefore gives 


m (dr\2 mga® = mga 
2 (a) == ’ 
where RF is some hypothetical initial distance from the earth’s center at 
which the falling mass was in a state of rest. We thus obtain 


dr 1 1)\]3 
as ~#[20(-—3)| 
and, corresponding to (9), 

) at. (Maa 
r Ryj, 


™ A hollow tube used in fluid flow to measure the dynamic pressure. It is often used on 
airplanes as an airspeed indicator. Cf. Glazebrook, Dictionary of Applied Physics 
V, p. 2.—TRANSLATOR. 
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We need not do the integration indicated in (16a) in detail, since only 
two special cases of (16) are of interest to us: 


(a) R=o0, r=a. 


The meteor reaches the earth with the velocity 


ie., a free fall in the earth’s gravitational field from infinity results in the 
same velocity at the surface of the earth which would be achieved by a 
free fall from a height h=a equal to the earth’s radius under a constant 
acceleration due to gravity g [cf. Eq. (13) ]. 


(b) R=a-+h. h<a. r=a. 


Here we are concerned with a first order correction to the velocity of 
fall (13), taking into consideration the decreasing gravitational acceleration, 
but assuming that the meteor falls from not too great a height. From 
(16) we derive 


3. Free Fatt im Arr 
We shall assume that the air resistance is proportional to the square 
of the velocity. This assumption, introduced by Newton, agrees quite well 
with experience if the falling body is not too small and its velocity is neither 
comparable to that of sound, nor vanishingly small. The resultant force 
is then 


X (v) =—mg+ar?, 


where the signs indicate that the air resistance opposes the force of gravita- 
tion. Here method (c) of p. 18 applies, and the equation of motion becomes 


(17) Pag t Sot. 
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From this we obtain the analogue of (10) with ¢,=0, 


dv{ 1 1 _ 1.4 fltbe 
9 =F(-5+ign): — Siig in( 3). 


so that 
3 a = — e—2bgt 
—bv 
and 
-—2bgi : 
(18) 7 by ee ee 
e tbat y cosh bgt 


where sinh, cosh, and tanh are the hyperbolic functions. |bv| hence grows 
monotonically from 0 at ¢=0, and approaches the value 1 ast—~o. The 
limiting value of v itself is 
I mg\t. 
sheng) 


This can also be read at once out of Eq. (17), since for the above limiting 
value “ becomes equal to zero. 


We make use of Eq. (18) to obtain the first order correction due to air 
resistance which must be added to the formula derived for a free fall in 
vacuo. From the series expansion 


taeh «= ee a fe 
Cosh a at 3 
2 


we obtain, according to (18), with «=dgt, 
y= —gt(1— 02"), 


4. Harmonic OSCILLATIONS 


Harmonic oscillations occur whenever a restoring force X proportional 
to the displacement z acts on a mass point m. We call the proportionality 
factor k, so that 


X=—kx 

and the equation of motion with constant m is 
d*x 

(19) = ha. 


Since the force is a given function of the coordinate [case (6) of p. 17], 
we make use of the rule given there and apply the integral of energy. 
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We must therefore first determine the potential energy of the harmonic 
binding force. We have 


dW = Xdx=—*d(x), 


so that, according to (7), with a suitable choice of the zero of V, 


wv 
ee _k 
—— i dW = *a? 
0 
The equation of energy is then 
mv +ka?=2H. 
As our initial conditions we may choose 
(19a) | at t=0: ss 
v=2=0. 


As a result 2H takes the value ka?, and 


(20) ,  wt=sin“ ( — 3) with ae (=)*. 
An inversion finally gives 
(21) x=asin(wt+)—a cos wt. 


The physical meaning of the abbreviation w is therefore clear. It is the 
circular frequency, i.e., the number of vibrations in 27 units of time; T 
being the period of oscillation, v the frequency’, we have the relation 


(22) w= T= Oey, 


With the help of this abbreviation (19) can also be written 
(23) %+ w24=0. 


The equation of energy has the advantage that it always leads to the 
desired end, no matter how the force X depends on. In our case, however, 
where X is linear in x, another much more elegant method exists. It is 


18 As opposed to w, V is the frequency, the number of vibrations in unit time. 
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based on the immediately plausible rule that a homogeneous linear differ- 
ential equation with constant coefficients of any order (x being the 
dependent, ¢ the independent variable) can always be solved by putting 


(24) x= Cert, 


provided A is chosen to be one of the roots of an algebraic equation obtained 
from our differential equation. This furnishes a particular solution. The 
general solution is obtained by a superposition of all such particular solutions 
in the form 


(24a) z= > 0, eit. 
The algebraic equation in A is obtained by substitution of (24) in (23), and 
is here of second degree, 
A2+ w?=0 with the roots A= +iw. 
The general solution is therefore 
(24b) | r= CO, elt Cye—tot, 
Constants C,, C, are determined by the boundary conditions (19a): 


a0" ,. O4e=C,01=0 aC ee 


e=@ , @4=C,+C, =2C;: C=5° 
The final solution of the problem is, in agreement with (21), 
xZ=@ COS wt. 


We shall later (Chapter III, § 19) make extensive use of this method for 
damped, forced, coupled, etc., oscillations, provided these can be described 
by linear differential equations. The title, ‘‘ harmonic oscillations,’ which 
we have given to this part, calls attention to the fact that the restoring 
force is linear in the coordinate, so that the resulting motion can be repre- 
sented by a single constant frequency w. The method fails in case the 
binding force is anharmonic, i.e., non-linear; in that event one has to 
resort to the less elegant method of the energy integral. 


5. CoLLision oF Two ParticiEs 


Before the collision (cf. Fig. 1) let the masses m and M have velocities 


v, and V, respectively; after the collision they proceed with velocities 
v and V. 
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Uo ho 
—_e—__@__— 
eg M 


Fie. 1. Collision of two masses M and m; velocities before collision Uy and V4, after 
collision V and wv. 


No matter what the nature of the collision, whether elastic or inelastic, 
Newton’s axiom “ action=reaction ’’ must be valid for the forces trans- 
mitted between m and M, and also for the time integral Z of these forces. 
Therefore, according to Eq. (3), 


(25) m(v—)=Z=—M(V—YJ,), 
and hence also 
(25a) mv+MV=mr,+NUY,. 


This equation states that the total momentum of the system is conserved. 
Let us now introduce in (25a) the coordinate of the center of mass of 
the system, 


ma+ MX . 
(25b) ass eS 
We obtain 

E= &o- 


This result says that the collision has no effect on the velocity of the center 
of mass. 

Thus the center of mass of a shell fired in vacuo continues undisturbed 
in its parabolic path, even if at some point along the path the shell bursts 
into splinters each of which seems to follow an independent trajectory 
of its own. 

So far we have two unknowns, v and V, and only one equation (25a). 
In order to find the complete solution of the collision problem a second 
relation is evidently necessary. We define an elastic collision as an inter- 
action in which the kinetic energy as well as the momentum is conserved. 
We then require 


(26) i My pS Vim Peet 5 V2, 


or 
m(v®— v2) = M(V2—V?). 
But from (25) 


m(v—v,)=M(V,—V). 
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Division of these two equations yields 
vtvu=V,4+ JV, 

or 

(26a) V—v=—(Vy— 2). 


This equation states that the relative velocity of one mass with respect 
to the other after the collision is equal and opposite to that before the 
collision. 

The combination of Eqs. (25a) and (26a), 


mvt+tMV=mvr,4+MUV, 
o— V ——ti Vo -- Vv, 
now completely determines the velocities after the collision, 


m— M 2M 
a O-m+M ee 
( ) v= M — my (ioe 

m+M'° aes 


UG 


Notice that the determinant 4 of this “ transformation’? from initial 
values vy, V, to final values v, V has the absolute value 1. For 


m—M 2M 
Aa een =-(7S9 | SS | 
| 2m M—m\— — (m+ M)? . 


m+Mm+M 
This means that if we allow the initial velocities to have a certain range 
of values, the transformed surface element in v-V space has the same area 
as the initial surface element; the transformation is area-preserving (cf. 


Fig. 2a). This law is important in collision processes in the kinetic theory 
of gases and is related to Liouville’s theorem (cf. Vol. V, this series). 


KV 
Y uv 
G 
7 %,4 Wy, 4% 
U%,U %,v 
Fie. 2a. Velocity domains before and Fic. 2b. In the case of two equal masses, 


after collision. The mapping is area- 


m=M, the mapping is not only area- 
preserving. 


preserving, but also angle-preserving. 
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Let us consider the case of two equal masses such as two billiard balls, 
m=M. Kgs. (27) become 


(27a) = Vy, V=%. 


Now the transformation is not only area-preserving, but angle-preserving 
as well; cf. Fig. 2b, in which the transformed rectangle is obtaired from the 
initial one by interchange of its sides. In particular, if, in a central collision 
(head-on collision), in a billiard game, one ball is initially at rest, then the 
other one transmits all its velocity to the former and thereby comes to rest 
[cf. (27a) with V,=0]. 

If, on the other hand, one mass is very great compared to the other, 
M>m, the large mass retains practically all its original velocity after the 
collision, while the small mass follows the large one with a velocity equal 
to that of the large one minus the original relative velocity. For with 
m<M the Eqs. (27) can be simplified to 


(27b) V= — Vp t+2V_o= Vyo—(%— Vo), V= Vo. 


To complete the discussion of collisions we shall briefly go into inelastic 
collisions. In atomic physics one investigates inelastic collisions (“ colli- 
sions of the second kind ’’), in which the colliding particle, say an electron, 
loses part of its energy in order to “excite” the atom with which it 
collides; such an excited atom has heen raised from its ground state to a level 
of higher energy. Since in this type of process part of the initial energy is 
lost as far as the motion after collision is concerned, this motion can no 
longer be calculated using the formulas of elastic collisions. (Cf. problems 
I.1 to 1.4.) 

We shall here limit ourselves to the 
which is often considered in engineering problems. Such a collision is 
defined by the condition 


“completely inelastic collision,” 


tr, 
ie., after the collision both masses m and M proceed at the same velocity, 
as if rigidly coupled together. The equation of momentum, as emphasized 
earlier, retains its validity under all circumstances; it becomes 
(28) (m+ M)v=mrv,+MUV, 


and alone is sufficient to determine the sole unknown v. We would like to 
know the energy lost in this collision, which is 


or, after a simple elimination of v with the help of (28), 


(28a) F(vo— Vo)®. 
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The loss of energy equals the kinetic energy of a certain reduced mass p 
which moves with the original relative velocity. j is defined by 

it il 1 mM , 
(28b) a ae ot therefore bb Serr 
The theorem contained in Eqs. (28a, b) was first advanced by General 
Lazarus Carnot. (General Carnot was a mathematician and the organizer of 
universal military service during the French Revolution, as well as the 
father of Sadi Carnot, whose name has become famous in thermodynamics.) 


§ 4. Variable Masses 


The illustrations cited below will aid us in a critical evaluation of Newton’s 
second law. We put this law in the form (1.3), “ change of momentum 
equals force,” rather than in the less general one (1.3a), “ mass - accelera- 
tion equals force.”’ We shall now learn how the rate of change of momentum 
is to be understood. We shall show that even in the case of variable mass 
the general form (1.3) may under certain circumstances reduce to (1.3a). 

Let us consider a familiar example: a sprinkler wagon wets the asphalt 
on a hot summer day. The power of the motor is barely great enough 
to overcome the combined friction of the ground and wheels, of the air, and 
in the axle bearings. The vehicle therefore behaves as if under no forces. 
Let m be the mass of water in the tank at any instant-+-the constant mass 
of the empty vehicle. Let the amount of water squirted out per unit 
time be y= —m, its exit velocity toward the rear, q as seen from the wagon, 
or v—q as seen from the street, v being the speed of the vehicle. 

If we were to use the formula (1.3) mechanically, we would obtain 


° - a 
(1) p=p= £(mv)=0 
from which would follow 
(la) | Mv = pv. 


The acceleration of the wagon would then be independent of the exit 
velocity g. This is paradoxical, since one would expect the recoil (cf. gun) 
from the outgoing water jet to have some effect. 

Actually we have not used the correct expression for the rate of change 
of momentum meant in (1.3), for it should consist not only of the member 
taken into account in (1), but also of a term giving the momentum contained 
in the water jets. This latter is p(v—g) per unit time. Explicitly, 


P= MY, Pir gy (m+dm)(v+ dv) +pdt(v—q) 


so that the corrected rate of change of momentum becomes 


(2) b= 3,(mv) + (v—g) =0, 
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or, remembering p=—m and simplifying, 
(3) mv = pq. 


From the viewpoint of (1.3a), the recoil of the water leaving the vehicle 
acts as an accelerating force on the latter, just as in the reaction water wheel 
used in rotary lawn sprinklers. 

Instead of the sprinkler wagon we could have chosen as our example 
the interplanetary rocket, with which one might reach the moon. The 
rocket would be propelled by the expulsion of explosive gases. See problem I.5. 

We generalize this result in two statements which are equivalent to 
Kgs. (2) and (3), respectively, of our illustrative example: 

Either we take the viewpoint of (1.3), where we must then add to the 
change in momentum contained in the body in question the momentum 
convectively given off or added per unit time. The latter is to be calculated 
in the same frame of reference as the momentum of the body under investiga- 
tion; the sign of m takes care of the correct sign for this term. The equation 
of motion then becomes 


d ee 
(4) a v)—mv =f, 
where v’ is the convective velocity. In our case we had —m=yp and 
ole hlame’s 

Or we take the viewpoint of (1.3a), in which case we must, however, 
add the recoil momentum gained or lost per unit time as a kind of external 


force. We then obtain the equation of motion in a form analogous to (3), 
(5) MV =F+ MV, 


Vr} is the relative velocity of the convective momentum with respect to 
the body under observation, measured positive in the same sense as V. 
In our example we had |v,.|=—q and again —m=n. 

Two special cases deserve our attention: 

(a) v'=0. The elements of mass gained or lost have zero velocity 
and therefore do not carry any momentum. In that case the equation 
of motion has the Newtonian form p=F. Examples: water drop, chain, 
problems I.6 and I.7. 

(6) v’=v or, equivalently, v,,;=0. The equation of motion has the 
form, mass - acceleration = force, in spite of the fact that the mass involved 
is variable. Example: rope hanging over the edge of a table, problem I.8. 

In case (b) the Carnot energy loss, Eq. (3.28a), is zero; therefore the 
equation of energy applies in the usual form. In case (a) the form of the 
energy conservation law valid for a given problem is not obvious and must 
first be investigated. 
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We conclude these instructive remarks with the problem of the relativistic 
variation of mass. We shall talk specifically about the electron, even 
though equation (2.20) is of course valid not only for it, but for all 
masses. Here the variation of mass is a purely internal affair of the 
electron; there is no question of any momentum gained from or lost to 
the surroundings. As in case (a) the equation of motion is therefore p=F, 
i.e., in view of (2.20), 


d MoV oa 
(6) da ae? 
Let us first consider the rectilinear motion of an electron; F acts longitudi- 
nally, that is, in the direction of v, so that F=F,,,, and v=v. 

We shall change Eq. (6) to the form “mass - acceleration=force,” a 
customary procedure in the early part of the century, though unnecessarily 
complicated. To this end we carry out the differentiation on the left, 

_ sity? 4 ¢y_ g2)-2 —_™o__ (; 2am 
(6a) aa ane B?) -qamet — pe 
Now B=v/e so that 


p=? and hence vBB= pv. 
Consequently Eq. (6a) becomes 


Mo? fo). ie . 
(6b) ee aes (i 2 Few 


The longitudinal mass multiplying the acceleration v is therefore 


yi = 
o Mong (1 — fyi 
If, on the other hand, F acts transversely, i.e., normal to the trajectory, 


only the direction, not the magnitude of the velocity is altered. In that 
case B is zero; (6) simply yields 
m ° 
mT trans* 


(1—ft)t 
For this reason one introduced at the time a transverse mass different from 
the longitudinal mass and given by 
— le =. 
(8) | trans (7 gat 
In view of these complications we emphasize that the above distinction 


between two kinds of masses becomes unnecessary if we use only the 
rational form (6) of the equation of motion. 
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Next we wish to determine the form of the iii of energy in 
relativity theory. Let us therefore multiply (6) by = =v=fc. In the 


right member we obtain 


d. 
(9) = d a0 =work done, or power. 


In the left member we have 
B ; — 
moe* Bay" ay) = 00? BB (1 — B2) 
We can at once convince ourselves that this is a total derivative in t, viz., 


2d 
» Cu Fy F yf 


Since (10) must be equal to (9), the rate of doing work, (10) must be the 
time rate of change of the kinetic energy 7. We therefore have 


We must put the constant equal to —1, because 7’, by its nature, must 
vanish as 8 vanishes. Hence the relativistic kinetic energy is 


Ht 
(11) T=moc ‘= a —1). 
In view of (2.20) we can also write this as 
(12) T=c?(m—m,). 


In words: the difference in energy between a moving electron and one at rest 
(which is nothing but the kinetic energy or “ live force ’’) equals the difference 
between the masses of the electron in motion and at rest, multiplied by 
c?. Thus we have verified for the simplest case the law of the equivalence 
of mass and energy (law of the “inertia of energy’). This important law 
is fundamental to the whole field of atomic weight determinations and to 
nuclear physics and its applications to cosmology. 

For the sake of completeness we point out that for small f, (11) can 
be expanded in a series which yields to a first approximation the elementary 
expression for 7’, 


T= meot(2 Bt+ Bet «+ +) = "eorpe(1+ [e+ «+ - )—> Po’, 


as is to be expected. 
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§ 5. Kinematics and Statics of a Single Mass Point 
in a Plane and in Space 
Kinematics deals with the geometry of motions regardless of their 
physical realization. Statics!4 is concerned with forces, their composition 
and equivalence, without regard to the motions caused by them. 
(1) Plane Kinematics ” 
We shall begin by writing down the formulas for the decomposition 
and composition of velocity and acceleration in Cartesian coordinates. 


Fie. 3. Decomposition and composition of velocities in a plane; intrinsic coordinates 
s and n. 


Velocity: 
dx d ag 

(1) V= (My) = (FH) =H; 
(2) lv|=(#+9)F=». 
Acceleration: 

eae d?x d? eee 
(3) ¥= (5, 0,)= (Fa ga) =D 
(4) [¥] = (24+ 97). 


Instead of decomposing velocity and acceleration in Cartesian coordinates 
we can also decompose them in terms of the intrinsic coordinates of the 
curve described by our mass point. Let s be the length of arc, subscript s 
denoting the path direction varying from point to point along the curve, 


4 The name statics is actually not appropriate, for it refers only to equilibrium, whereas 
the content of statics applies to problems of motion as well as of equilibrium. The 
correct name would be dynamics. This term has been in historical usage for the 
study of motions caused by forces, and is therefore not available for the field which 
its name implies, i.e., the analysis of forces. 
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subscript » denoting the direction normal to s at any point of the curve. 
We then have 


(5) v,= +0, UV, =0. 


This is trivial. The decomposition of v into v, and Vin is, however, significant. 
If we let « be the angle between the tangent to the path and the x-direction, 
we have 


(6) U,=V, COS a+ 0,s8in % 
for the tangential acceleration, and 
(7) | V,= — 0, 8ina+ 0, COs & 


for the normal acceleration. 


Now 
cos a= Gata, sina =f =-4— 4, 
so that 
®) = 5 abet My) = goa (02+) 
=a =a | 


This equation states that the tangential acceleration is the change 
in magnitude of the velocity, no matter what its change in direction may be. 
Eq. (7), on the other hand, yields 
ey —ye 
(@4+9)r 


< 1] . 5 1 | AS Oe 3 v 
(9) "AS @ (UV, %y—Vy%-) 5 (wy—yx) =v. =p 
where ; is the curvature of the path.’ 


The normal acceleration therefore does not depend on the change of 
velocity, but only on the velocity itself and on the shape of the trajectory. 


If, in particular, “=0, the acceleration is normal to the velocity and hence 
to the path. 

We shall now derive the same relations in a direct, differential-geometrical 
fashion by means of the hodograph** introduced by Hamilton. 


18 Cf., for example, Franklin, Treatise on Advanced Calculus, p. 295.—TRANSLATOR. 
16 The name hodograph=path writer is misleading; it should really be called velocity 
writer, or better, polar diagram of velocity. 
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Fie. 4a. Hodograph of motion in 

a plane. Velocities v, and v, are 

laid off from the pole O in the polar — Fic, 4b. Trajectory and radius of 
diagram. curvature of motion in a plane. 


The meaning of the hodograph becomes clear when we compare Figs. 
4a and 4b. Fig. 4b shows the trajectory in the zy-plane. The velocities 
at two of its neighboring points, 4s apart, are indicated as tangents to the 
path; their included angle is de. The same angle 4e also occurs at the 
center of curvature M. p being the radius of curvature, 


(10) As=pAe. 

The same two velocities are plotted in Fig. 4a from a common origin O, 
with directions preserved. Consider the two neighboring vectors Ol and 
02 with Ae as their included angle. Projection of 1 on 02 gives point 3. 


Av=12 is decomposed into Av,=32 and Av, =13. We therefore obtain, 
in agreement with (8) and (9), 


the latter by recalling (10). Cf. problem I.9. 


(2) The Concept of Moment in Plane Statics and Kinematics 


The moment of a vector quantity E about a given point of reference 
O is defined as the vector product of the radius vector r from O to the point 
of application P of the vector E by the vector E itself, ice., 


(11) N=rxE. 
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0 


> 
Fic. 5. Moment of an arbitrary vector quantity HZ about an arbitrary point O. 


N is therefore represented by the area of the parallelogram formed by r 
and E together with the sense of rotation of r into E as indicated by an 
arrow in Fig. 5. In magnitude, 


(11a) [N|=2|E|=r|E|sin «, 


where / is the “‘ lever arm” of E about O. If we take for E a force F, we 
obtain the moment of the force F, or torque 


(12) L=rxF. 


The moment of a force F is a fundamental concept of statics, whose discovery 
goes back to Archimedes himself. Let us denote the Cartesian components 
of F by X and Y. Elementary vector algebra readily gives 

(12a) L,=a2Y —yX. 


The concept of moment is of importance in kinematics and kinetics 
as well. Let us still restrict ourselves to problems in a plane, and form 
the moment of velocity=rxXv 
the moment of acceleration=rxv 
the moment of momentum= angular momentum =r X p=m(r XV) 
In Cartesian coordinates, with (12a) as a model, we have 
(13) rXV=2y—yx, rKV=xy—yi. 


Between the moments of velocity and acceleration, there exists the 
relation 


- ad 
(14) — . rxv= a(t Xv). 
It derives from the fact that 2 =v and vXv=0, so that 


(14a) 2 rxvj=rx 4 +vXv=r xv. 
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The customary proof by means of decomposition into coordinates runs 
exactly parallel to Eq. (14a): 


(140) $5 0 — it) = a9) ty — yb — 9 = aj — yi. 


If in Fig. 5 one thinks of the velocity v of point P replacing the arbitrary 
vector E, with P describing an arbitrary path, one can read off another 
simple relation, now between angular momentum and the so-called areal 
velocity. Indeed the infinitesimal element of area dS swept out by the radius 
vector r with origin at O is equal to one half the area of the parallelogram 
rXds, so that the areal velocity 


We therefore obtain the relation between areal velocity and angular 
momentum 


dS 
(15) rxp=2m>- 


(3) Kinematics in Space 


We decompose vectors along the three directions s (tangent), » (principal 
normal) and b (binormal) of the three-dimensional trajectory to obtain the 
following components: 


v= (v,0,0), 
ee 
v=(v, ? 10): 


p is the radius of curvature introduced in (9) or (10), now constructed so 
as to lie in the osculating plane of the trajectory. 

If we pass to the moments of velocity and acceleration, we keep 
the definitions rxv and rxv, but note that Fig. 5 must now be thought 
of as three-dimensional. In addition to magnitude and sense of rotation 
the parallelogram drawn there also has position in space. Because it is 
helpful in visualizing this point it has become customary to indicate the 
position by a normal to the plane of the parallelogram. By convention 
that side of the normal is chosen which points in the direction of advance 
of a right-handed screw rotated in the sense of rotation of the moment 
(from r to Vv or V through an angle less than 7). The vector picture of the 
moment then becomes an arrow pointing along this normal, its length 
being equal to the magnitude of the moment. In Fig. 5 one should, therefore, 
think of the moment as directed out of and perpendicular to the plane of 
the paper. We shall postpone a thorough investigation of this procedure 
and of the difference between axial and polar vectors to Chapter IV, § 23. 
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So far we have described the moment about an arbitrarily chosen point 
of reference O. In the following subsection we shall explain what is meant 
by the moment about a given axis. 


(4) Statics in Space; Moment of Force About a Point and About 
an Axis 
The moment of a force F about a reference point O is completely defined 
by 


(16) L=rxF, 
where r is the radius vector from O to the point of application P of F, 
(16a) r= (x, Yy; z) 


if O is taken as origin of coordinates L can be represented as a vector 
by the rule just given for moments (rule of the right-hand screw, with 
length of vector equal to |L|). We now ask: what are the components 
of L along the coordinate axes? We can define them as the projections of 
the moment vector on these three axes; for instance, 


(17) L, = |L|cos(L,z) 

But |L| is the area of the parallelogram having sides rand F. The right 
member of (17) is therefore at the same time the projection of the area 
of the parallelogram on the x-y-plane. The latter has sides 


Tproj = (2, y); Fyroj = (X; TY), 


so that, with the help of (17), we obtain as in (12a) 
(17a) - L=xY—yX, 


and similarly 
(17b) L,=y4Z4—2zY, L,=2X—2lZ. 


The components L,, L,, L, of L can be called the moments of the force F 
about axes x, y, z. Cf. problem I.10. 

What has been said of the coordinate axes also applies to any arbitrary 
axis a. The moment of a force F about an axis a is defined, just as in 
(17), by taking the moment about a point O located on a and projecting the 
corresponding moment vector on a. Or it can be formed as in (17a, b) by 
projecting the area of the moment about O on a plane perpendicular to a. 
A third method consists in finding the shortest distance from the point of 
application of the force to a, which we shall call the lever arm J. In this 
case F is decomposed into three components, F, parallel to a, F, in the 
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direction of J, and F,, in a direction perpendicular to both a and /. We 
then have 


The first two terms on the right must vanish; for there can arise no moment 
of force about an axis a if the force is either parallel to a or if it intersects a. 

There remains the third term which results from a force perpendicular 
to a acting with a lever arm J. Instead of (18) we have, therefore, 


(18a) L,(F) =L,(F,)=F,,° 1. 


n 


At this point it may be well to say a few words about the different 
notations for the products of two vectors. The following list shows that 
unfortunately these notations vary widely, both in historical and national 
usage. 


Bena ii This book hoe ala Gisss | HEAVISIDE |ITALIANS GRASSMANN 
Seal 

eel Ae BB] ae | as] as | axe] ws 
Vectoror! axB | (ws) {axe} vas | TAB] wxBor xB 


Some explanatory remarks follow. The great thermodynamicist Willard 
Gibbs made a short summary of vector analysis, then still little known, 
for the use of his students. His notation is still followed (with slight 
variations) by many American and British authors. Heaviside’s notation 
for the vector product, in which V stands for vector, was thereupon generally 
abandoned. The Italian notation originated with Marcolongo. Hermann 
Grassmann, in his ‘ Ausdehnungslehre’”’ (Extension Analysis, 1844 and 
1862), had developed a logical system of calculation with segments and 
points. According to him the simplest relation between two directed 
segments a and 3, is the “ planar magnitude ” (Plangrosse), i.e., the parallelo- 
gram formed by a and 6, which he therefore denotes by ab (though occasion- 
ally also by [ab] ). The vertical line in Grassmann’s notation for the vector 
product means “complement” (Erganzung), that is, denotes passing to 
the vector arrow perpendicular to the planar magnitude. 


§ 6. Dynamics (Kinetics) of the Freely Moving Mass 
Point ; Kepler Problem ; Concept of Potential Energy 
(1) Kepler Problem with Fixed Sun 

The simplest example we can think of in connection with a freely 
moving mass point is, at the same time, the most important for our picture 
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of the universe, namely, the motion of the planets. It is a two-dimensional 
problem, and motion takes place in the ecliptic if the planet in question 
is the earth. We assume the sun to be fixed in position and justify this 
by its large relative mass, 
Sun 330000, Jupiter 320, Earth 1, Moon a 
We shall deal with the problem including the sun’s motion in Part 2 of this 
section. Let M be the mass of the sun, m that of the planet. The Newtonian 
attraction is 
mM 
r? 


|F|=G—_ > G= gravitational constant, 


or, vectorially, 


(1) : F__qmr 


peal oa 


It passes through the fixed point O at the center of the sun, which serves as 
origin for the radius vector r. 
It follows that rx F=0 and therefore, by the Second Law, 


rxp=0 and in view of (5.14), rx p=const. 


The angular momentum about the sun is constant, therefore also the areal 
velocity of Eq. (5.15) is constant. This is the second Kepler law: 

The radius vector from the sun to the planet sweeps over equal areas in 
equal times. 

Let the constant areal velocity multiplied by two be called the 
velocity constant” CO, 


ds 
(2) | a0. 


“* areal 


HN 


Fia. 6. Polar coordinates for the Kepler problem with sun as origin; area swept out 
by the radius vector. 


We now introduce the polar angle ¢, the true anomaly” of the astronomers 
(cf. Fig. 6), and obtain 


1 dS , 
dS=57rdd, 24,=Pd=C 


17 True anomaly is here defined as the angular distance of a planet from its aphelion, 
as seen from the sun.—TRANSLATOR. 
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so that 
(3) dak. 
In order to derive the first Kepler law, the equation of the trajectory, 


we decompose the forces along Cartesian coordinates. After division by 
m the equation of motion becomes 


as —z C08 p 
(4) dy GM . 
dé = pa Sin ¢. 


If we multiply both sides of both equations by 5 and recall (3), we obtain 


hh aaa cos 
dy GM. 
woo sing 


These can now be integrated. Let A and B be constants of integration. 
The result is 


= —M sin o+A 


5 
” 1S oe 00s $+ B. 


This means that the hodograph of planetary motion is a circle, 
¢ ¢ GM 
(5a) (¢—4)*+ g—BY =() 


We shall return to this point in problem I.11. Let us transform the left 
members of (5) into polar coordinates, 


x=reos¢, y=rsin d, 
so that 


z=? cos ¢—r¢ sin g=—Asin b+A 
y=7 sin ¢-+r ¢ cos d= oF 008 +B. 


We now eliminate r by multiplication of the first equation by —sin ¢, the 
second by cos ¢, and subsequent addition. We obtain 


| sin 6+ B cos ¢ 
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or, recalling (3), 
(6) == —F sin d+ Bos ¢. 


This is the equation of a conic section in polar coordinates whose origin 
coincides with one of the foci of the conic section. We therefore obtain the 
first Kepler law: The planet describes an ellipse with the sun at one focus. 
In this connection we note that two equally possible trajectories, the 
hyperbola and the parabola, evidently do not apply to the planets, but 
only to comets. We shall not discuss them here, but refer the reader 
to problem [.12. 

The derivation of the first Kepler law given here differs from that 
offered in most texts.. The latter starts out with the equation of energy, 
which we shall now derive. We turn back to Eq. (4), where we replace 


cos ¢ by =, sin ¢ by Y in the right members. We then multiply the first 
of Eqs. (4) by x, the second by y, add the two, and get 


: : 1GM d 
Be a ey a a 


An integration with respect to ¢ yields 


Ly : GM 
(7) 5(@*-+y*) = —— +E. 
The left member is the kinetic energy divided by m; the first term on the 
right is, apart from sign, the potential energy divided by m (cf. Part 3 of 
this section); EH is therefore the total energy divided by m. Our Eq. (7) 
has the same form as the equation of energy of one-dimensional motion, 
(3.8). 

In order to pass from (7) to the equation of the path (6) in the simplest 
possible manner, we recall that in polar coordinates the square of the 
element of line is 

dx? +- dy? = dr* +-r?-d¢?. 
We therefore have 


srl +e(iy=(2) (a+r) 


or, in view of (3), 


a (Sy 
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so that our equation of energy (7) is transformed into 
307 (3) +8} —GMfe=Z. 
Differentiation with respect to ¢ gives 
Big ints) )—amu } =o. 


Since & * £0, the bracket must vanish. Thus we obtain a linear homogeneous 


dg 
differential equation with constant coefficients of second order in s, 


GM | 
tsa or 


The general solution of such an equation consists of a particular solution 
of the inhomogeneous equation plus the general solution of the homogeneous 
equation. Evidently 


M 
& = constant = a 


is a particular integral of the inhomogeneous equation. The general 
solution of the homogeneous equation is the sum of sin ¢ and cos ¢. We 
can now take A/C and B/C as our constants of integration and finally obtain 


_ GM aa 


Fic. 7. Kepler ellipse with major and minor axes; perihelion, aphelion, eccentricity. 


We shall now specialize this equation in such a way that the line $=0, 
which starts out from one focus, passes through the other focus as well, 
ie., that it forms, together with the line 6=7z, the major axis of the ellipse 
(cf. Fig. 7). On this axis are located the points P, “ perihelion ” (closest 
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to the sun) and A, “aphelion”’ (farthest from the sun), at which 7 must 
be a minimum and a maximum respectively. We therefore impose the 
condition 


which, from (6), requires A=0. 
If, in addition, « is the eccentricity of the ellipse, Fig. 7 shows that at 


perihelion, r=SP=a (1—e), d=7, 
aphelion, r=SA=a (1+ e), d=0. 
According to (6) we then have at 


E : 1 
perihelion, a(l—e) =F met 


aphelion, 


From these we obtain by addition and subtraction 


GM 1 B € 
(8) “C? ~ a(1—e) C~ ai &’ 


respectively. 
We shall finally express the areal velocity constant C' in terms of the 
period 7. From (2) we immediately obtain 


7 i with S = ab =ra*(1—e)* 


as the total area swept out by the radius vector. It follows that 


o castti=e 


If we introduce this in the first of Eqs. (8), we have 


T? An? 
a0) a 


Since G and M are the same for all planetary trajectories, (10) is the 
expression of the third Kepler law: the squares of the periodic times 
are proportional to the cubes of the major axes. 

Kepler greeted the discovery of this law with the enthusiastic statemen 
“ Finally IT have brought to light and verified beyond all my hopes and 


ti8; 


18 Harmonice mundi, 1619. The two first Kepler laws had been published in the 
Astronomia Nova, 1609, 
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expectations that the whole Nature of Harmonies permeates to the fullest 
extent, and in all its details, the motion of the heavenly bodies; not, it is 
true, in the manner in which IJ had earlier thought, but in a totally different, 
altogether complete way.” 

Actually the third Kepler law in the form (10) is not yet quite 
exact. It is valid only as long as one can neglect the planetary mass m 
in comparison with the mass M of the sun. We shall now drop this assump- 
tion, thereby passing to the two-body problem proper of astronomy. ‘This 
problem is not significantly more difficult than the one-body problem 
treated so far. 


(2) Kepler Problem Including Motion of the Sun 


Let 21, y, be the coordinates of the sun 8; 22, y2 those of the planet P. 
According to Newton’s third law the force on S must be equal and 
opposite to that on P, so that the complete equations of motion are 


for the sun, for the planet, 
ax, mMG d®x. mMG 
M Ta = 3 008 9; M Za = ——7a 008 $3 


dys = _ mMG 


is = a Sin ¢. 


We now introduce the relative position coordinates 


(11a) La—X=2X, Yo—-YW=Y;, 

and furthermore the center of mass coordinates 
mat,+ Ma, _ MYetMy, 

(11) oe 


Fie. 8. Kepler problem with motion of sun taken into account. 


Subtraction of the equations of motion gives 


ax (M +m)G 
a = ) cos ¢, 


(12) a 
y § (M+m)G. 
qa are Sin 
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whereas addition yields 
ate d?y 
(13) qa: aa = 0. 

Comparison of (12) with the earlier Eqs. (4) shows at once that the 
first two laws of Kepler remain intact, i.e., are valid for the relative motion 
as well. The third law takes the form 
ee 47? 


i a Om) 


The ratio T?/a’ is therefore no longer a universal constant, but in principle 
is somewhat different for every planet. Because of the preponderance of 
the sun’s mass the deviations from (10) are, however, exceedingly slight. 

Eqs. (13) further show that the mass center of sun and planet moves 
with constant velocity. If we do our calculations in terms of a coordinate 
system in which the mass center is fixed at the origin, this velocity must 
be put equal to 0; the same applies to the coordinates é, 7 of the center 
of mass themselves. 

Eqs. (11b) are simplified accordingly. With their help and that of 
Eqs. (lla) the coordinates x, y, of the sun and the coordinates x5, y, of 
the planet can now be expressed separately in terms of the relative position 
coordinates x, y: 


2 EI ple — Mam y), 


He, Yo= Min y). 


It follows that in the center of mass system the trajectories of the sun and 
planet are also ellipses; that of the planet is almost identical to the ellipse 
considered in Part 1 of this section. That of the sun is a very dwarfed 
ellipse, traversed in the same sense, but 7 out of phase with the planet’s 
trajectory. 

If we change the law of gravitation to 


(15) Fir" « , n arbitrary, 


the second Kepler law will hold unchanged; the trajectories, however, 
become transcendental curves which are, in general, not closed. It is 
only in the case n= 1 that we obtain ellipses just as in the case of gravitation, 
m=—2. (Cf. problem 1.13). 


(3) When Does a Force Field Have a Potential? 


In one-dimensional motion we were able to define a potential energy 
V connected with a force X without any difficulty—see Eq. (3.7). As 
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mentioned at that time, this is possible for two- or three-dimensional 
motions only if certain conditions are met. If X, Y, Z are the Cartesian 
components of the force F the definition of potential energy for the three- 
dimensional case analogous to (3.7) would be 


“yz 


(16) V=— { (Xde+Ydy+Z dz). 


If V is to be a quantity independent of the path of integration and dependent 
only on its endpoint (the choice of the initial point merely gives rise to an 
additive constant which remains arbitrary in any case), the expression 


X dx+Y dy+Z dz 


must be a perfect differential; i.e., X, Y, Z must be the derivatives with 
respect to x, y, z of a “ field function.” In our case the function is just 
—V, and we say that F is ‘‘ derivable from the potential V.” The well- 
known conditions for this are that 


7 aY_aX a%_ aY eX _ aa. 

(17) ae dy’ dy 2 b2 Oo 

It is only if these conditions are fulfilled that a field function V(x, y, z) can 
be defined for each point x, y, z; V is called the potential energy or simply 
the potential. 


In the two-dimensional case, where Z=0 and X, Y are independent 
of z, the three Eqs. (17) are reduced to the first one of these. 

Vector analysis (which has been relegated to Vol. II of this series since we 
need only vector algebra in this volume) shows that the conditions (17) 
have an invariant meaning, i.e. are independent of the choice of coordinates. 
In Vol. II these conditions will be summarized in the vector equation, curl 
F=0 (this is often expressed by saying that the vector field F is irrotational). 

Evidently one can without difficulty write down expressions for X, Y, 
Z in terms of x, y, 2 which do not satisfy conditions (17). On the other 
hand we see that these conditions are satisfied for the gravitational field 


X=Y=0, Z=—mg 
and lead to 


(18) V=mgz. 


The same is true of the general gravitational fields based on Newton’s 
law and the mathematically similar fields of electrostatics and magnetostatics. 
As a matter of fact fields that are irrotational and simultaneously time- 
independent (“potential fields”) occupy a unique position in nature. 
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They will play a special role in the general developments of Chapters VI 
and VIII. 

A mechanical system in which only forces derivable from potentials 
act is called a conservative system because its energy is conserved; other- 
wise we speak of non-conservative or dissipative systems. 


CHAPTER II 


MECHANICS OF SYSTEMS, PRINCIPLE OF 
VIRTUAL WORK, AND D’ALEMBERT’S PRINCIPLE 


§ 7. Degrees of Freedom and Virtual Displacements 
of a Mechanical System ; Holonomic and 
Non-holonomic Constraints 


The single mass point has one degree of freedom if its motion is restricted 
to a straight line or a curve, two degrees of freedom if it is made to move 
in a plane or on a curved surface; the mass point moving freely in space 
has three degrees of freedom. 

Two mass points connected by a weightless, rigid rod have five degrees 
of freedom; for the first point can be regarded as freely moving, in which 
case the second is restricted to the surface of a sphere described about 
the first, its radius equal to the length of the rod. 

The number of degrees of freedom for n mass points which are coupled 
by r relations between their coordinates is 


(1) f=3n—-r. 


If there is an infinity of mass points connected by infinitely many conditions 
such an enumeration is of course not feasible. The procedure to be used 
in that case will now be shown, the rigid body serving as example. 


(a) Freely Moving Rigid Body 


_ We single out a point of the rigid body. It has three degrees of freedom. 
A second point, at a constant distance from the first (definition of “rigid”’!), 
can move only on a spherical surface about the first point as center. This 
gives two more degrees of freedom. Finally a third point can describe a 
circle about the axis connecting the first two points, thus contributing 
one more degree of freedom. Once the motions of these three points have 
been specified, the paths of all other points of the rigid body are uniquely 
determined. It follows that 


f=3+2+1=6. 
(6) Top on a Plane Surface 


We assume that the bottom of the spinning top terminates in a point, 
and take this as the first point of our enumeration; it has two degrees of 


48 
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freedom. A second point can move on a hemisphere about the first, and 
a third one on a circle about a line connecting the first two. Thus 


ee 


(c) Top with Fixed Point 
Now the two degrees of freedom of the first point are Jost, so that 


Paes 


(d) Rigid Body with Fixed Axis—Pendulum 
Here 
j=: 
If the center of mass of the body does not lie on the axis we speak of a 
physical or compound pendulum. From this we obtain a mathematical 


or simple pendulum if the body shrinks to a point. The spherical pendulum 
— a mass point restricted in its motion to the surface of a sphere — has 


i—2. 
(ce) Infinitely Many Degrees of Freedom 
For a deformable solid body or a liquid 
f=@: 
In that case the equations of motion become partial differential equations. 
By contrast a system with a finite number of degrees of freedom n is deter- 
mined by an equal number x of ordinary differential equations of second 
order. 
(f) Machine with One Degree of Freedom 


Such a machine consists of a series of nearly rigid bodies coupled to each 
other either by links or by means of guides of various types. The classical 
example of such a machine is the drive mechanism of a piston engine 
(Fig. 9). If the machine is provided with a centrifugal governor (also 
called Watt governor because it was first proposed by the inventor of 
the steam engine), it acquires a second degree of freedom. 

In the aforementioned examples the number of degrees of freedom 
equals the number of independent coordinates which are necessary to 
determine the position of the system. The coordinates need not be Carte- 
sian. In case of the drive mechanism we can equally well specify either 
the coordinate x determining the position of the piston or the angle ¢ giving 
the position of the crank pin on the shaft. In general we shall call the 
independent coordinates of a system of f degrees of freedom 


(2) M1) Ia -++ Wp 
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They can, within certain limits, be chosen arbitrarily. The r conditions 
among the coordinates referred to in Eq. (1) can be satisfied identically 
by suitable choice of the g, so that they drop out of the subsequent treatment 
of our system. 

The mechanics of Hertz mentioned on p. 5 has the important merit 
of having called attention to conditions of differential form, to which the 
foregoing cannot be applied. Such a condition can be written as 


f 
(3) >Filts ee 9,)4q,,=9. 
, 1 


Here we assume that the F;, do not all have the form i so that (3) is not 


the total differential of some function ® (q, ...q,), and we assume, more- 
over, that it cannot be converted into a total differential by means of an 
integrating factor. 

In agreement with Hertz we shall call conditions of the form ®(q, . . . d-) 
=const. holonomic (holos in Greek=integer in Latin= whole = integrable); 
conditions of the form (3) which cannot formally be integrated will be 
called non-holonomic. The simplest example of a non-holonomic condi- 
tion is furnished by a sharp-edged wheel rolling on a horizontal plane, 
ef. problem IT.1 (the sleigh and the flexible coupling mechanism of a bicycle 
also belong in this category). Such a wheel is restricted to move always in 
the direction it may have at any given instant. Nevertheless it is able 
to reach all points of its supporting plane, even if at times only by pivoting 
about its sharp point of contact. It therefore possesses more degrees of 
freedom in finite than in infinitesimal motion. In general, if a system 
subject to r non-holonomic conditions has f degrees of freedom in finite motion, 
it has only f—r degrees of freedom in infinitesimal motion. This point will 
be investigated in problem II.1. 

The foregoing distinction is important for the concept of virtual dis- 
placements. <A virtual displacement is an arbitrary, instantaneous, infini- 
tesimal change of the position of the system compatible with the conditions 
of constraint. Whereas we shall denote real displacements due to given 
forces under given conditions by 


dq, dq, nes dq, 
the symbols 
891, 9g... &gy 


will be used to denote virtual displacements. The Sg have nothing to do 


1 A. Voss made a general study of such conditions in 1884, long before Hertz; cf. 
Math, Ann. 25. 
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with the actual motion. ‘I'hey are introduced, so to speak, as test quantities, 
whose function it is to make the system reveal something about its internal 
connections and about the forces acting on it. 

For purely holonomic constraints the Sg are independent of each other, 
one dq corresponding to each degree of freedom. A larger number of 8g 
must be introduced for non-holonomic constraints ; in that case the 8% 
are related by differential conditions of the form (3), or, for virtual dis- 
placements, 


De 
(2) - > Fi(q, - « - %)8Q,=9. 
k=1 


Here f is the number of. degrees of freedom for finite motion. As previously 
emphasized, this number is greater than that for infinitesimal motion. 


§ 8. The Principle of Virtual Work 


Let us consider a mechanical system in equilibrium under applied forces. 
The forces may have any desired direction, may act on various parts of the 
system, and need not have the positions required for the equilibrium of a 
simple rigid body. Whether the forces lead to the equilibrium of the system 
under investigation depends as much on the system as on the forces. 


Fia. 9. Schematic diagram of the drive mechanism of a piston engine. 


In the spirit of elementary particle mechanics we would ask for the 
reactions which are exerted by one part of the system on another due to 
the applied forces. This procedure would, for instance, be used by a 
mechanical engineer in the analysis of the crank mechanism (Fig. 9). The 
steam pressure P acting on the piston is transmitted by the piston rod to 
the crosshead K, whence it is passed on as longitudinal compression to the 
connecting rod of length J. The connecting rod acts on the crank pin Z 
with a thrust which has the direction of the rod. In order that the system 
be in equilibrium only that part U of the thrust which is perpendicular 
to the crank, therefore tangential to the crank circle, need be opposed by 
an equal applied force. The component in the direction of the crank, 


E 
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i.e., toward the center of the crank shaft, is absorbed by the rigidly fixed 
shaft bearing, O. It only puts a stress on the bearing and is irrelevant 
to the question of the equilibrium of the system. 

It is therefore the reactions within the system which make equilibrium 
possible. To investigate them individually is possible in simple cases, 
but tedious in general. We can, however, assert without knowing them 
in detail that they do no work on the system. In our case the guide pressure 
at the guide rails is perpendicular to the motion of the crosshead, and that 
part of the force acting on the crank pin which is transmitted to the crank 
shaft acts through the fixed point O of the crank shaft bearing. We 
establish this assertion in the general case by giving the system a tentative 
virtual displacement from its position of equilibrium. The “ virtual work ” 
of the reactions in such a displacement is found to be zero. 

Let us verify the principle in detail on the simple rigid body. We 
must imagine that every point 7 is related to every point k of the body by 
means of reactions R,,; and R,, acting on 7 and & respectively. If we 
single out two such points, we have the system of two mass points mentioned. 
at the beginning of § 7, the two masses being connected by a weightless, 
rigid rod. The reactions acting in this rod must satisfy Newton’s third law, 


(1) Riy= —Ry- 


Just as in § 7, in the enumeration of the degrees of freedom, we shall now 
decompose the virtua] displacement into a translation 6s; common to both 
points and a rotation 6s, of point k about the already displaced point 7, 
this rotation being a motion normal to the rod. Then 


5s,=68,-+6s,, 
For the virtual work of translation we therefore obtain, in view of (1), 


for that of rotation, for which 7 remains fixed and & is displaced normal 
to the rod, 


8 Wrot = Riz, i ds,,=0. 


This example illustrates that Newton’s law of action and reaction is the 
salient point in the transition from particle, mechanics to the mechanics 
of systems. a. : 

We shall now expand what we have learned with the help of the fore- 
going examples into a general postulate: in any mechanical system the 
virtual work of the reactions equals zero. Far be it from us to want to give 
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a general proof of this postulate.2 Rather we regard it practically as 
definition of a ‘“‘ mechanical system.” 

It is now only a small step to the general formulation of the principle 
of virtual work. We argue as follows: every physically given force acting on a 
system in equilibrium is in equilibrium with the reactions induced at its 
point of application; the work done by such an applied force plus that done 
by its reactions in any virtual displacement of the point of application is 
therefore zero. The same is true of the sum of all applied forces and the 
sum of all the reactions induced by them. Now the reactions, taken by 
themselves, do no virtual work (by the previous paragraph). Therefore 
the virtual work done by the applied forces keeping a system in equilibrium 
must equal zero as well. The tedious investigation of the reactions is thereby 
eliminated. 

This is the principle of virtual work, often called Prinzip der virtuellen 
Verruckungen oder Verschtebungen (principle of virtual displacements) in 
the German literature. This name is not as fortunate as the one used in 
English-speaking countries, which was taken over from the Italian principio 
det lavori virtuali. The term, principle of virtual velocities, which is often 
used in the mathematical literature and was first proposed by Jean Bernoulli, 
seems unsuited to us. 

Historically the principle was already sketched by Galileo. It was 
further developed by Stevin, Jacques and Jean Bernoulli and d’Alembert. 
It achieved its dominating position as the most general equilibrium principle 
only with the “ Mécanique analytique ” of Lagrange. 

Whether the constraints of the system are of the holonomic or the 
non-holonomic variety affects the application of the principle of virtual 
work but little. Indeed, a condition of the form (7.4) can be introduced 
in the expression for the virtual work by elimination of one of the 6q, regard- 
less of whether this condition is integrable or not. 

Instead of forces of reaction we can use the more descriptive term, 
forces of geometric origin. For they are given by the geometric relations 
between the various parts of the system, or, as in the case of the rigid body, 
between its individual mass points. 

Antonymous to forces of geometric origin are the “forces of physical 
origin” or applied forces. The commonly used term “external forces ” 
is less clear and will not be used here in this sense. Applied forces are 
caused by physical effects, such as gravity, steam pressure, cable tensions 
acting on the system from the outside, etc. They betray their physical 
origin by the fact that their mathematical expressions contain specific 


2 Lagrange attempts this in the introduction of his Mécanique Analytique (cf. p. 1) 
by means of certain block and tackle constructions, 
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constants (gravitational constant, readings of the scale of a manometer or 
barometer, etc.) which can be determined only experimentally. In § 14 
we shall talk about the force of friction, which must sometimes be counted 
among the forces of reaction, sometimes among the applied forces. It is a 
force of reaction if it occurs as static friction; an applied force if it occurs 
as sliding or kinetic friction. Static friction is automatically eliminated 
by the principle of virtual work; kinetic friction must be introduced as an 
applied force. An external indication of this is the occurrence of the 
experimental constant y in the law of sliding friction (14.4). 


§ 9. Illustrations of the Principle of Virtual Work 
(1) The Lever (Archimedes) 

The lever possesses one degree of freedom, f=1, therefore only one 
displacement dg which corresponds to the virtual angular displacement d¢. 

Equilibrium exists if, and only if, the virtual work done in a rotation 
5¢ of the lever is zero. Let 8s,, 58, be the virtual displacements of the 
points of application P and @ of the forces A and B respectively. We then 
demand that 


But from Fig. 10a 5s,=a 6¢, 58,=—b dd. Therefore 
(Aa—Bb) 646=0 


and consequently 
Aa= Bb. 


The moments of the forces about the fulcrum O are equal, i.e., their 
algebraic sum is zero. 


Fic. 10a, Lever with arms a and b under Fie. 10b. Lever under oblique load 
vertical loads A and B. showing the reaction of the fulerum 
on the beam. 
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If, as in Fig. 10b, the force A is not perpendicular to the lever arm, 
we can decompose it into a component A, in the direction of the arm, 
and A, perpendicular to it. With point O fixed, A, has no effect, so that 
we have 


A,a=|B\b. 


In order to obtain the load at O, we must introduce an opposing force 
acting on the arm; in Fig. 10a it is directed vertically upward and has 
magnitude Q=A-+B; the load on the fulcrum is equal and opposite to this 
force @. In the case of Fig. 10b we have the vector equation Q=A+B; 
here, too, the force on O is the opposite (i.e., “ equilibrant ’’) of Q. In 
posing these questions, we actually transgress the limits of the principle 
of virtual work. The fixed position of the pivot O is characteristic of the 
mechanical system of the lever. Its virtual displacement, and the virtual 
work done on it, are therefore zero. In order to obtain Q or Q by means 
of our principle we should have to consider an altogether different mechanical 
system: we should have to provide O with two degrees of freedom and ask 
for the condition of equilibrium when we add a virtual translation of the 
whole lever parallel to itself to the rotation so far considered. 


(2) Inverse of the Lever: Cyclist, Bridge 


Consider the bicycle of Fig. lla. The earth opposes the weight in the 
two points R (rear wheel) and F (front wheel). The rear wheel is exposed 
to the greater pressure, since the weight @Q of bicycle and rider lies closer 
to R than to F. Accordingly a cyclist pumps his rear wheel to a higher 


Fie. lla. Distribution of weight on Fie. 1lb. Distribution of load on 
front and rear wheels of a bicycle with the two supports of a schematic 
rider. bridge. 


pressure than his front wheel. The load on the rear wheel is A= aa Q; 
i 

a ee 

The same situation obtains with a bridge loaded off center (Fig. 11b). 


that on the front wheel, B= 
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(3) The Block and Tackle (also known to the Greeks) 


Let » be the number of pulleys at both the upper and the lower end of 
the tackle. @ is the load to be lifted, P the force required at the loose end 
of the rope. In a virtual displacement of the system let 


P move a distance dp, 


Q move a distance 6q, 


the positive direction of motion being indicated by the arrows of Fig. 12. 
Equilibrium exists if 


(1)  ~P &p—Q Sq=0. 


If now Q is lifted an amount 5q, the 2n rope lengths between the upper 
and lower pulleys are shortened by 8g each, the total shortening therefore 
being 2nSg. The loosely hanging rope at P must lengthen by precisely the 
same amount. Thus 


dp=2ndq 
and, in view of (1), 
(Q—2 n P) 5g=0. 
We then obtain 
(2) P=<. 


We have here treated the block and tackle 
as an “ideal” mechanical system, i.e., we 
have neglected the friction between ropes 
and pulleys and the friction in the pulley 
bearings. 

This simple example can of course also 
be treated by the elementary method of rope 
tension, which in this case affords perhaps a 
more concrete picture of the interplay of 
forces. 

Let S be the tension in the rope, taken 
over its total cross-section. If we neglect = 72. Beet 

hence ‘ irtual displacements of load 
all frictional effects, the tension must be the ‘ ang force. 
same at every point of the rope; no matter 
where the rope is cut, one encounters the same tension S, which in 
both severed ends acts away from the point of severance. Let us cut 
the rope once on the left side, above P. The severed piece, in which P 
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acts downward and S upward, gives 
PSS. 


Next we cut all the ropes in the right part of the figure, thereby exposing 
2n cross-sections on each side of the cut. The equilibrium of the forces 
acting on the severed lower right part demands 


Q=2n8. 
We therefore have again 
cage 
P= on 


In addition, a consideration of the upper part of the system yields the loading 
of the beam from which the block is suspended. Evidently it amounts to 


P+Q. 


(4) The Drive Mechanism of a Piston Engine 


As in Fig. 9, P is the total force due to the steam pressure exerted on the 
piston, so that the virtual work done on the piston is Péz. Let @ be the 
equilibrant of the peripheral force U on the crank, i.e., the force causing 
P to be in equilibrium. The virtual work done by Q is —Qrdé¢. Our 
principle requires 


(3) Qr 8b =P dz, Q=P 5 


The calculation of Q therefore reduces to the purely kinematic task 
of determining the relation between 5x and 8¢. 
According to Fig. 9 (projection on the x-direction), 


(4) r cos +1 cos s=const—z, 
so that, differentiating, 

(4a) r sin ¢ 66-+-1 sin  dfp=dz. 
The triangle OZK gives 


, ; rcos ® r cos 
(4b) sin d= pain gd, B= Focey 88 = jh =(f)ame) 


If we introduce this in (4a), we obtain 


(40) oo ae 
l 
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This relation furnishes the kinematic quantity 5 Substitution in (3) 


now gives 


5) Q=P sin 4(2 incpaa) 


Thus the peripheral force U= Q transmitted by the crank pin Z is determined 
for every crank position ¢. Its precise knowledge is essential for an evalua- 
tion of the amount of cyclic fluctuation of the machine, and hence for the 
determination of the flywheel required. Since r/l is a small proper fraction, 
(5) can be expanded into a rapidly converging series in r/l. Cf. also problem 
2: 

Finally, for the sake of a later application we shall calculate the piston 
position 2 as a power series in r/l. According to (4) and (4b) we have 


(6) x-+r(cos i) —5fsint¢ +.. : = const. 


(5) Moment of a Force About an Axis and Work in a Virtual Rotation 


Let a point P be at a distance 1 from an axisa. Leta force F of arbitrary 
direction act at P. Ina virtual rotation 6¢ about the axis a, P is displaced by 


Ss pod. 


What is the work 6W done by F in this displacement ? 
We decompose F into the mutually perpendicular components F,, F,, 
F,,, just as for Eq. (5.18). The work done depends only on F,,, for 


SW=F,, dsp—F,, 1 8¢. 


A comparison with (5.18a) will allow us to make a general statement: 

The moment of a force about an axis can be regarded as the virtual work 
of the force in a rotation 8¢ of its point of application about the axis, divided 
by 84, 


(7) Lina 


The concept of moment, basic to statics, is thereby brought into relation 
with the concept of virtual work basic to all: questions of equilibrium. 

Let us remark in this connection that the dimensions of moment (force: 
lever arm) are the same as those of work (force - distance). This is in agree- 
ment with (7) if, as is customary, we regard the angle measured in radians 
as dimensionless. 
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§ 10. D’Alembert’s Principle ; Introduction of 
Inertial Forces 


As we have seen, all bodies have the tendency to remain in a state of 
rest or of uniform rectilinear motion. We can think of this tendency as a 
resistance to changes in the motion, an inertial resistance, or, for brevity, 
as an inertial force. The definition of inertial force F* for the single mass 
point is therefore 
(1) F*=—p 
and the fundamental law p—F takes on the form 
(2) ) F*+F=0. 


The inertial force is in vectorial equilibrium with the applied force. 

While F is a force given by the physical situation, F* is a fictitious 
force. We introduce it in order to reduce problems of motion to problems 
involving equilibrium, a procedure that is often convenient. 

Inertial forces are familiar to us from everyday life. When we set the 
heavy revolving door of an hotel in motion, it is not the force of gravity 
or friction, but the inertia of the door that has to be overcome. A similar 
example is that of the sliding doors of street cars and trolleys.2 On the 
forward platform the door opens in the direction of travel. When the car 
brakes, the door tends to move forward and can therefore be opened easily. 
When the car accelerates after a stop, the open door seeks to retain its 
position of rest; it therefore tends to move to the rear and can be closed 
without effort. It is easier to get on and off at the front platform than 
at the rear, where the door opens in the reverse manner. 

The best-known form of an inertial force is the centrifugal force, which 
is noticeable in any curved motion. It, too, is a fictitious force. It 
corresponds to the acceleration v, normal to the curve, which is a centripetal 
acceleration, i.e., directed toward the center of curvature. According to 
(5.9) the centrifugal force is given by 
vy 
—) 


(3) C=—my,, |C|=m|—v,|=m7 


where the minus sign refers to the outward direction. 

The Coriolis force (cf. § 28) and the various gyroscopic effects (cf. § 27) 
also come under the heading of inertial forces. 

Incidentally the operation of railroads furnishes a very vivid example 
of the fact that the “ fictitious ” centrifugal force has a very real existence. 


3 The translator does not guarantee that the following is applicable to trolleys in the 
United States. It applies at least in part to the streetcars of San Francisco, which 
belong, however, to a breed rapidly approaching extinction, 
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On a curve the rail bed is banked in such a way that the outer rail is higher 
than the inner. The difference in height is always such that for some 
mean velocity of the train the resultant of gravity and centrifugal force is 
perpendicular to the rail bed. This procedure eliminates not only the 
danger of overturning about the outer rail, but also a harmful unequal 
loading of the rails. 

Strangely enough, the great Heinrich Hertz raises objections to 
the introduction of the centrifugal force in the unusually beautiful and 
beautifully written introduction to his ‘‘ Mechanics” (Collected Works, 
Vols Il, p: 6): 

“We swing a stone attached to a string in a circle; we thereby con- 
sciously exert a force on the stone; this force constantly deviates the 
stone from a straight path, and if we alter this force, the mass of the stone 
or the length of the string, we discover that indeed the motion of the stone 
occurs at all times in agreement with Newton’s second law. Now the 
third law demands a force opposing that which is exerted by our hand on 
the stone. If we ask for this force, we obtain the answer familiar to every- 
body, that the stone reacts on the hand by virtue of the centrifugal force, 
and that this centrifugal force is indeed equal and opposite to the force 
exerted by us on the stone. Is this mode of expression admissible ? Is 
that which we now call centrifugal force anything but the inertia of the 
stone 2?” 

We answer this question with a flat no; indeed the centrifugal force, 
by virtue of our definition (3), is identical to the inertia of the stone. But 
the force opposing that which we exert on the stone, ie., really on the 
string, is the pull which the string exerts on our hand. Hertz further remarks 
that “we are forced to the conclusion that the classification of the centri- 
fugal force as a force is not suitable; its name, just like that of live force, 
is to be regarded as a heritage passed down from former times; and from 
the point of view of usefulness the retention of this name is easier to excuse 
than to justify.” In regard to this we would like to say that the name 
centrifugal force needs no justification, for it rests, like the more general 
term, inertia] force, on a clear definition. 

Incidentally, it is precisely this alleged lack of clarity of the force concept 
which induced Hertz, in an interesting but not very fruitful attempt, to 
construct his mechanics entirely without the notion of force (cf. § 1, p. 5). 

We now come to the achievement of d’Alembert (mathematician, 
philosopher, astronomer, physicist, encyclopedist; ‘‘Traité de Dynamique,”’ 
1758). 

If a mass point k, part of an arbitrary mechanical system, is acted on 
by an applied force F, Eq. (2) must be changed to read 


11.10 d’Alembert’s Principle 61 
(4) F,*+F,4+>Ry=0. 
i 


Here R,;, is the reaction which the mass point ¢ connected with k exerts 
on k. According to our general postulate of p. 52, the R,,,, taken together, 
do no work in an arbitrary virtual displacement compatible with the (here 
internal) constraints. It follows that the virtual work of the sum of all the 
F*--F is zero as well, 


(5) > 4F,) * 68,= 
E 


Recalling now the principle of virtual work, we can express Eq. (5) by 
saying that the inertial forces of a system are in equilibrium with the forces 
applied to the system. A knowledge of the reactions is not required. 

This is d’Alembert’s principle in its simplest and most natural form. 
In order to obtain another interesting formulation of the principle, let us 
look at the quantity 


FE, +E ,"=F,— py. 


It is that part of the force F, that cannot be converted into motion of the 
point k. We can call this part the “lost force’’ and can therefore re-frame 
(5) by stating that the lost forces of a system are in equilibrium. 

A formulation of d’Alembert’s principle widely used in textbooks is 
that expressed in Cartesian coordinates. We call the components of F,, 
X,, Y;,,Z, and those of 5s, 5x,, dy,, 5z,-. Furthermore, we stipulate that 
the masses m, involved are constant; for a system consisting of » mass 
points we can then replace (5) by 


nT 
(6) al {(Xj,—Myip) 8a, + (Vy, —myyp) SY, + (Zp — MZ.) 824} = 0. 


It is here required that the 5z,, d5y,, 5z, be compatible with the constraints 
of the system. Let us at once consider the general case of non-holonomic 
constraints. There relations of type (7.4) exist; if we replace the 
general coordinates qg of (7.4) by Cartesian coordinates, these relations 
become 


(6a) > [Pa . epee a PGs, ..  t_) Oat Ayla, . . . 2,)02u)—9- 


If f is the number of degrees of freedom for infinitesimal motion, there must 
be 3n—f such relations for the 5z, dy, 5z (cf. p. 50). In the case of holonomic 
constraints the Fy, Gu, Hy, are derivatives of one and the same function 
with respect to ty, Yu, Zp- 


62 Mechanics of Systems II.11 


Let the reader be warned emphatically not to look for the true content 
of d’Alembert’s principle in the clumsy formulation (6), (6a). Equation (5) 
or the statement of equilibrium equivalent to it is not only more readily 
useful, but also, by virtue of its invariant form, more natural. 


§ 11. Application of d’Alembert’s Principle to the 
Simplest Problems 


(1) Rotation of a Rigid Body About a Fixed Axis 


Here we are dealing with a single degree of freedom, viz., the angle 
of rotation ¢. We let ¢=w be the angular velocity, $= the angular 
acceleration. For the present we are not interested in the axle bearings. 

We suppose that arbitrary applied forces F act on the body. According 
to § 9, Eq. (7), their virtual work is given by the sum of their moments 
about the axis of rotation, i.e., by 


(1) 5W=L-86 = L546 


where L, is the sum of the moments of the F about the axis of rotation a. 
We also wish to know the work done by the inertial forces F*. For this 
purpose we subdivide the body into mass elements dm. In view of (10.3) the 
inertial force acting on dm directed normal to the path is the centrifugal 


2 
force dm —dmwv. (In circular motion the radius of curvature p is of 


course equal to the distance r from the rotation axis, the velocity v of each 
element of mass therefore becomes rw, and its acceleration 7 along the path 
is rw). But the centrifugal force does no work. Along the path direction, 
on the other hand, the inertial force is 


—dmv=—dmreo. 


The total virtual work of the inertial forces is therefore 


(2) >(—dmi)8s= > —dmrasr Bb=—5h6 | dm=—84dul, 
where 
(3) i= fram 


is the moment of inertia of the body. The dimensions of J are ML?, therefore 
g cm? in the absolute system, g cm sec? in thé gravitational system. 
By virtue of (1) and (2) d’Alembert’s principle takes the form 


84(L,—Is)=0 
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so that we obtain the basic equation of rotational motion 
(4) lo=L,,. 


Let us compare this equation with the basic equation of translational 
motion of one degree of freedom, say in the z-direction, 


mi=F,.. 


We see that in rotational motion J takes the place of m. 
The same substitution holds in the expression for the kinetic energy. 
The kinetic energy of rotation of a rigid body is 
dm dm w? w? 
(5) By.=T= | Fe= | Frot=F [redm=F1 
and therefore corresponds exactly to the elementary expression of particle 
mechanics, 
yl 
(5a) E,.=T= 5 m. 

In the case of a rigid body with fixed axis, J is time-independent; in 
mechanisms with flexible joints and in living beings it is, however, variable 
in a characteristic manner. In § 13 we shall see that all athletic activities, 
in particular apparatus gymnastics, are based primarily on the ability of 
the human body to change its moment of inertia. 

An investigation of the manner in which the moment of inertia of a 
rigid body depends on the position of the axis of rotation will be deferred 
to § 22. 

Finally we shall turn to the connection of the kinetic energy with the 
basic equation of motion. Just as, in the case of constant mass, we can 
obtain the equation of motion mz=F,, from the law of kinetic energy in 
particle mechanics, 1.e., 

aT aw. 
we obtain, in the case of constant I, the equation of motion (4) for rotation. 
We need merely make use of (5) in 


= with dW=L,d¢ [Eq. (9.7) ]. 


The moment of inertia occurs also in the expression for the moment of 
momentum or angular momentum of the rotating body. If we let M be the 
angular momentum of the body, we evidently have 


(6) . M=> dmor= w> dmr= wl, 
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(2) Coupling of Rotational and Translational Motion 

Think of the coal basket in a mine, or of an elevator. The cable carrying 
the elevator is wound around a drum and driven by a force P. Let r be 
the drum radius. The two virtual displacements that take place (cf. 
Fig. 13) are related by 
(7) 5z=rd¢. 
d’Alembert’s principle requires 
(7a) (—Q—Mz) z+(rP—Iw)dp=0. 
It is convenient to “‘ reduce” the mass of the 


drum, so to speak, to the periphery of the drum, 
i.e., to replace I by a “ reduced mass ”’ defined by 


(8) I= M,,q?*. 


By virtue of (7), Eq. (7a) can then be rewritten in Fic. 13. Coupling of 


the form translational and rota- 
tional motion (elevator, 


(P—Q—Mz—M,,arw)dz=0. coal basket). 
Since rw=z, rw=z, we then obtain the equation of motion 


(9) (M+ M,.4)% =P— Q. 


The inertia of the drum therefore adds a term VM req t0 the mass of the 
elevator. 


(3) Sphere Rolling on Inclined Plane 


Here again we are dealing with the coupling of translation (motion 
down the incline) and rotation (about an axis through the center of the 
sphere perpendicular to the plane of the paper in Fig. 14). The component 
of gravity effective in this caseisP=Mgsin«; the static friction F indicated 
on the diagram does not enter d’Alembert’s principle, since it acts at the 
point of contact which is instantaneously at rest. The condition for pure 
rolling motion is 


(10) 2=rw, or, written for virtual Trea dz=r6d. 
With d’Alembert we now require that 
(11). 2, b2(Mg sin «a—MZ)+84(—Ia)=0. 


The calculation of J is a problem of integral calculus. We shall state 
without proof that the moment of inertia of a homogeneous ellipsoid of 
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semi-axes a, b, c about axis c (and correspondingly about a and b) is 


(12) 1,=% (a?+0%). 


ce 


As a special case we obtain for the moment 
of inertia of a sphere 


(12a) i = Mr. 


. . Fic. 14. Sphere on inclined plane 
As in (8 P er 
(8) we introduce a mass reduced The static friction Ff causes pure 


to the distance r, which by virtue of (12a) rolling, but does not enter d’Alem- 
becomes bert’s principle. 


, 2 
If we substitute this in (11) and also take (10) into account, we easily 
obtain 
(13) | = 2g sin a. 


The factor ° shows how the “ fall’ on an inclined plane is delayed by the 


angular acceleration of the sphere and the increased inertia due to it. 
Whereas from (3.13) the final velocity in a free fall was found to be 


v=(2gh)?, h=height of fall, 
equation (13) now gives the final velocity | 
v= (2+ Sgh)*. 
The difference is due to the fact that now the gravitational potential energy 


is converted not only into kinetic energy of descent, but also into rotational 
energy of the rolling sphere. 


(4) Mass Guided Along Prescribed Trajectory 


If we assume the guide ways to be frictionless, d’Alembert’s principle 
applied to the one degree of freedom here present (displacement along 
the guide) simply says that 


Ba(Ft + F,)=0, 
i.e., according to (5.8), 
(14) mv,=m|b|=F, 
with arbitrary direction of the applied force F. The component F,, of F 
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normal to the guide, which we may take positive in the centripetal direction, 
must then add to the reaction R,, (counted positive in the same direction) 
to give the equilibrant of the centrifugal force C; ie., 

2 
(15) R,+F,=O=m-. 

In general, especially if the guiding action is achieved by a material 
device such as a rail, we are compelled to take into account also a tangential 
component R, of the reaction, the friction. If we count the friction positive 
in the negative direction of 5s, Eq. (14) is therefore enlarged to 


(16) mo=F,—R,. 
Whereas R,, is determined by Eq. (15), R, in (16), on the other hand, remains 
** statically and dynamically indeterminate” and can be determined only 


from experiment. In § 14 we shall discuss how such experiments are 
carried out. 


§ 12. Lagrange’s Equations of the First Kind 


Let us consider a system of discrete mass points m,, M,...m,, con- 
nected with each other by r holonomic conditions 


(1) F,=0, F,=0,...F.=0. 


The number of degrees of freedom is then f=3n—r. We operate in Cartesian 
coordinates and make use of the formulation (10.6) of d’Alembert’s principle. 
In order to write the clumsy sums occurring there in a more convenient 
way, we number the coordinates 2, Y,, 21,.--;%ns Yn» 2%, consecutively as 


Xy; Xo, X35 X4, eee X3n—1> Xn) 


and likewise the components of force X, Y, Z. The mass belonging to 
X,, X, will be denoted by m,; evidently the m, will be equal in groups of 
three. Eq. (10.6) now becomes 


(2) (X,—my, Xp) 8ar,= 0. 
= 


i 


By virtue of the r conditions of constraint (1), the dx, are subject to the 
restrictions 


(3) Oh U5 i= 1 2 eee 
which can also be written : 


8n 
oF; 
(4) 5, K=O, i=1,2,...7. 
k=1 
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Let us multiply each of the 5F, by an arbitrary numerical factor A, (Langrange 
multiplier) and add it to the d’Alembert equation (2), giving 


3n ¢ 
i aF; 
- i=1 


Only f of the 3n displacements $z are independent of each other. The 
remaining 7 are functions of these independent ones. Let these r displace- 
ments be given by the quantities 52,, dx, .. . dx,. Now we have precisely 
r quantities A,, A,,...A, over which we can dispose freely. We choose 


them so as to make 


te 
(6) tie eae” k=1,2,...9. 
r= 


Kq. (5), with the numbers 4, now determined, reduces to 
a oF; 
(7) > ( X,—myiigt > 4 )ar,=0 


where the dz, are completely independent, there being indeed f=3n—r of 
these. If, for example, we choose 
(8) 82,4» ES 0 3 82 41= ot — ose = 82 pt4-1= 82,4 941= ere —— &%4,,= 0, 


we see that the factor of 6z,;, must vanish. Letting v run through all 
values 1, 2,.../, we conclude that all expressions in parentheses have to 
be=0, 


X,—myiyt Dee =O; k=r+1, r+2,...3n. 


Together with the Eqs. (6) these form 3” differential equations 


i=r 
a as he a 
(9) : Ce eige bap POL 2+ 3m, 


which are called the Lagrange equations of the first kind. Of course the m, 
are equal in groups of three; thus m,=m,=s3, since we are dealing with 
the same mass point m, having the three coordinates 4,=2,, %4=Y,, %3= 2. 

So far we have assumed that the conditions (1) are holonomic; we 
can easily convince ourselves that all of the preceding can be carried over 
to the case of non-holonomic constraints with only slight modification. The 
only difference is that the factors = in (4) must be replaced by general 


ot 
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functions of the coordinates, F,,, which cannot be written in the form of 
partial derivatives of a function. If we make this replacement in Eqs. (9), 
we at once obtain Lagrange’s equations of the first kind for non-holonomic 
systems, 


i=r 
ee) Mmyty =X y+ > Fue: 
is 


Let us make a more interesting generalization by assuming that the 
conditions (1) vary with time. Then the F, depend explicitly not only on 
the z, but also on ¢t. We must now demand that in forming (4) the time 
be held constant, a stipulation which is not only permissible but also plausible 
since our virtual displacement has nothing to do with the passage of time. 
The derivation of (9) is not affected by this requirement. But we obtain 
an important consequence regarding the form of the equation of energy. 

If we want to derive this equation in the case of time-independent 
constraints, we proceed as follows: we multiply (9) by dx, and sum over k. 
On the left we obtain 


cetey d ° aT 
(9b) dt > mygidi, = dt > Meat at =dT. 


The first term of the right member gives the work done by the applied 
forces in time dt, 


(9c) > da, X,= dW. 


The second term on the right vanishes. For 

(9d) 3s Sm a a > A,dF,=0 

by virtue of the fact that the F, depend only on the 2,, so that F,=0 
implies 

(9e)  dFy= Dede, =0. 

From (9b, c) we then have 


(10) dT=dW. 


This is no longer so if the F, also depend on ¢t., Then the zero in (9d, e) is 
to be replaced by 


as oF; __ OF; 
2 A;Sidt and —Sae 
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respectively. For time-dependent constraints the equation of energy is 
then 


: 
(10a) | dT=dw—dt> ee 
4=1 


This means that time-dependent constraints do work on the system. 

To make this principle more concrete, let us think of a tennis racquet. 
If the racquet is kept fixed, it reflects the ball with unchanged energy. 
If instead it yields backward or swings toward the ball, it takes energy 
away from or gives energy to the ball. 

In non-holonomic systems an explicit dependence on t of the F,, occurring 
in (9a) would be compatible with an equation of energy of the form (10). 
If, however, the non-holonomic conditions had the form 


> Fy,4%,+ G,dt=0 


instead of (7.4), it would be necessary to add members in G, to (10) which 
would then take on a form analogous to (10a), i.e., 


: 
(10b) dT =dW—dt > i,G,. 
i=1 


We shall learn from the example of the spherical pendulum in the 
following chapter that the A, can be regarded as the reactions of the system 
against the constraint exerted by the holonomic or non-holonomic conditions. 
There we shall also see that the determination of the A cannot be effected 
by means of 7 Lagrange equations arbitrarily singled out, even though this 
was a permissible assumption for purposes of our derivation. Instead the A 
must be determined from all 3n of the Lagrange equations taken together. 
It should be emphasized that the method of Lagrange multipliers plays an 
important role not only in the Lagrange equations of the first kind, but also (cf. 
Ch. VI, § 34) in types of equations of a much more general nature. Apart 
from their use in mechanics, the Lagrange multipliers are encountered in 
the elementary theory of maxima and minima. 


§ 13. Equations of Momentum and of Angular 
Momentum 
We derive these equations for a system of discrete mass points which 
can be translated and rotated as a whole in space. Through a limiting 
process they can, however, be applied equally well to a freely moving 
rigid body or to an arbitrary mechanical system whose motion is not 
restricted by external constraints. 
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We divide the forces acting into external and internal forces. This 
classification says nothing about the origin of the forces and is therefore 
by no means identical with the classification of p. 53 into applied forces 
and forces of reaction. Our present distinction is strictly based on the 
criterion of whether the law of action and reaction is or is not satisfied 
within the system itself. In the first case we speak of internal forces, 
in the second of external forces. The internal forces of the solar system, 
for instance, are applied forces because they are gravitational, whereas 
the external force which drives a railroad train forward is a force of reaction 
(as we shall see on p. 84), viz., the static friction at the rolling wheels. 

We call F,, the external force acting at the point k; the internal forces 
will be called F,,, to remind us that they act between two points contained 
in the system and therefore within the system satisfy Newton’s third law, 


(1) Fi,= — Fy 


(1) Equation of Momentum 


Let us now make use of d’Alembert’s principle in the form (10.5). We 
replace F, by F,+ 2 Fix, F,,* by —p, in agreement with definition, and 


make all the 5s, equal to each other. We therefore impart the same virtual 
displacement to all the mass points of the system. The F,, drop out 
because of (1) once we sum over 7 and k, and we are left with 


(2) $s° (2¥.— DP.) =°. 


Let us indicate the summation over k by means of a bar. From (2) we 
conclude that 


(3) p—F. 


p is the total momentum of the system, equal to the vector sum of the 
individual momenta. We define the center of mass velocity V by 


MV=mv=p, M=m 
and have, in lieu of (3), 
(3a) MV =F. 


We now choose an arbitrary but fixed point of reference O. We measure the 
distance r,, of the points of the system from O and define the position R 
of the center of mass with respect to O by the equation 


(3b) MR=nr. 
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The content of equations (3a, b) can be summed thus: the center of mass of 
a freely moving mechanical system moves like a single mass point, having a 
mass M equal to the total mass of the system, and acted on by the resultant 
F of all the external forces acting on the system. 


(2) Equation of Angular Momentum 


Suppose we impart to the system a virtual rotation 5 about an arbitrary 
axis passing through a point O. The displacements 8s, of the various 
points m, of the system are then unequal; for 


(4) 88,—=SXrr,. 


Fre. 15. The virtual displacement és Fia. 16. The moments of internal 
resulting from a virtual rotation d¢. forces cancel in pairs. 


To prove this, let us look at Fig. 15. 8 is there drawn as a vector along 
the axis of rotation and at the same time as a curved arrow about this axis 
in agreement with the rule of the right-handed screw. By virtue of the 
definition of the vector product the magnitude 6s, of 5s, is 


83,= 5¢ |r,| sina=d$p,, 


as must be the case for the rotation in question. The direction and sense 
of 5s, are likewise correctly given by (4). 5s, is directed normal to the 
plane of the drawing, into the paper. 

We introduce (4) in (10.5), while replacing F* and F as in subsec. 1, and 
immediately obtain 


(5) > {Fit > Fa—B,) * (86 Xr,)}=0. 
k i 


Next we use a rule of elementary vector algebra, 
(6) - A°BxXG=B:CxXA=C -AXB 


which says that the parallelopiped formed by any three vectors A, B, C 
has a volume which is independent of cyclic permutation of the labels of 
its three edges. 
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Instead of (5) we can therefore write 
(7) 86° {> (1, XF,) +> > (1, *Fy)—> (1, XP,) } =O. 
k ik k 


In this fashion the connection between 5 and r is severed, so that, with 
5¢ arbitrary, the factor in brackets { \ must itself vanish. In order to write 
this factor more simply we introduce the following notation: 


(7a) L,=1,XF, as in (5.12), L=>L,; 
(7b) M,=1, Pp, T,X D,_= 5, (Cex P;,) = My, as in (5.14); 
(7c) M=>M,, M=)>™M,. 


L is therefore the vector sum of all moments of the external forces about 
the common point of reference O, M is the vector sum of the angular momenta 
of all the mass points of the system about the same point of reference, or, 
more briefly, the total angular momentum of the system about O. 

Moreover we show with the help of Fig. 16 that in the double sum of 
Kq. (7) all the terms cancel in pairs, viz., that 


We see that in this expression the Third Law, Eq. (1), acts essentially as 
the definition of internal force. 

From (8) it follows that the double sum in (7) vanishes. Recalling 
(7a, b, ce) we therefore conclude from (7) that 


(9) M=L. 

This equation is the exact counterpart of Eq. (3). It states that the time 
rate of change of the total angular momentum of the system is equal to the 
resultant moment of the external forces, just as Eq. (3) stated that the time 
rate of change of the total momentum of the system is equal to the resultant 
of all the external forces. 

These two laws will be called the equations (or principles) of angular 
momentum and (linear) momentum respectively. 

Formerly it was the custom in the German literature to call basic 
equation (9) the principle of areas (Flachensatz). This name had its origin 
in the Kepler problem. There we found that in the case of one planet the 
areal velocity was proportional to the angwar momentum, and the direction 
of the angular momentum was normal to the.orbital plane of the planet. 
This is no longer the case for the planetary many-body problem, where we 
have instead 


(10) — M=> 2m, 24%, 
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so that not only the different planetary masses occur as factors, but the 
individual areal velocities corresponding to the planets must be added 
vectorially. The areal velocity thus arising for a complete planetary 
system is defined, as is well known, by the invariable plane (plane normal to 
M). It is invariable because in a planetary system external forces are 
absent, so that L=0 and, according to (9), 


(10a) M= const. 


In general for L=0 we obtain the special principle of the conservation 
of angular momentum. The notion of areal velocity is even more difficult 
to visualize, hence less useful, for a system of infinitely many particles 
such as a rigid body, so that the term “ Flachensatz ’’ should be abandoned 
for general use. 


(3) Proof Using the Coordinate Method 

We shall now sketch the proof of our principles by an alternate method, 
that of decomposition into Cartesian coordinates, because the use of these 
coordinates is so widespread and has been so greatly favored by older 
texts that we wish to defer to usage in some measure. 

We begin with the equations 


myn X, +>, Xen 
4 


(11) . 
MYR Vit) Ye 
i 


which are written in easily understandable form. Summation of the first 
of these equations over k, with X,,— —X,,, at once yields the x-component 
of the equation of momentum, 


(12) et >Xe 


Multiplication of the first equation by —y,, the second by 2,, yields as 
their sum 


(13) ym (the Yete) = DY ee Xa) + site 
Ps 


We group together in pairs 1k and ki the terms...not written down, 
thereby bringing out the direction of the internal forces, i—>k and k—>». 
We then obtain 


EV p53 — Ye Xe t% Vin,-—YiXin 


= [ ap (Yz—Yu) — Yu (%—y) + % (Y2—-Y) — Yj\%,—%,) ] : 
i) 
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Simplification shows this to equal zero, in agreement with Fig. 16. With 
the help of (5.17a) the right member of (13) reduces to 


>Le= I Be 
ke 
The left member of (13) is, in view of (5.14b), 
(13a) 4S my ate) = 2 Mae My, 
k 


Equation (13) is then identical with the z-component of our equation of 
angular momentum (9). 


(4) Examples 


There exists a profound difference between the principles of linear and 
of angular momentum which we shall explain with the help of the special 
case in which no external forces act on the system. 

According to Eq. (3a) in this case the velocity of the mass center remains 
constant; for the total mass M occurring as factor is constant, even for 
a system with internal motion. If, then, the mass center is initially at rest, 
it remains at rest. Internal forces are unable to impart motion to the 
center of mass, even in a mechanism with flexible joints or in a living body. 
In order to move one’s center of mass, one must be able to push against a 
support; therefore an external force is necessary. 

It is evident that in the absence of external forces L—0, so that (9) 
yields 


(14) M= const. 


If the moment of momentum is initially zero, it remains zero, even for a 
system with internal motion. From this it does not follow, however, that 
the angular position of the system is conserved permanently. Rather, this 
angular position can be varied ad libitum with the help of internal forces 
alone, and without a push against some outside object. 

An example of this is the cat, which always manages to fall on its feet. 
It achieves this by suitable rotation of the anterior extremities coupled 
with opposite rotation of the posterior ones. This action is illustrated 
by the rapid exposure photographs published ‘in the “‘ Comptes Rendus of 
the Paris Academy,” 1894, p. 714. 

The essential points of this process can content be followed by 
means of an experiment with a turning stool. Such a stool consists of 
a horizontal disc which revolves with as little friction as possible about 
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a vertical axis. The victim of the experiment is seated on the disc, initially 
at rest: 


Me 0. 


He lifts his right arm forward and describes with it a backward rotation. 
The “ area swept out ’”’ in this process must be compensated by a counter- 
rotation of the remainder of the body including the disc of the stool. More 
precisely, the moment of momentum M, of the moving arm induces a moment 
of momentum of torso and disc M, such that 


Jk yee —M,. 


The experimental subject now lowers his arm; this causes no change in 
M. Now the initial position of the body is restored, and the process 
can be repeated. With each repetition the same counter-rotation M, 
takes place. After n repetitions the subject notices that he is facing in a 
direction opposite to the initial one. In contrast to the position of the 
center of mass, the angular position is not fixed by the initial state of rest. 

One can strengthen the effect by making the subject hold a heavy 
weight in the right hand. The “area swept out ”’ is thereby, so to speak, 
multiplied, so that the counter-rotation is also visibly increased. 

Let us perform two more experiments: the subject stands on the stool 
with lowered arms and is given an angular momentum M,; he now raises 
his arms (with weights in his hands if desired) sideways; the rotation 
suddenly decreases. Instead, we can set the person spinning with out- 
stretched arms; he next lowers his arms and usually falls off the stool 
because the rotation, especially when weights are used, is suddenly increased 
considerably. 

In both foregoing cases 


M,=M, and therefore yw o=1,w, from Eq. (11.6). 
In the first case, however, we have 
I,<I, and hence w,<wo, 


whereas in the second case 
L,>i, s0 that w,> Dy: 


The changeability of the moment of inertia under conservation of 
angular momentum is used extensively in all athletic feats, especially 
in exercises on the horizontal bar. Consider, for example, the “ forward 
upswing.” In the initial act of acquiring swing the body is stretched, its 
moment of inertia great, and its angular velocity about the bar moderate. 
As he swings forward, shortly before reaching the highest point, the per- 
former pulls in his legs, reduces his moment of inertia about the bar and 
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his angular velocity becomes high. His mass center swings over the bar 
and the performer achieves an upright position on the bar. Notice that the 
reactions produced by the grasp of the hands on the bar do not influence 
the angular momentum to any noticeable degree since the bar is so thin 
that the forces of reaction have a vanishingly small lever arm. 

The same principles are used in the “ circles,” (backward hip circle, 
knee circle, etc.). Gymnastics, ice skating and skiing are, in a way, practical 
lessons in experimental and theoretical mechanics. 


(5) Mass Balancing of Marine Engines 


Let us finally consider an illustration on a Jarge scale, the Schlick 
method for balancing the reciprocating masses of marine engines. 

In the transition period leading to the modern express steamers, toward 
the end of the last century, the shipbuilding industry went through a 
crisis. For technical reasons the speed of revolution of the propellor 
shaft is fixed at approximately 100 per min. The inertial effects of the 
piston engines, which have to be absorbed by the ship’s body, change in this 
same rhythm. As the length of ships was increased more and more, the 
“proper frequency’”’ of the vessel was continually depressed, so that 
this frequency came dangerously near to the rhythm of the inertial effects. 
Let us anticipate by using the word “ resonance,” a phenomenon with 
which we shall deal at great length in the next chapter. The word originated 
in acoustics, where resonance phenomena are most immediate and where 
they were studied first. 

For lack of space the steam cylinders of fast steamers have to be 
arranged vertically. Let us assume, to make things specific, that we are 
dealing with four pistons (cf. Fig. 17), which are all connected to the same 
crank shaft oriented lengthwise, along the z-direction in our diagram. We 
shall see that for a smaller number of pistons a mass balance even to first 
order (to which we shall restrict ourselves here) is impossible. With the 
choice of coordinates of Fig. 17, the inertial forces are directed along the 
x-axis; they give rise to moments only about the y-axis. The inertial 
effects must be absorbed by the reactions of the body of the ship, in which 
they induce rhythmic countervibrations. 

This is beautifully illustrated by the models which Consul Otto Schlick 
donated to the German Museum in Munich at the time of his invention. 
The ship’s hull is here idealized as an elongated beam; it is suspended 
by spiral springs which represent the buoyancy of the water and enable 
the ship to oscillate. When the engine models.carried by the beam are set 
in motion, the beam starts oscillating with slight amplitude. If the speed 
of revolution of the engines is increased, the vibrations of the beam grow 
larger the more the rotation frequency approaches the fundamental proper 
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frequency of the beam (cf. Fig. 18). Great amplitudes of oscillation would 
have disastrous effects on the safety of the ship—and also on the wellbeing 
of the passengers. The idea of mass balancing is to bring about a cancella- 
tion of the inertial forces and torques of the reciprocating masses of the 
marine engine in order to protect the ship’s body from their harmful effects. 

If we pass at once from accelerations to position coordinates, the balancing 
of the inertial forces, which are all in the x-direction, demands that 


(15) >Mx,=0. 


The masses M, include not only those of the pistons and piston rods, but 
to first approximation 
also those of the con- 
necting rods and portions 
of the eccentric parts of 
the crank shaft. 

Just as important is 
the balancing of the 
moments of the inertial 
forces. It is mentioned 
above and made plausible 
by Fig. 17 that only the 
moments about the y- 
axis play any role here. 
Again we immediately 
pass from the accelera-  Fic.17. Schlick mass balance of a vertically arranged 
tions to the position four-cylinder piston engine. Diagram at lower right 
shows the position of the four crank pins relative to 
each other. 


coordinates, which is 
permissible since the lever 
arms, i.e., the a of our 
Fig. 17, are constant. We then require 


(16) > M,4,%,=9. 


We now express the piston coordinates x, in terms of the crank pin 


2 ee 


Fie. 18. Proper frequency of a freely vibrating beam as a model for the fundamental 
frequency of a ship. 


coordinates ¢,. From Fig. 9 and Eq. (9.6) we have, to a first approximation, 


(17) L,+7, CO8 $,= const. 
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First approximationt here means that we pass to the limit of an infinitely 
long connecting rod, or 7/l—>0. We shall not go into the calculation to 
second order where the first power of 7/1 is retained, as in Eqs. (9.5) and (9.6). 
Since all the pistons work on the same shaft, the ¢, are equal to each other 
apart from a phase shift a, constant in time; 


(18) | $e= Prt % 


where «,=0 and a, a3, %, can be chosen at will. By virtue of (17) and 
(18), the variable part of the conditions (15) and (16), which alone concerns 
us, gives 


(19) >My 7,008(¢.+%)=0, > Myrya,cos(d,-+,)=0. 


If we expand the trigonometric functions, we see that with ¢, arbitrary the 
factors of cos ¢, and sin ¢, must vanish separately. We then obtain four 
equations between the parameters a, and Q,. 


>", cos a,—0, >My" sin «,=0, 


(20) : 
>My cos «,=0, > Myre sin %,.=0. 


The M, and r, are fixed by construction. The quantities at our disposal 
are the three phase displacements a», a, a%,, and the two lever arm ratios 
Az: 3: a, [the absolute magnitudes of the a do not enter in Eq. (20) ], 
altogether therefore five parameters; they allow a certain freedom of choice 
in fulfilling conditions (20). This freedom in turn makes it possible to avoid 
solutions which are technically objectionable. The preceding shows that 
the mass balancing can be carried through to first order in four-cylinder 
engines; it also shows that for lack of enough parameters it cannot be 
effected in engines with a smaller number of cylinders, as asserted above. 
The external characteristic of the Schlick mass balancing method is that 
the pistons of a four-cylinder engine are not equidistant and that their 
crank pins are not arranged at equal angles to each other. The latter 
feature is illustrated in the lower right-hand corner of Fig. 17. 

The Schlick method proved its worth in the first modern steamers 
of the Hamburg-America Line; it eliminated the danger of resonance. 
It is true, however, that it had only a transient importance in the practices 
of ship-building, since piston engines were soon to be displaced by turbines, 
where there are no reciprocating masses. Even nowadays, however, mass 
balancing is important in automobile and i engines as well as in the 
Diesel engines of submarines. 


* This first approximation defines the mass balancing to first order (i.e., the “ balancing 
for primary forces and primary couples,” as it is called). Since we want to restrict 
ourselves to the latter, we need not carry out the second approximation. 
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(6) General Rule on the Number of Integrations Feasible in a Closed 
System 


A mechanical system is called closed if no external forces, but only 
internal ones, act on it. In that case the equations of linear and angular 
momentum become principles of conservation. The conservation of 
momentum introduces 2-3 constants, that of angular momentum 3 con- 
stants of integration.6 The equation of energy yields one additional 
constant. We therefore have a total number of 


(21) Bee 110 


integrals of the equations of motion. 

So much for the three-dimensional case. In the case of two dimensions, 
such as the two-body problem of astronomy, we have only one component 
of angular momentum (directed perpendicular to the plane containing the 
trajectories of the two bodies), so that we obtain, together with the integral 
of energy, 


(22) 2 26 


generally feasible integrals. 
In the one-dimensional] case this number evidently reduces to 


(23) 2-140+41=3. 
The general expression for m dimensions is 
(24) n+1+4n(n+1). 


The best method of clarifying this expression is to appeal to the concepts 
of relativity: we put n=3 and add the time as the fourth coordinate. 
We must then form the four-vector momentum which is obtained from 
Eq. (2.19) by summing over all the particles of the system. The basic 
equations of relativistic mechanics now tell us that for a closed system this 
four-vector remains constant; incidentally its time component is, apart 
from a factor —ic and an additive constant, equal to the kinetic energy. 
The four integrals thus obtained (conservation of momentum and energy) 
are represented in (24) by the term n+1. The second term of the expression 
is the result of the combination of two axes at a time in the formation of 
moments. Evidently the combination of two space axes yields the equations 
of angular momentum in the ordinary sense. The combination of the 
time axis with one of the space axes, on the other hand, gives the second 


5 Every system becomes closed, of course, if one makes it large enough, ie., if one 
includes the sources of the external forces in the system. 

5 The 2:3 constants arising from the equation of the straight line described by the 
center of mass, and the three areal velocity constants. 
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integrals of motion of the mass center which express the rectilinearity 
of this motion. For according to (2.19), if we indicate summation over all 
mass points by a bar as on p. 70 and replace (1—?)? by unity from the 
start, we calculate 


From the principle of conservation of angular momenta this quantity 
must be equa] to a constant, which we may call icA,. In three-dimensional 
vector notation and with the symbols of (3a, b) we then have 


(25) R—iV=A. 


With A and V constant this means that indeed the mass center moves in a 
straight line with constant speed. The foregoing should be sufficient 
explanation for the origin of (24); the use of the four-dimensional space- 
time symmetry has lent additional clarity to it. 

We wish finally to make a remark concerning the enumeration of (21) 
and (22) pertaining to the field of astronomy. The famous three- 
body problem would need for its complete integration, i.e., for a determina- 
tion of its 3-3 coordinates and 3-3 components of velocity, 


(26) 2°3°3=18 


first integrals. Each of these, as exemplified by Eq. (25), would give one 
relation between the position and velocity coordinates involving one constant 
of integration. But a comparison of (26) with (21) shows that we are 
lacking eight integrals for the complete integration; above and beyond 
this the unrelenting efforts of the greatest mathematicians from Lagrange 
to Poincaré have shown that the missing integrals cannot be obtained in 
algebraic form; a conclusive proof of this was given by H. Bruns. 

A similar enumeration for the two-body problem, plane by its very 
nature, requires only 


2°2+2=8 


instead of 2-3-3=—18 constants of integration for its complete integration. 
Thus only two constants are required beyond those which according to 
(22) are in all cases available for a two-dimensional problem. As a matter 
of fact these two integrals with their corresponding arbitrary constants can 
be found here, as shown by the transition from Eqs. (6.4) to (6.5). Hence 
the two-body problem can be solved exactly; the three-body problem is in 
general insoluble, i.e., it can be solved only by analytical approximation 
methods. It is only under very special assumptions about the type of 
motion that we shall be able to find a solution in closed form for the 
latter problem in § 32. 
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§ 14. The Laws of Friction 


As already emphasized in § 11, subsec. 4, the guiding of a mass on a 
prescribed path introduces a component of reaction along the path direction 
which cannot be obtained from general principles of mechanics, but must 
be determined experimentally. Apart from some preliminary work of other 
investigators this determination was carried out for the first time in 1785 
in the famous, and for those times very accurate, experiments of Ch. A. 
Coulomb, whose name, we recall, is permanently linked with the basic 
laws of electrostatics and magnetostatics. 


With Coulomb we distinguish 
(a) Static friction 
(6) Kinetic or sliding friction. 


Fig. 19. Static friction on plane support. Fie. 20. Construction of the angle 
of friction and the cone of friction. 


(1) Static Friction 


Consider a body resting on a horizontal support. If we exert a gradually 
increasing pull P on the body parallel to the support, no motion will occur 
at first. We must therefore assume that a force of friction F balances the 
pull P. If, however, P exceeds a very definite limit, acceleration takes 
place. 

This limit F,,, 18, according to Coulomb (and his predecessors), propor- 
tional to the normal pressure N, which in the case of rest on a horizontal 
support is simply equal to the weight @ of the body. We have 


” Froax=HoN. 
fo is the coefficient of static friction; it depends on the nature and the state 
of the surfaces of the two materials in contact. If the two materials are the 
same, py is especially great (interpenetration). 

By means of 


(2) Po=tan 


one can introduce an angle ¢ which can be thought of as the vertex angle 
of a “ cone of friction.” As long as the resultant of the two forces F and N 


$2 Mechanics of Systems 11.14 


falls inside this cone, no motion takes place, cf. Fig. 20. Motion occurs 
when their resultant lies in the surface of 
the cone or outside it. Pp 

The significance of the angle of friction 


is illustrated by experiments with the inclined = id 
plane (Fig. 21) which go back to Galileo. Fier 2VeuWeailiaen on 
We write down without further explanation an inclined plane. 


N=Geose, P=Gsina=—F. 
From 

F <F,=PoN=N tan ¢ 
we therefore obtain as the condition of rest 


G sin « <tan ¢ cos a+ G 
so that 
tan «<tan ¢ 


or 
a<¢. 
The body remains in a state of rest on the inclined plane as long as a <¢. 
The angle of friction ¢ is therefore that 
inclination of a plane at which sliding 
will set in. 
The following is a less trivial exam- 
ple. An oblique arm is attached to a 


vertical axle at an angle 5 —a. This arm 


carries a movable sleeve or bead (ef. 
Fig. 22). When the axle does not rotate the 
bead is at rest or in motion depending on 
whether «<¢ or a>¢. If now the axle 
is set rotating, the centrifugal force ? 
w 


mrw* is added vectorially to the force of 
gravity mg. The normal force N resulting 
from these two and the pull P along the FI. 22. Movable sleeve or bead 


uiding rod are, from the diagra on on oblique ee 
8 8 y oa Equilibrium under friction. 


N=m(g cos a+rw* sina), P= +m(g sin “—7w* cos «). 
The double sign in front of P means that we count the pull positive downward 


as well as upward, so that we can take into consideration a downward as 
well as an upward sliding of the bead. 
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From (1) and (2) the bead is in equilibrium if 
+(g sn a—rw?* cos «) <tan 4(g cos «+rw? sin a). 


We now replace the < sign by an = sign, thereby obtaining the condition 
for “‘ just sliding,” i.e., the limit of equilibrium. By trigonometric trans- 
formation we carry out a separate calculation for the two cases --. 


+ sign, downward sliding: g sin (a+¢)=r.w? cos (a+), 
— sign, upward sliding: g sin («—¢)=1r,w? cos («—d), 


or, collected together, 


ry 


nh = & tan (a 4). 


The force of friction hence results in a finite interval 
a ae 


of r in which the bead is in equilibrium. 

For «>¢ (the bead slides down as w—>0) both r are positive; the 
smaller w, the greater the interval between them. With a <d¢ (the bead is 
in equilibrium under static friction for #—>0) r,=0 (even negative according 
to the equation) and only 7, is positive; with increasing w, r, approaches 
zero as well. 


(2) Sliding Friction 
Here the law of friction 
(4) F=pN 


applies. 

The coefficient of sliding friction p is roughly independent’ of the velocity, 
and, like py, a constant depending on the nature of the materials and 
conditions of the surfaces. It is universally true that 


(5) B <Uo- 


If the path along which the body slides is rectilinear, N equals the force 
of gravity (or its component perpendicular to the path); if the path is 
curved, we must, according to Eq. (11.15), add the effect of the centrifugal 
force. 

We illustrate Eq. (5) by means of an extremely primitive experiment 
which is, however, very surprising in its result. Let us put a smooth cane 


7 Experience in railroad operation (sliding friction between wheel and brakeshoe) 
indicates that for high velocities v the factor yw decreases monotonically with 
increasing v. 
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or walking stick over the forefingers of the right and left hand, held some 
distance apart. From Fig. lla the distribution of forces is 
b a 
Az a4tb% = at” 
We now let the two fingers approach each other. Sliding occurs alternately 
on the right and left fingers, unti] the fingers meet. Where on the stick 
do they meet ? 


Let A>B initially. The sliding therefore begins at B. B remains 
in motion not only until a=b, but slides to the point 6,<a where the 
sliding friction of B equals the static friction of A. In general we have 


G G 
se a 4 Fy g=ob a i 
Putting these two expressions equal for b=b,, we obtain 


= Gals 
pa=p)y, ea? 1. 

At this instant the stick must begin to move over A. At once the 
friction F'4 , falls to F4 4. <F4 4, so that in 6, the friction F, . exceeds 
that in A; ie., B comes to rest, and Fp . changes to Fp y. 

This process is now repeated at each turning point. A and B thereby 


approach in geometric progression (since the quotient a occurs each time) 


the center of mass of the stick for which a=b=0. In the final state the 
stick balances in equilibrium over the juxtaposed fingers. 

We now return to static friction, which plays a decisive role in pure 
rolling motion. Paradoxical as it may 
sound, it is the static friction which P 
drives a railroad train forward. (The 
same is true of an automobile; a \y 
pedestrian on slippery ground likewise 
propels himself only by means of static 
friction.) The steam pressure is an 
internal force, and as such could never 
set the mass center of the locomotive in Fic. 23. Reaction between wheel 
motion. Todo this an external force is aed geil joe oe : oe Ene 

= case of pure rolling the static friction 

needed. This external force is the provides the driving force of the 
reaction between rail and wheel, i.e., train. 
just the static friction. . 

Consider one of the driven wheels of the locomotive (Fig. 23). By 
means of the connecting rod the engine transmits a torque L to the wheel; 
its primary action would be to impart a rotational acceleration to the 


Mee 


7x 
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wheel. This is incompatible with the condition of pure rolling, Eq. (11.10), 
(6) Z=Tw. 


Let M be the mass of the train per actuated wheel, R the resistance to 
motion (air resistance, frictional losses in the axle bearings, etc.), I the 
moment of inertia of the wheel, and F the force of static friction. The 


equations of motion become 
= Mz=F—R; 
7) Ig=—L—Fr. 


The static friction F cannot be determined a priori; it can, however, be 
obtained from the foregoing equations as follows. Let us at first eliminate 
F from the equations 


Mz=F—R; 
(8) M.ge=P—P. 


equivalent to (7). P is the peripheral force corresponding to the torque LD, 
and M,,4, as in (11.8), is the reduced mass corresponding to the moment 
of inertia J, i.e., 


L=Pr, I=M,, a7. 


From (8) one obtains 


(9) (M+-M,.4)2=P—R 
and, by virtue of the first Eq. (8), 

e MP + Mreak , 
eS) PoR+ ay wa? -P)= “arpa 


D’Alembert’s principle could have furnished equation (9) directly. The 
first Eq. (8) contains the quantitative proof of our assertion that the static 
friction F is the driving force in the operation of a train. For in the case of 
uniform motion it gives 


USI 


As the second Eq. (8) shows, the peripheral force P resulting from the steam 
pressure has merely the function of calling into play the static friction at 
the rails. 

Another evidence of this is the fact that as trains have become faster 
or the freight per train greater, locomotives have become constantly heavier. 
This circumstance points directly to Coulomb’s law of friction, Eq. (1), 
which states that the limit of static friction available is proportional to 
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the normal pressure VN. The well-known fact that static friction fails and 
sliding occurs when the rails are too smooth (due to ice, or, for instance, 
to lubrication from run-over migrating caterpillars) points to the other 
factor jy in Eq. (1), which, as emphasized, depends on the state of the surface 
of the rails. When the rails are too smooth, the factor , must be artificially 
increased; the sander serves this end. 


CHAPTER III 
OSCILLATION PROBLEMS 


The investigations that are to follow will teach us nothing new about 
the principles of mechanics. So great, however, is the significance of 
oscillation processes for physics and engineering that their separate systematic 
treatment is deemed essential. 


§ 15. The Simple Pendulum 


The oscillating body is a particle of mass m which is attached to a 
fixed point O by means of a weightless rigid rod of length 1; J is called the 
length of the pendulum. We may neglect friction at the point of suspension 
and air resistance, so that the only force acting is that of gravity, 
with a component—mg sin ¢ in the 
direction of increasing ¢ (cf. Fig. 24). 
The general equation (11.14) for the 
guided motion along an arbitrary path 
gives us, with v=l¢ (circular path), 
the exact equation 
(1) mit =—mg sin ¢. 

For sufficiently small oscillations, 
¢<1, we can put sn¢d=¢. With the 


abbreviation Fie. 24. Simple pendulum. Com- 
ponent of gravity along the 
(2) qo w? direction of motion. 


we then obtain the linear pendulum equation 


(3) : To 1 w$=0. 


This is the differential equation of ‘‘ harmonic oscillations ” as treated in 
§3 (4). Apart from the designation for the dependent variable it is identical 
with Eq. (3.23). The circular frequency w defined in (3.22) is now given 


by Eq. (2) above. We therefore have 
eet T= on) 
; w= -(Nh tml) 
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Notice that 7 is independent of the mass m, which dropped out already 
in (1). Thus different masses have the same period if the pendulum length J 
is the same. 7’ is the full period, covering a complete swing to and fro. 
Sometimes one half of this time is designated as the period of oscillation. 
Thus one speaks of a “‘ seconds pendulum ” for which 4 7’ equals one second. 
Its length is calculated from (4) to be 


1—=£ ~ 1 meter. 
TW 


To the extent to which Eq. (3) is valid the period of oscillation is indepen- 
dent also of the amplitude of swing; i.e., small pendulum oscillations are 
isochronous. 

The general solution of (3) has the form 


o@=a sin wt+b cos wt. 
If we specify that ¢=0 at t=0 and ¢=<a at t=, we must put b6=0 and 
a=a, so that 
(5) o=« sinwt, 


« is therefore the amplitude of ¢, i.e., the maximum displacement of the 
particle measured in units of angle (radians). 

For finite deflections the isochronism is destroyed because of the non- 
linearity of Eq. (1) which applies in that case. In order to integrate (1) we 


multiply it on the left and right by 49. this amounts to passing from the 


“dt ’ 
equation of motion to the equation of energy. An integration yields 
2 
(6) (=f) = 2a%osp +0. 


C is determined by the condition that —0 for $=a, i.e., 


C= — 2? cos a. 


Alternately we can proceed directly from the equation of energy. With the 
meaning of H indicated in Fig. 24 we obtain 


(6a) =! (4) +mgh=mgH 
h=1 (1—cos ¢) 
H=l (1—cos g), 
which is evidently identical to (6). 
Consider now the equality 


where 


cos ¢— cos 1=2 (sin?S — sin?) : 
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we substitute it in (6) to obtain 


(7) 


or 


$ 
Pe 

(8) eee t. 
J (sine <- sintS)* i 


We have thus arrived at an elliptic integral of the first kind. In order 
to explain this name we shall have to speak in passing of the “ rectification 
of the ellipse,”’ i.e., the measurement of the length of an arc of an ellipse. 
Let us use the parametric form of the equation of an ellipse, 


x=a sin v 
y=b cos v 
from which we calculate 
ds? = dx? + dy? = (a? cos? v + 6? sin? v) dv?, 
ds=[a?— (a? — b?) sin? v]* dv. 


We now put 


pee eee ty <1 for a>b), 


a 


and obtain for the length of the arc of the ellipse between the endpoint 
v=0 of the minor axis and an arbitrary point v of the ellipse 


(9) ale (1 — k’sin2v)*dv. 
0 


This is an “ elliptic integral of the second kind.” 
The elliptic integral of the first kind is the simpler of the two from 
the viewpoint of function theory. In the ‘“ Legendre standard form ”’ it is 


y dv - 
9 (1—k* sin? v)? 


We shall put our integral (8) in this form by means of the transformation 


sin Pseein & * sin v 
a 2 : 
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(10) (sine —sin?S)* =sin 5 COS ¥, 
? 
a5 dv dv 
= = “apt 
(sintS sintS)* cos’ (1—K? sin?) 
where the “‘ modulus ”’ k stands for 
(11) k=sin $a. 


If we wish to calculate the period 7, we must put in Kq. (8) 
=7 and ¢=4, 


so that, according to (10), =, . This yields the so-called “‘ complete in- 
tegral of the first kind,” orien is designated by the letter K, 


(12) 2 dv 
K=[ (1—2? sin? v)* 


w being defined by (2), we then obtain from (8) the period 
aaaige (*\3. 
(13) T—4K(_) 


From (12) we can read off directly that 
K == as k——>0, i.e., according to (11), for sufficiently small amplitudes «; 
K=o as k—->1, i.e., according to (11), for «=z, 180° swing to upright 
position. 
In the first case we obtain our former expression (4), as would be expected. 
In the latter case the deviation from this expression reaches an extreme. 
In general a binomial expansion and term-by-term integration of (12) 
leads to 


9k4 
K=5(1+5+q+--:). 
The corresponding expression for 7’ is 
(4 
(14) T=27(")* (1+ jsin af 4 Saint -); 


which gives the deviation from isochronism for finite deflections in quantita- 
tive fashion. ; 

Astronomical clocks have simply-constructed pendulums with a <14°. 
For them the first correction term in the parenthesis of (14) amounts to 
approximately 1 part in 20,000. 


III.16 The Compound Pendulum ‘ 9h 


§ 16. The Compound Pendulum 


This problem is essentially that of rotation of a rigid body about 
a fixed axis, treated already in § 11, subsec. 1, from which it differs only 
in that the external forces are now specified to be gravitational. Let s 
be the distance of the center of gravity G from the fixed axis O [we use the 
term “ center of gravity ”’ deliberately here, though, from (3.12), it coincides 
with the center of mass]; moreover, let ¢ be the angle which the line OG 
makes with the vertical. The total moment ZL of the gravitational forces 
acting on the individual elements of mass dm is evidently 


(1) =—mgs sin ¢, 

where m is the total mass; from (11.4) the equation of motion is then 
(2) I¢ =— mgs sin ¢. 

A comparison with the equation of motion (15.1) of the simple pendulum 
shows that the length J of the equivalent simple pendulum, i.e., the simple 
pendulum having the same period of oscillation as our compound one, is 
(3) | I=. 


ms 
Let us replace J by the so-called radius of gyration a, defined by 
(4) l=ma*., 


The radius of gyration is therefore that distance from the point of suspension 
O of the pendulum at which we must concentrate the total mass m in order 
to obtain the moment of inertia J of the actual mass distribution. Note: 
in (11.8) we introduced a “‘ reduced mass ”’ for the distance r at which the 
initially unknown mass M,,4 was to be placed; here, per contra, the mass 
m is given and we are looking for the distance a at which this mass is to 
be located. 
Comparison of (3) and (4) shows that a is the geometric 

mean of s and J, 


(5) a=Is. 


Let us now lay off the equivalent pendulum length J from O 
along the center line OG of the pendulum. The point P thus 
obtained is called the center of oscillation (Huygens). Fig. 25 
shows the relative positions of O, G and P and allows us to 
form a picture of the relation between s, a and 1. 


Fie. 25. Point of suspension O, center of gravity G, and center of 
oscillation P of a compound pendulum, The radius of gyration a is the 
geometric mean of the equivalent pendulum length J and distance from 
center of gravity s. 
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We now claim that the roles of O and P are interchangeable. So far 
O has been our point of suspension, P the center of oscillation. We shall 
now take P as the point of suspension and show that O becomes the center 
of oscillation. This is the idea underlying the reversible pendulum. 

The scheme below tabulates the symbols so far used and completes 
the list for purposes of what is to follow. 


Point of Center of | Equivalent | Moment of Radius of | Distance of 
Suspension Oscillation Pend. Length Inertia Gyration Mass Center 
O P | 1 | I a | 8 
P oO’ is is ap ls 


Our assertion is that 
Lp=l, ie., O'=O0. 


Proof: let us calculate lp from equations (3) and (4) rewritten in terms 
of the corresponding new symbols. We have 


2 
(6) je ap 


Now according to Eq. (10) of the supplement to this section 
(6a) a2,=I(l— 8) 


so that indeed the last member of (6) equals J. 

The pendulum is used in the determination of the gravitational accelera- 
tion g at different points on or below the surface of the earth. Since 
in practice no simple pendulum is available and since in a compound 
pendulum the moment of inertia J cannot be calculated accurately (not 
only because of the complicated shape of the bob, but also because of possible 
internal inhomogeneities), one is forced to resort to the experimental method 
of the reversible pendulum for the determination of the equivalent pendulum 
length. We have to imagine that the pendulum of Fig. 25 is provided 
with two knife-edges for its points of support, one at O and one at P, the 
latter with its edge facing up, and both with their triangular cross-sections in 
the plane of the drawing. The knife-edge at P can be moved up and down 
by means of a micrometer screw. Given a sufficiently long period of observa- 
tion the number of oscillations can be counted with very great accuracy, 
so that the equality or inequality of the periodic times for oscillations 
about O and P can be determined exceedingly precisely, and, if necessary, 
corrected by means of the micrometer screw. 

The principle of the reversible pendulum is a first illustration of a type 
of very general reciprocity relation which recurs in all branches of physics. 
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Another example of such a relation is the interchangeability of source 
point and field point (‘‘ Aufpunkt ’’) in acoustics and electrodynamics. 


SUPPLEMENT: A RULE CoNCERNING MomENTS oF INERTIA 


We have in mind the rule of parallel axes, which states that the moment 
of inertia of a body of mass m about an axis through an arbitrary point O 
is equal to the sum of its moment of inertia about the parallel axis through 
the center of mass G and ms*, where s is the distance between G@ and the 
axis through O. 

If y is the direction of the axis in question and 2 the direction from 
O to G, the distance r from the axis through O of some element of mass dm 
must be 


gi gt 2, 


Here x is measured from O. If, instead, a is measured from G, and if, 
as in Fig. 25, OG=s, we have 


r2—(x+s)?+22=92+ 221245482, 
If we sum over all dm, it follows that 
(7) I=Ig-+2s[edm-+-ms*. 


The middle term vanishes [ef., for instance, Eq. (13.3b)] provided the 
plane x=0 passes through the center of mass. If this is the case, 


(8) I=Ig+ms*, 


as asserted above. 
Accordingly we have from Fig. 25 that 


(8a) Ip=Ig+mil—s)?. 
But from (8) and (8a) 

I p—I=ml?—2mls 
which, in view of (4), can be written 
(9) at,— a*¥=[2— 2s 
or, by virtue of (5), 
(10) a2,=?—Is=1(l—8). 


This is the relation that was used in (6a). 


94 Oscillation Problems 1A7 


§ 17. The Cycloidal Pendulum 


This pendulum was invented by Christian Huygens’, the most ingenious 
watchmaker of all time. Its purpose is to eliminate the lack of isochronism 
of the ordinary simple pendulum. This is achieved by making the mass 
point move on a cycloidal instead of a circular arc. Later on we shall 
see how this motion can be realized in practice. 

The parametric representation of a common cycloid is 


r=a(p— sin $); 


@) y=a(1— cos ¢). 


The parameter ¢ is the angle through which a wheel of radius a rolling on 
the horizontal z-axis has turned from its initial position. The common 
cycloid is generated by a point on the periphery of the wheel (Fig. 26). 


g=0 g-47 gin 


Fie. 26. Generation of common cycloid by point on the periphery 
of a rolling wheel. Definition of angle of rotation ¢. 


For our pendulum we need a cycloid that has its cusps at the top rather 
than on the bottom (cf. Fig. 27 on p. 96); this is generated by having 
our wheel roll on the underside of the z-axis. The x of such a curve is that 
given in (1) while its y is obtained by subtracting the y given in (1) from 2a, 


z=a(¢—sin ?); 
y=a(1-+cos ¢). 


The component of gravity mg along the tangent of the trajectory (in our 
case the cycloid) is 


(2) 


d 
.= — mg cos (y, s)=— mg 


The general relation (11.14) therefore yields 
(3) m= — mg, . 


where, just as in the case of the circular pendulum, the mass m cancels on 


+ Horologium Oscillatorium, Paris (1673). Collected Works, Vol. 18, The Hague (1934). 
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the left and right. Differentiation of (2) gives 
dz=a(1—cos ¢)df, dy=—asin ¢ dd. 
ds?=a%(2—2 cos g)dg?, ds=2asin £dg. 


Thus in our case 


(4) v= G=2asin $%—_ 44 4 cos § 
and 

0 1S conf 
If we replace (4) and (5) in (3), we obtain 

(6) ©, cos $ —— 2 cos $- 


This equation differs from Eq. (15.3) of the simple pendulum only in that 
the dependent variable is now called cos 5 rather than ¢. This is of course 


of no consequence for the integration of (6). The earlier Eq. (15.4) there- 
fore holds unchanged, viz. 


(7) T=27(")* with 1=4a, 


the latter because in (6) 4a took the place of our former J. 

Eq. (15.3) described only the small displacements of a simple pendulum 
and was obtained from the exact relation (15.1) by an approximation; 
our present equation (6) and Eq. (7) resulting from an integration thereof 
are, on the other hand, exact for oscillations of arbitrary amplitude. The 
cycloidal pendulum is then rigorously isochronous; its periodic time is 
completely independent of the amplitude of oscillation? 

As regards the method used, we notice that in (6) the motion of our 
particle was represented not by its Cartesian coordinates or by some para- 
meter bearing an immediate relation to the cycloidal curve, but by one half 
the angle of rotation ¢ of the wheel generating the cycloid. We see that 


2 The cycloid can also be called tautochrone (oscillations on a cycloid are “ isochronous 
to each other ’’); it is also called brachistochrone (because it answers the question, 
“on what curve must a mass acted on by constant gravitational force slide in 
order to traverse the distance between two given endpoints in the least possible 
time ?” It turns out that the mass takes less time on a cycloid than on a straight 
line or any other curve joining the same points). The brachistochrone problem 
is all the more notable because it was for it that the first principles of the Calculus 
of Variations were developed. 
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this parameter, although only indirectly connected with the cycloid, provides 
the simplest method of approach to the problem. Its introduction gives 
us a foretaste of the general Lagrange method of Chapter VI, which enables 
us to introduce arbitrary parameters as dependent variables in the equations 
of motion. 

Just as remarkable as Huygens’ discovery of the isochronism of the 
cycloidal pendulum is the way in which he actually achieved the frictionless 
motion of the bob on the cycloid. He availed himself of the rule that the 
evolute of a cycloid is another cycloid equal to the generating one. If, 
therefore, we tie a string of length 1=4a to the point O of Fig. 27 in which 
the two upper cycloid ares form a cusp, and if this string be pulled taut 
so that it rests against the right part of the cycloid (or the left part if 
deflected to the left), the endpoint P of the string describes the lower 
cycloidal arc. The guiding of the 
bob along the lower cycloid effected 
in this manner is almost as friction- 
less as the guiding of the simple 
pendulum along a circular arc. 

Actually Huygens’ idea has been 
abandoned in the practice of pendu- 
lum clock construction; according to 
investigations of Bessel among others Pid) 27. iapeens Waseahtonouee 
it is sufficient to install a spring — cloidal pendulum. 
usually a short elastic lamina — at 
the upper end of the pendulum. If the length of the lamina and the mass of 
the bob are suitably chosen, a sufficient degree of isochronism is achieved. 


§ 18. The Spherical Pendulum 
We require the pendulum to be suspended in such a fashion that the 
mass point m is able to move freely on the surface of a sphere of radius / 


(the length of the pendulum). It is then subject to the condition of 
constraint 


(1) F= F(a y2pat— 22) = 0, 


1 a 
where the factor 5 has been added for convenience’s sake. 


Here r, the number of conditions of constraint, equals 1, and X,=X,=0, 


X;=— mg, so that the Lagrange equations of the first kind (12.9) take the 
form 


M2 = Ax, 
(2) my = dy, 
mz=—mg+dz. 


IIT.18 The Spherical Pendulum - 97 


In view of Eqs. (13.13) and (13.13a), elimination of A from the first 
two equations (2) yields the constancy of angular momentum about the 
z-axis, or, what amounts to the same thing, the conservation of the areal 
velocity 


(3) oft 4S =28 _¢ (S=area swept out). 


Tf, on the other hand, we multiply the Lagrange equations (2) by z, 
y, z, we obtain the equation of energy, for condition (1) is independent 
of ¢ (cf. p. 68). Addition yields 

(4) m(xi-+-yy-+-22)= —mgz+ax+yy+z2). 

But from (1) 


=ax2+yytz2=0. 
On the other hand we evidently have 
BELYY LEE BOLI TA 5 
Integration of (4) with respect to ¢ then gives 
(5) 3 u= —mgz-+const., 
which we shall write in the form 
(5a) T+V=E with V=mgz. 


Let us finally multiply the Lagrange equations by 2, y, z, respectively. 
With the aid of (1) this allows us to calculate 4, 


AR— mgz=m(ax+yy +22) 
or 


ce M=mgi +-m(Fe+4y+ jz): 
Now the normal to the surface of the sphere at the point 2, y, z has direction 


cosines =, so that apart from sign the second term on the right is the 


? ip Z 
inertial force F,,* normal to the spherical surface; similarly the first term 
on the right is, apart from sign, the component F,, of gravity in the same 
direction. According to d’Alembert the sum of these two must be equili- 
brated by the reaction R,, of the surface of the sphere, or, physically speaking, 
by the tension in the pendulum suspension. The meaning of Eq. (6) can 
hence be summed concisely by the equation . 


(7) N=—(F,+F,,*)=R,. 


98 Oscillation Problems III.18 


We notice that within a factor I, X is the constraint which is exerted on 
the motion by virtue of condition (1), this constraint acting in a direction 
normal to the motion. Corresponding statements hold in more general 
cases where several conditions of constraint and therefore several Lagrange 
multipliers are present. 

In order to carry out a second integration of (5) we shall pass to spherical 
coordinates given by 


x=I1 cos ¢ sin 6 
y=lsin ¢ sin 6 
z=1 cos @. 
We form 
<=16 cos ¢ cos 0-1 d sin ¢ sin 8, 
y=l @sin ¢ COs 6+1¢ cos ¢ sin 8, 
z=—16sin 8. 

The equation of conservation of angular momentum (3) becomes 
(8) 2% —ay—yx=Psin?9-4=—C 
and the equation of energy (5a), 

(9) mE (+ sin? 6 4?) +mgl cos 0=E. 


A further change of variables 


1 du 


u=cos 0, d= — (—ui at 


transforms (8) into 
Fia. 28. Spherical pendulum treated 


(10) é= ; 2 : as mass point m moving under gravity 
B(1—u') on. the surface of a sphere of radius J. 
and (9) into 
du\2 2 CA 
(11) (i) =U) = sap (B — mglu) (1 w)- F- 
This relation between t and wu allows us to find ¢ as a function of u, 
(12) = i aes 
Kq. (10) can now likewise be written in integrated form, for from (10) and (11) 
dp_,, dt on ea 


III.18 The Spherical Pendulum 99 


so that one obtains 


(13) $$ [etn 


U is a function of third degree in w=cos 6. Ut? is real only for U >0. 
If then the constants of the equation correspond to a real physical problem, 
there must be two values w= wu, < u=wu, in the interval 


—l<u<+l1 


between which U is positive (cf. Fig. 29). 
u,=cos 6, and u,=cos 4, are the two latitudes between which the mass 
point oscillates back and forth. If the integration of (12) or (13) reaches 
one of these limits of uw, not only the direction of integration but also U+ 
must change sign, in order that the integrals remain real and positive. 
Between two successive turning points one quarter of the full period of 
oscillation elapses, i.e., 


(14) 

' 

u 
Fic. 29. Curve of third degree U(u) Fie. 30. ‘‘ Bird’s-eye” view of the path 
and its intersections u=u, and u=Ug of the spherical pendulum. Angle of pre- 
with the abscissa. w,<u,<0 means cession Ag. A passage from 6, over 0, 
that the trajectory is located in the back to 6, corresponds to a half-period, 
lower hemisphere. A¢ therefore to a full cycle. 


Note that now the oscillation is no longer periodic in space as in the case 
of the pendulum moving in a plane, but is modified by a slow precession. 
The angle of precession 4¢ by which the mass advances (or recedes) in a 
full period 7 is calculated from (13) to be 

uy 


40 d 
(15) nt Ag= Fe | aay ot 


Us 
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This precession is illustrated in Fig. 30, which is taken from A. G. Webster, 
“Dynamics of Particles,” Leipzig, Teubner (1912), p. 51. 

The integral (12) is an elliptic integral of the first kind, just like the 
integral (15.8) for the simple pendulum. This is the generic name applied 
to all integrals whose integrand contains the square root of a polynomial 
of the third or fourth degree in the variable of integration in the denomin- 
ator. That Eq. (15.8) falls in this class can be seen by introducing the 


transformation u=sin§, so that «w becomes our variable of integration; if, 


moreover, we put a=sin; , (15.8) goes over into 


J spe Ae, 
[(a?—u?) (1—u*)]4 
In particular, expression (14) for 7 is, just like (15.12), a complete 
integral of the first kind. On the other hand, integral (13), which has 
the two factors (1--w) in addition to Ut in the denominator, is an “‘ elliptic 
integral of the third kind,” and (15) is a “‘ complete elliptic integral of the 
third kind.” 

Problem III.1 shows that for infinitesimal oscillations the equation 
expressing the motion of the spherical pendulum becomes elementary and 
the angle of precession 4¢—-+0. 


§ 19. Various Types of Oscillations 
Free and Forced, Damped and Undamped Oscillations 


Free, undamped oscillations were treated in § 3, subsec. 4; we called 
them harmonic oscillations. At this point we shall consider, first of all, 


Undamped, Forced Oscillations 
We shall take as their differential equation 


(1) mx+kax=c sin wt, 
Qa 
aE 

We have here made the differential equation linear in the dependent 
variable x, which is permissible, at any rate, for small oscillations (cf. 
simple pendulum). The same remark applies to the remaining examples 
in this and the following section. 

The restoring force is — kz as in (3.19); ¢ of Eq. (1) is the amplitude 
of the driving force causing our particle to oscillate. 

By virtue of the addition of the right member, (1) is an inhomogeneous 
linear differential equation. The left side, when set equal to zero, gives 
the associated homogeneous differential equation, as previously mentioned 
in connection with Eq. (3.23). 


where w=7, is the circular frequency of the driving force. 
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A particular solution of the inhomogeneous differential equation is 


given by 


where C must satisfy the equation 


2—C sin wt, 


O(k-—mw?)=c. 


If, with (3.20) as model, we put 


(2) 
we obtain 


(3) 


i 


W,? — w? 


The general solution of (1) is formed from this particular solution and 
the general solution of the associated homogeneous equation: 


(4) x=C sin wt+A cos w t+ B sin ag t. 


The amplitude C of the first term grows with increasing w to become infinite 
for w=w,; thereupon it jumps to negative infinity, and decreases slowly 


in absolute value toward 0 as w—>-oo. 


Actually, when C becomes 
negative the amplitude does 
not change sign, for amplitudes 
are positive by definition. We 
therefore continue to define the 
amplitude by | C | and put the 
change of sign that takes place 
into the sine factor, where it 
appears as a phase change of 
d=-+7. 

The foregoing is illustrated 
in Figs. 3la, b, where | C | and 
5 have been plotted as func- 
tions of w. 


Amplitude and phase of undamped 


forced oscillations. 


In Fig. 3lb we cannot a priori decide whether the phase leads or Jags 
for w > wo, i.e., whether we are to take 6= +a or 6=—7. We shall, however, 
anticipate and consider undamped vibrations as a limiting case of damped 
vibrations (see below); this leads us to decide in favor of —7, so that 
the first term of (4) can be written in detail 


(4a) gaa gin (ot =) 


2 2 
w? — Wy 


(a > ap). 
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The fact that the amplitude becomes infinite for w= ws illustrates the 
phenomenon of resonance between free and forced oscillations, a phenomenon 
that plays an important role in all of physics. The denominator of (3) 
and (4a) whose vanishing causes this infinite amplitude is called a “‘ resonance 
denominator.’ It is intuitively clear that the closer the proper frequency 
of the oscillating system is to that of the driving force, the better the system 
will follow this force. 

Incidentally we must keep in mind that we are guilty of gross extrapola- 
tion when we deduce infinite amplitudes at resonance, for in almost all 
cases our linear differential equation holds only for infinitesimal oscillations. 

So far we have directed all our attention to the first term of the right 
member of Eq. (4). The other two terms are determined by the initial 
conditions. Let us take 


x=0, x=0 at t=0, 
so that, from (4), 
A=0, wC+w,B=0, hence B=— —C. 
0 
It follows that 
. @ . 
(5) x=O(sin wt — @, an wet). 


Let us make the content of this equation clearer by considering the special 
case of near resonance of the two frequencies w and wy. 
We put 


wo=w t4w 


and expand 
sin wt— a SiN wot=sin wot+t Aw cos wot—sin wot— jesin Wot. 
Kq. (5) then yields 
2=C Ault cos wet + sin w 7 
0 Wy OV fe 
and, by virtue of (3), in the limit 4w=0, 
(6) 


Sa (sin wot— wot cos wf). 

This type of oscillation, illustrated in Fig. 32, is no longer periodic as 
was that of free oscillations; indeed ¢ appears in (6) as a secular term 
(i.e., no longer solely in the argument of a trigonometric function). For 
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t—-+o the amplitude approaches the value C=o as indicated in Fig. 31 
for the case w= wy. 


Fie. 32. Resonance of free and forced oscillations. 
Secular increase of amplitude. 


Free, Damped Oscillations 
These have the differential equation 
(7) mx +ka=—wz. 


The frictional term on the right has been put proportional] to the velocity, 
an assumption which finds its justification in the hydrodynamics of slow, 
laminar (=non-turbulent) flow (e.g., air friction). 

Kq. (7) is a homogeneous linear differential equation. As before we put 


(7a) 2 = w?, wy=undamped proper frequency. 


Let us also make the convenient change of symbols 
(7b) ~ =2p, p>o. 


Eq. (7) then takes the form 
(8) — £4+2pa+ w2x=0. 


The method described under Eq. (3.23) now proves its full worth. As 
there, we substitute 


(8a) x=Oert 

in (8) and thus obtain the characteristic equation in A, 
+2 pA+wi=0 

with the two roots 


a pel —abtette(2. 
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Expression (8a) must therefore be generalized to 
(8b) x= C,ert+ Cyerst. 
We now distinguish two cases: 
1. p< @p, 2. p> wy. 


The first case is that usually prevailing in practice. The motion is a periodic 
oscillation with decaying amplitude. The second case is that of strong 
or “aperiodic”? damping. In both cases we shall specialize the motion 
by imposing the condition, =0 at t=0, which, according to (8b), leads to 
Ca= —C,. 

1. p<. A= —pti(w— p)', 


= 20 e sin (w?— prt 


t. 


For small p the periodic time 


2a 


P= pm 


differs little from that of the undamped oscillation. e P! is the damping 
factor, pT’ the logarithmic decrement. 


2. p>wy. A, and A, are real and we obtain 
z= 20,e-Pt sinh(p?— co2)*t 


where sinh is the hyperbolic sine. 
We shall finally deal with a type of oscillation including all those so 
far considered, namely that of 


Damped, Forced Oscillations 
We may write their differential equation in the form 
mit+we +ka=c sin wt 
or, with the abbreviations defined in (7a, b), 
(9) L+2Qpa+ wee= = — (elt eto), 


To the general integral (8b) of the homogeneous equation we must now add 
a particular solution which we shall write in the form 


x= |C| sin (wi+8)= ICL (eftut-a)_ e—tuttd)) 
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Let us introduce this in (9). A comparison of the factors of e*#t left and 
right yields 
|C| (— w?+2 tpw-+ w*)etd— =, 
[C| (— w®— 2 tpw+ wr)et8— x. 
Multiplication and division of these two relations yields 
c\2 1 
Ch= (7) oonrap 
218 __ Yo — wv? —2ipw 
Coa Wy?—w? +21 pH 


respectively. Accordingly 


c I 
uo) Cl= nope aprory 
1e%S_] 2 pw 
(11) tan 6= ie 4] ~— @y?—w? 


Compare the plot of these two functions of w in Fig. 33 with Figs. 3la, b. 

Fig. 33 shows that our formerly infinite resonance maximum has been 
depressed to a finite value as a result of the damping (note, by the way, 
that the maximum value no 
longer occurs at the exact 
point w=wo, but rather at 
a somewhat smaller w; cf. 
problem III.2). 

Fig. 33 also demonstrates 
that with increasing w, 6 
goes from the value 0 at 
w=0 to negative values; 
for w=w, it exactly equals 


— im, and it approaches —7 


as w—>o. Thus we have 
justified the arbitrary choice 
between --7, made earlier 
(in Fig. 31), when we were 
dealing with the undamped 
case. As a matter of fact OT pawn mr nn Se 
we see now that the phase 
of the oscillation always lags 
behind that of the driving 
force. For further examples of forced vibrations see problems III.3 and ITT.4, 


Fic. 33. Amplitude and phase of damped forced 
oscillations. 
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§ 20. Sympathetic Oscillations 


The types of oscillation so far considered have concerned one mass 
point. We shall now deal with types of oscillation involving two masses 
capable of oscillation, these two masses being weakly coupled to each other. 
Sympathetic oscillations have for many years been important in electric 
measurements. There one speaks of a primary and a secondary circuit, 
the latter usually being “‘ inductively ” coupled to the former. The primary 
circuit is made to oscillate (“‘ is excited ’’), whereupon the secondary circuit 
does likewise, and especially strongly so if resonance prevails. Indeed the 
“ doubly tuned coupling stage ”’. widely used in radio consists of a primary 
circuit and a secondary one tuned to the former. Here we shall of course 
restrict ourselves to coupled mechanical oscillations, which have often 
been used as models for electrical ones. 


A particularly instructive example of sympathetic oscillations is 
furnished by the so-called “‘ coupled pendulums.” In the case of resonance 
these are two equally long and equally heavy pendulums. We may picture 
them most simply as oscillating in the same plane; their coupling may be 
effected by means of a helical spring as indicated in Fig. 35. If the spring 
offers but slight resistance to the relative motion of the two pendulums 
we speak of weak coupling; in the case of greater spring tension we speak of 
strong coupling. We assume that the coupling of our pendulums is weak. 
If the pendulums are not exactly equal in length or in weight, we shall 
say that they are “out of tune,” or “ detuned.” 

We shall first describe the phenomena which are observed in the case 
of resonance. 


displacement 


sendutum MUNA an NAN Mi Mt ; 
ye Ve vy 
eon Haadlllttar! anthtltans at. 
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Fia. 34. Coupled pendulums in the case of resonance, 


Let the first pendulum be excited, the second one being initially at rest. 
In Fig. 34 we have drawn a picture of the resulting oscillations. 

The oscillations of each pendulum are modulated. The energy alternates 
between one pendulum and the other. When one pendulum oscillates 
with maximum amplitude, the other one is at rest. 
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If, instead (cf. Fig. 35) both pendulums are set in motion simultaneously 
and with equal strength, either in the same direction (Fig. 35, left), or in 
opposite directions (Fig. 35, right), no energy is exchanged. These two 
oscillatory modes are called the 
normal modes of oscillation of our y La Lif 
coupled system of two degrees of 
freedom. We have the general 
tule that an oscillatory system of 
n degrees of freedom has n normal 
modes of oscillation. 

If, on the other hand, the 
pendulums are detuned, an energy 
exchange stil] takes place to be sure, but this exchange is of such a nature that 
the initially excited pendulum has a minimum amplitude different from zero. 
Only the pendulum initially at rest again reaches the state of rest in the 
course of the motion. Thus the “sympathy ” of the two pendulums is 
upset by imperfect tuning. 

We shall now sketch the theory for complete resonance, making the 
simplest possible assumptions: we neglect all damping, and approximate the 
circular trajectories of the bobs by the tangents at their lowest points, 
which is permissible for sufficiently small displacements. Let x, be the 
amplitude of oscillation of pendulum I, x, that of pendulum IT; call k the 
*“ coupling coefficient,” i.e., the spring tension caused by an elongation of 
unit length, divided by the mass of one of the pendulums. The simultaneous 
differential equations of the problem are 


Fig. 35. The two normal modes of oscillation 
of coupled pendulums in resonance. 


(1) t+ wer = ad (%1— %q) 
Got wear,= —k (%,—2%). 

If we introduce in (1) 

(2) %=W1— Lg, 2=X1+Xp, 


subtraction and addition yield the two equations for the normal modes, 
3) 2+ w2e,= —2hz, or %-+(w5+2k) 4=0, 
respectively, with the corresponding frequencies 


for 2%: w= (wR+2k)taoot x | 


(4) 


for 2: w’=wy. 
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The general solutions of Eqs. (3) are 
(6) 2,=4, cos wtb, sin wt; 


Z,=A, cos w't+b, sin w’t. 


At the moment of excitation t=0 let 


(6) %.=%,=0, %,=0, 2,=C, 
giving 
(7) Z=2,=0, %4=2,=C. 
It follows that 
(8)  6,=b,=0, a,—a,—C, 
so that 

Z,:=C cos wt, 2, =C cos w't. 
Finally 

Gees ao cost . cos ts 

me t= 854 =-C sin? =" sin ort. 
According to (4) —_" sn <1 in the case of weak coupling. The first 


factors of the right members of (9) therefore vary slowly with time; it is 
this circumstance which determines the beats in the oscillation illustrated 
in Fig. 34. 

The theory is not quite so simple if the two pendulums are out of tune, 
ie., if 1; Al, orjand m,#m,. Letting c be the tension of the spring due to 
unit elongation, we now put 


228 pea! bk eee 
he ae Uy? Nene ia mM, 


and instead of (1) we obtain the initial equations 
(10) aoe t= — ky (%— 29) 


Here again there are two normal modes, which can be obtained by an 
extension of the method set forth in (3.24). ‘ [In Eq. (1) we were able to 
use a more convenient method especially suited to that case; this method 
is not applicable in general.] We substitute 


IIT.20 Sympathetic Oscillations 109 


and obtain from (10) the two characteristic equations 
A (wi— +h) =k,B 
B (we — +k) =KA. 


The so-called secular equation? obtained from (12) is quadratic in A?, 
since 


(12) 


B_wf-A4kh sik 
> a ky es i= ah 
so that 
(14) {22 (wi -+hy)} (2 (wht he)} = hy he 
For small k,, k, (14) has the two approximate roots 
kyk 
witht cao 
(15) N= ee 
weke+ wW oan 


We designate these two roots of the secular equation by w? and w”; further- 
more we generalize the tentative solution (11) in the same manner as was 
done in (3.24b), using the principle of superposition of solutions of linear 
differential equations. Written in real form the general solution is then 
(16) =a cos wt+b sin wt-+a’ cos w't-+0’ sin wt 
L,= ya cos wtt- yb sin wi+y'a' cos w’t+y’b’ sin w't. 
Here y and y’ are the specific values of B/A which arise from (13) for 
A= w? and A2=w" respectively. 

Let us once again take as the condition of excitation at t=0 


0, toe 0, 2,=C. 


This yields 
07) ya+y'a’=0, ywb+y'w'b’=0, 
wb+ w’b’=0, at+a’=C 
from which 
Op 4) 
and 


3 The word originated in the perturbation theory of celestial mechanics. 
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If we substitute these values in (16), we have 


m= ly’ cos wt— y cos w’t) 


(18) 


t= yy’ (cos wt— cos w’t). 


Vay 
In the equation for x, we can perform the trigonometric transformation 
used in (9) to obtain 


_ 2y¥ - W—W,  . w+ 
(19) L= yoyl st si —>_— t 


We see that the second pendulum still comes to rest at the times 


pendulum I 


pendulum I + 


Fie. 36. Oscillograph of two slightly detuned coupled pendulums, 


not so the first pendulum, which [cf. the first Eq. (18) and Fig. 36] retains 
a finite amplitude when that of x, is at a maximum. Imperfect tuning results 
in an incomplete transfer of energy. 

If we desire to apply the foregoing theory to electrical phenomena, 
we must extend it to include damping of the pendulums; damping has its 
electrical analogue in the Ohmic resistance (our acceleration term corresponds 
to the self-induction, our restoring force to capacitive effects); moreover 
the analysis of electrical oscillations in coupled circuits demands that we 
introduce “‘ acceleration and velocity coupling ”’ in addition to the “‘ position 
coupling ” [k multiplied by +(%,—,)] which was the only type of coupling 
taken into account in our mechanical problem. 

In problem III.5 we shall investigate the motion of an experimentally 
convenient arrangement, in which the pendulums are suspended bifilarly 
from a flexible wire and oscillate not in the plane of their positions of rest, 
but perpendicularly to it. 

An interesting arrangement, in which both. coupled pendulums are, so 
to speak, realized in the same body, is that of an oscillating helical spring.* 


4 For details the reader is referred to the Willner-Festschrift, Teubner (1905): Lissajous 
Figures and Resonance Effects of Oscillating Helical Springs; Their Use in the 
Determination of the Poisson Ratio. 
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Such a spring (cf. Fig. 37) is capable not only of an oscillation (y) along 
its axis but also of a rotary oscillation (x) about this axis. 
For finite displacements the coupling between these two 
motions is produced by the spring itself. For if the spring 
is pulled vertically downward, a lateral force is experienced ; 
the spring seeks to withdraw along the wire-direction in order 
to uncoil itself. If, on the other hand, the spring is coiled 
up, it will seek to shorten itself along the y-axis. In other 
words, if one excites an oscillation in the y-direction, an 
x-oscillation is induced, and conversely. (Note: as far as 
the elastic stress on the material is concerned, the y-oscil- 
lation is one of torsion, the z-oscillation one of deflection. 
For details about this consult Vol. II this series.) 

By means of the adjustable mass Z, one can bring 
the vertical and horizontal oscillations into accurate or Fis. 37.  Tor- 

3 : : sional and de- 
approximate resonance. If then one of the two vibrations 4. occitla. 
is excited, an exchange of amplitudes of the type of Fig. tions of a helical 


34 or Fig. 36 takes place. spring. 
§ 21. The Double Pendulum 


As at the beginning of the previous section, we shal) first describe the 
empirical phenomena involved. 

From a heavy pendulum (a chandelier, for instance) we suspend a light 
pendulum of about the same period of oscillation. Let us impart a sharp 
impulse to the heavy bob; the light bob will be set in vigorous motion, 
which suddenly subsides and stays at zero for a short time. At this instant 
one perceives that the heavy bob, which had previously remained practically 
at rest, now starts oscillating with noticeable amplitude. This oscillation 
soon ceases, however, whereupon in its turn the light pendulum again 
begins to move with considerable vigor, and so forth. 

As mentioned, we demand that the masses of the 
two bobs, M and m, be very unequal, but that the 
equivalent lengths L, | be approximately the same. We 
let 


uoe<l. 


We shall treat the displacements, X of the heavy 
pendulum, x of the light one, as small quantities, so 
that once again we can approximate arcs of circles by a 
their tangents. Consequently we must also keep the grrangement of a 
angles ¢ and ¢ (cf. Fig. 38, where # belongs to the relative double pendulum, 
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displacement x— X) small. We can therefore put 


~ ae 2—X x 
sin $=$=, sin p= y= =* and sin (¥—¢)=4$—-¢=—{— — F° 
cos ¢=cos ¢=cos (¢—¥)=1. 
The upper pendulum is acted upon not only by the force of gravity, but also 
by the lower pendulum; the string tension? Semg cos % contributes a 
component tangential to the motion of Mf of amount—mg cos ¢ sin (¢— ib). 
Thus we arrive at the equations of motion 


MX= —MLX+mg(=> a 5) 


(2) 


Mi = —m$ (x—X) 
or, in more convenient form, 
¥+ (£404 +u$) X=nfe, 
(3) 


a+? —— ox : 
From now on we shall put L=I and introduce the abbreviation 
(4) a 


Our Eqs. (3) then become 
X+o2(142u)X=pore, 
t+ wr e= we X. 


(5) 


These equations of motion state that the upper pendulum is times 
more weakly coupled to the lower one than vice versa. 
To integrate (5) we use a substitution similar to (20.11), 


(6) xw=AeirAt; X= BeiAt. 
From (5) we have as a result 
A(we— *)= Bu? 


a 
) B[w5(1+2p)— 2]= Apo?. 


> In the present elementary treatment we have to introduce this tension S as a descrip- 
tive auxiliary quantity; later, when we analyse the same problem by means 
of the general Lagrange method, this procedure will become superfluous. In order 
to determine S we reason as follows: the tension in the suspension of the light 
bob is in equilibrium with gravity and inertial force (centrifugal force); the latter 
is a small quantity of second order and can therefore be neglected. We then have 
S=mg cos y as stated above, 
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If we put the two values of B/A obtained from these two equations equal, 
we arrive at the quadratic equation in A2, 


(8) (A2— 2)? + 2p w2(w2— A?) = pos. 


Let its two roots be called 1?= w? and 2=w’2. Omission of higher powers 
of uw easily yields their approximate values 


w 1 
(9) a = wo(1+ 5H). 
Written in real form, the general solution of (5) is then 
(10) x=a cos wt+-b sin wt+a’ cos w’t+5’ sin wt, 
X=ya cos wt+-yb sin wt+ y’a’ cos w't+-y’b’ sin w’t. 


As in § 20, y and y’ are here the values of B/A which result from (7) for 
= w? and \2=w" respectively, viz., 


(11) y=—pt, y’=+p? andhence y’—y=2yp}. 
Let the excitation of the system at t=0 be given by 

(12) fee a, OS EG 

It follows that 


ata’=0| 
a eee jana =(). 


wb+ w'b’=0 jp Oey emma, 
yabty'w'b’=C {- oly—-7')? — oy’) 


Thus we obtain the final solutions 
Cc ie wt sin =) 


t= y—y\ 0” @ 
(13) . 
Be YY: Yo ’ 
=>S(2sin wt— sin w't). 


Let us pass from these to the velocities « and x , taking (11) into account. 
We end up with 

g= 5 F (008 w't— cos at), 
(14) ; 
X= $ (cos w't-+cos wt). 


Given the same phase, the velocity of the heavy upper bob is hence 
p? times smaller than that of the light lower one ; notice also that (14) 
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satisfies our initial conditions (12). The same can be said about the dis- 
placements themselves. Like the velocities, these are subject to beats 
because of the closeness of the values of w and w’. This modulation can 
be shown explicitly by writing the equations (13) and (14) in a form 
resembling Eq. (20.9). 

We conclude the chapter with a problem which also pertains to the 
class of coupled oscillations and leads to oscillations very similar to the 
ones treated above. We shall, however, avail ourselves of a simpler 
mathematical method resembling that of the forced® undamped oscillations 
of § 19, so that we have to cope with the integration of only one differential 
equation rather than with that of a system of two simultaneous ones. 

Let us suspend our pocket watch from a smooth nail, in such a way 
that the watch hangs completely free and friction is reduced to a minimum. 
By means of gentle contact with our fingers or a piece of cloth we bring 
the watch into a state of complete rest. When released, the timepiece at 
once begins to move, performing increasing oscillations about the vertical 
rest position. These oscillations reach a maximum, then gradually decrease 
once more to zero, after which the process repeats itself. 

In these oscillations of the watch we are evidently confronted with 
a motion reacting against the rhythm of the balance wheel, i.e., a manifesta- 
tion of the principle of conservation of angular momentum. The fluctuation 
of the oscillation amplitude, on the other hand, is caused by interference 
between the free pendulum oscillations of the watch in the gravitational 
field and the forced oscillations excited by the balance wheel. 

We shall follow § 13, subsec. 2 in our notation. Accordingly we let 
M be the angular momentum of the total motion of the system. We decom- 


pose it into that of the pendulum motion (p) and that of the balance wheel 
oscillations (5), 


(15) M=M,-+M,. 


M,, is calculated about the point of suspension O (nail), M, about the center 
B of the balance wheel. The latter is permitted because a pure angular 
momentum (i.e., one caused by a motion in which the center of mass of the 
system remains fixed) can, just like a force couple (cf. p. 128), be shifted 


——— ref) 


$ We can say quite generally that the excitation of forced oscillations in a system by 
means of an external force is equivalent to coupling with a second system on which 
the first one does not react. In the case about to be described it is certainly 


true that the reaction of the pendulum oscillations on the balance wheel is vanish- 
ingly small. 
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at will in its plane’; indeed, due to the symmetry of the balance wheel 
about B, the inertial action of the balance consists of a pure moment of 
momentum. Let w be the circular frequency of the balance wheel; it is 
determined by the stiffness of the balance spring. Let wy be the undis- 
turbed, i.e., proper circular frequency of the pendulum oscillations. Accord- 
ing to (11.6) and (16.4) we put 


(16) M,,=14, I=m,@; 


m, 18 the total mass of the watch, a its radius of gyration measured from O. 
We postulate a sinusoidal balance wheel oscillation which we shall there- 
fore describe by ¢,=« sin wt, B being the vertex of angle ¢,._ The angular 
momentum of the balance wheel is then 


(17) M, =m, 6? « cos wt, 


where m, is the mass of the balance wheel, 6 its radius of gyration measured 
from B. 

As in the case of the compound pendulum [Kq. (16.1) ] the moment 
of the external force is 


(18) L=—m,98¢, 


where we have, as usual, made the approximation for small ¢. Here s is 
the distance of the center of gravity of the watch from O, and ¢ the angle 
formed at O by the vertical and a line through the center of gravity. We 
now apply (13.9), use therein the values given by (15), (16), (17), and (18), 
and obtain the equation of motion 


(19) b+ Sd 2 (“\aot sin wt 


for our system. 
This equation represents the type of oscillation which was treated in 
§19 as undamped forced oscillation. Again we put 


OS 2 
a  “o 


7 This is a direct consequence of the fact that the angular momentum of a system 
about a given axis can be decomposed into the sum of the angular momentum 
of the system about a parallel axis through its mass center and the angular 
momentum of the mass center (containing the total mass of the system) about 
the given axis. In our case the latter term vanishes since the angular momentum 
of the mass center of the balance wheel due to the oscillation of the watch as a 
whole was included in Myena- 
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where w, is, we recall, the proper frequency of the pendulum motion; let 
us moreover abbreviate 
= Mb OV eu8 
C= (;) aw? <1. 


Equation (19) becomes 
(20) d+ord=csin ot. 
The solution satisfying the initial conditions ¢=0, $=0 at ¢=0 is 


(21) = aFcas(sin ot 2sin wot): 


The constant ¢ is so small (factor m,/m,) that the oscillation is of visible 
magnitude only when the relation wy=w is approximated, i., when 
approximate resonance exists between the external pendulum oscillations 
and the internal oscillations of the balance wheel. Surprisingly it turns 
out that this resonance is more or less well realized in pocket watches 
of not too small a size (ladies’ watches are unsuitable for our purposes). 

Eq. (21) further shows that amplitude modulation goes hand in hand 
with the approach to resonance wy —> w. The period 7 of the beats is 
determined by the requirement 


(22) i cite Oar, 
and. has therefore the value 


27 S 
|w—wo| 


(22a) T= 


It can be determined very accurately by counting the number of pendulum 
oscillations between two nodes of the beats, and furnishes therefore a 
convenient and precise measure of the degree of resonance. We can refer 
back to Fig. 32 which, as pointed out, represents the same differential 
equation as (20); we must, however, bear in mind that in the diagram we 
postulated complete resonance, i.e., T=. 

If one leaves the watch to itself for some time, one observes that the 
beats have ceased. The reason for this is evidently friction (at the point 
of suspension and in the air), which we have so far neglected. This 
friction damps the contribution of the free pendulum oscillations to the 
motion of the watch, leaving only the forced oscillations due to the motion of 
the balance wheel, the latter contribution (cf. Fig. 33, for instance) being 
somewhat reduced in amplitude due to friction. We can reason as follows: 
initially the forced oscillation is present in its full amount, and the free 
pendulum oscillation is excited to such a degree that at t=0 it just cancels 


the forced one—in agreement with the initial conditions $=o=0. 
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Indeed the initially motionless state of the watch can be interpreted as 
being caused by an impulse exactly cancelling the balance wheel oscillation. 
The effect of this impulse is gradually used up by friction, so that only 
the forced oscillation due to the balance wheel remains. 

The example of the watch appeared in the literature for the first time in 
the “ Elektrotechnische Zeitschrift ” of the year 1904, in connection with 
the phenomenon of ‘“ hunting”’ of synchronous machinery, then timely 
and surprising. wo synchronous alternators feeding the same power 
line and connected in parallel show undesirable fluctuations in their motions 
and their currents when resonance occurs. They provide a greatly magnified 
picture of the beats of our watch and of the coupling and resonance 
phenomena occurring in the coupled oscillations that we have just 
analyzed. 


CHAPTER IV 
THE RIGID BODY 
§ 22. Kinematics of Rigid Bodies 


At the beginning of § 7 we saw that a rigid body is endowed with six 
degrees of freedom; these we shall subdivide into three of translation and 
three of rotation. 

Let us consider the body in two different positions, the “ initial position ” 
and the “ final position.’”” We pick out an arbitrary point of the body as 
“point of reference’ O, and describe a sphere of reference (say of unit 
radius) about it. On this sphere we mark two points 4 and B. Once 
we have guided the three points OAB from their initial positions to their 
final ones, all other points of the rigid body have similarly reached their 
destinations. 

First we take the point O from its initial position O, to its final position O,. 
Let this be achieved by means of a parallel displacement or translation 
in which each point of the body is subjected to the same rectilinear displace- 
ment O,—>0O,. We have thus described the three degrees of freedom 
of translation. 

The sphere K, described about O, is now in coincidence with the 
corresponding sphere K, described about O,. In general this is not true 
of the position of the points 4d, B, which we designate by A,, B, on Ay, 
and 4,,B,on K,. Weshall show that there is one definite rotation about the 
point O,=O, which will take points A,, B, over into dA,, B,. Axis and 
angle of this rotation define the three degrees of freedom of rotation to 
be added to those of translation. 

In order to construct the axis of rotation, i.e., the point Q at which the 
axis cuts the unit sphere, we connect 4, to 4, and B, to B, by means of 
arcs of great circles. At the centers 4’ and B’ of these arcs we erect their 
perpendicular bisectors whose intersection is the point @ in question. 
The angle of rotation, which we shall also call Q, is 


(1) Q= XA, QA,= xB QB. 


The equality of these two angles results from the congruence of the shaded 
spherical triangles 4, QB, and 4,QB, of Fig. 39, whose three corresponding 
sides are equal to each other. It follows that the two angles designated by 
y in Fig. 39 are equal. If we subtract one or the other of these angles 
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from the total angle A, QB, we obtain the right or middle member of Eq. (1). 
This equation evidently states that the same rotation Q not only takes 
point A, over into Ag, but also point B, into B,. 

So far the magnitude and 
direction of the translation are 
still arbitrary! within wide limits, 
for we have free choice over the 
reference point O. The magni- 
tude and axis of the rotation, on 
the other hand, are independent 
of the choice of the reference 
point. For let us substitute for 
O a new reference point 0’. The 
difference between the transla- 
tions associated with O’ and O for 
a given total displacement of the 
rigid body is again a translation. 
This latter translation, however, Fie. 39. Construction of the point Q 
does not affect the positions of the ee a a ec . 
points A, B on the spheres K, and ae Gace ie ees he ae 
K,. It follows that the construc- resultant of two finite rotations can be 
tion of Fig. 39 carries over un- ; _ found. 
changed to the present case and 
yields not only the same angle of rotation 2 as previously, but also an axis 
of rotation passing through the point of reference O’ and parallel to our 
former axis. 

Of much greater importance than finite displacements of the rigid 
body are its infinitesimal displacements which succeed each other con- 
tinuously to result in a finite motion. We shall therefore assume that now 
the magnitude 0,0, of the translation and the angle Q of rotation are 
arbitrarily small. Let us divide them by the correspondingly small interval 
of time At. We then obtain the velocity u of translation and the angular 
velocity w of rotation, 


0,0 a 
(2) ji Tae o= it 


As before, the angular velocity is independent of the choice of reference 
point O, whereas u depends on this choice. The heavy type indicates that 


1 In the supplement to § 23 we shall see that we can, in particular, make the direction 
of the translation parallel to the axis of rotation. We then speak of a “ screw 
displacement.” 
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© is to be regarded as a vector which expresses not only the magnitude, 
but also the axial direction of rotation of the angular velocity. 

We can easily show that w does indeed possess vector character. In 
Fig. 15 and Eq. (13.4), while discussing virtual rotations, we derived the 
relation 


(3) 5s=8o Xr. 

. d 
If we now pass from the virtual rotation 5 to the angular velocity o = 
and from the virtual displacement Ss caused by the rotation to the velocity 


w=5, we obtain from (3) that 


(4) w=oxr. 


As in Fig. 15, r is here the radius vector from the point of reference O 
located on the axis of rotation to the point P whose velocity w is to be 
determined. 

Consider now the total effect of two successive infinitesimal rotations 
w,dt and w,dt on the motion of the point P of the rigid body, reference 
point O being common to both axes w, and w,. We have 


(4a) W =O, XT, W2=@2XT, Wy+ We= (01 +2) XP. 


In the last of these equations the left member is the velocity w, resulting 
from w, and w,. A comparison with (4) shows that 


(5) O,= 1 +02 


is likewise the resultant angular velocity, equivalent to the two rotations 
w,dt and w,dt in its effect on the rigid body. We conclude that angular 
velocities add like vectors. As in the case of vectors their order in addition is 
immaterial, i.e., their addition is commutative, for 


(6) + @2= 2 +0. 


Neither of these two laws is valid for finite rotations. Their composition 
does not follow the simple rules of vector algebra, but those of the algebra 
of quaternions invented by Hamilton. Moreover the effect of two finite 
rotations depends on their order; two such rotations do not commute. 

At this point it is convenient to discuss the difference between polar 
and axial vectors. 5 

Examples of polar vectors are velocity, acceleration, force, radius vector, 
etc. They can be represented by directed segments provided with an 
arrow head. In a rotation of the system of coordinates their rectangular 
components transform like the coordinates themselves, i.e., according to 
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the scheme of orthogonal transformations with determinant -+-1. In an 
inversion of the coordinate system through the origin, in which x, y, z are 
replaced by —x, —y, —z respectively so that the transformation has 
determinant —1, the components of polar vectors change sign. 

Angular velocity, angular acceleration, torque and angular momentum 
are examples of axial vectors. In accordance with their nature they are 
represented by an axis on which sense and magnitude of rotation are 
indicated (e.g., by a curved arrow and a number). If, instead, we represent 
them by means of an arrow of corresponding magnitude laid off on the axis, 
we must make some arbitrary agreement about the direction of this arrow, 
such as the rule of the right-handed screw. In a pure rotation of the 
coordinate system the rectangular components of axial vectors transform 
like the components of their associated arrows, i.e., orthogonally ; in an 
inversion of the coordinates through the origin, however, these rectangular 
components do not change sign. In such a transformation the rule of the 
right-handed screw must be replaced by that of the left-handed screw, 
in agreement with the fact that an inversion through the origin takes a right- 
handed coordinate system over into a left-handed one. 

The vector product of two polar vectors is an axial vector (e.g., the 
moment of a force). The vector product of an axial and a polar vector 
is a polar vector [e.g., the velocity w in Eq. (4) ]. The reader may easily 
convince himself of this by checking the behavior of these products under 
inversion of coordinates.? 

After this digression we return to the kinematics of the rigid body. 
The motion of each one of its points is composed of the velocity u of Kq. (2) 
connected with translation and the velocity w in Eq. (4) connected with 
rotation. The velocity v of an arbitrary point of the rigid body is hence 
given by 


(7) v=utoxr. 
The choice of the reference point O is completely up to us; for it we have 
(7a) v=u. 


For many purposes it is advantageous to put O at the mass center G. 
This becomes evident if, for instance, we wish to calculate the kinetic 


2 From now on we shall simply talk about the torque L, the angular velocity w, 
where the reader should bear in mind that we mean by this the axial vectors 
representing the torque and the angular velocity respectively. When, on the 
other hand, we speak of the plane of the torque and the plane of the angular 
velocity, we mean, of course, the planes perpendicular to the axial vectors L 
and «@ respectively. 
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energy of the body, 
(8) f le / st Va. 


To this end we form, with the help of (7), 
(8a) v=u+t(oxr)?+2u. (oxXr) 
and accordingly break up 7 into three parts, 


(9) T= T anal" roeae ae 


where T,,,, is a “mixed” energy which is determined by the translation and 
the rotation combined. 
Since u has the same value for all points dm, we evidently have 


2 
(10) Prana 5 |em= Se 


In order to calculate 7, we perform the transformation 


(11) T,=[U-oxr dm=u.ox {rdm=mu.oxR, 


where R is the directed segment from O to the mass center G, 


(11a) R= i rdm 


as in Eq. (13.3b). If now we let O coincide with G, we have R=O and, 
from (11), 


(11b) T_,=0. 


The kinetic energy 7’ then becomes simply the sum of 7... and Troy. 
Notice, in passing, that if the body rotates about a fixed point and if one 
chooses this fixed point as reference point O, not only T,,,, but also Tans) 


vanishes (in both cases because u=0), so that 
(11c) T=T rot: 
We shall now focus our attention on the rotational contribution to 


the kinetic energy. If we square the components of oxr, we obtain from 
the middle term of the right member of (8a) 


m 


(12) OT. =o { (y2-L22)dm-+ wh { (2+22)dm +o (a®-Ly2)dm 


—2 co, { yzdm— 2ev,0, [zedm— 2er_ |eydm. 
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With the notation 
Taz= {(y*+2%)dm — 


(12a) 
Tyy= [aydm a. 


this yields 
(l2b)e 22g I ,202+1,,,02+1,,03 — 21 jgengang= 21 remain 2], comtny: 


According to the definition introduced in (11.3), I, is the moment of inertia 
of the mass distribution about the x-axis; a corresponding statement holds 
for I, and I,,. We shall call I,,, I,,,, 1,2 the products of inertia (the name 
“ centrifugal moments ”’ is sometimes used synonymously). We can also 
abbreviate I,,, . . . without ambiguity to I,,... 

In accordance with (11.5) we put the left member of (12) equal to Iw? 
and with the abbreviations 


(13) 2 =a, <Y — B, tay 
obtain 
(13a) T= T gq? +L yy f+ Log? 2D yp BY— 2 ggV%— 2 py 8. 


a, B, y are the direction cosines of the vector w whose axis is arbitrarily 
located in the rigid body. It follows from (13a) that the moment of inertia 
about any axis is completely determined once the six magnitudes J,;, are given. 

A sextet of magnitudes of the type of our Jj, is called a tensor, or, more 
precisely, a symmetrical tensor. The name originated in the theory of 
elasticity where stress and strain tensors play a central role. In general 
a tensor is very aptly written as a square scheme, which in our case would be 


pe ay a 
(13b) Liy= =I i Ty i 
ie = 1a 


where! =I. ++: 

From an elementary viewpoint the mathematics of tensors is less 
concrete and easily intelligible than that of vectors. Whereas a vector is 
represented by a line segment, we must resort to a surface of second degree 
for the geometrical representation of a tensor. In our case this “ tensor 
surface ” is obtained as follows: we put 


(14) a= 5, p=? y= 5) 


where é, 7, £ are interpreted as Cartesian coordinates, hence p= (2-+-7?-+2)? 
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as radius vector from the point O. We now set p equal to J-?, so that 
along every axis through O we lay off, not J, but rather the reciprocal 
of I+ (else we should not obtain a surface of second degree). In this manner 
we obtain from (13a) 


(15) 1 = Tope? Dyan? Legh? — 2L pant — 21 gb é— 2Leyén- 


Apart from possible degeneracies this is the equation of an ellipsoid, since 
for a finite mass distribution J is, in general, greater than zero. The surface 
represented by (15) is called the momental ellipsoid. 

If one transforms the coordinates so that they coincide with the principal 
axes of the ellipsoid, one obtains an equation of the form 


(15a) 1=J,€)?+1,€5*+J5E5", 


where I,, I,, I, are the three principal moments of inertia. The products 
of inertia vanish for the principal axes, which can be regarded as a definition 
of the latter. The tensor scheme (13b) reduces to diagonal form. When 
the tensor is described in a system of coordinates different from that of 
the principal axes one must mentally add the three direction parameters 
of the principal axes; thus we are again lead to the six magnitudes characteri- 
zing a symmetrical tensor. 


Gy 


vi 


Fic. 40a—c. (a) Momental ellipsoid of the toy top. (b) Momental ellipsoid of the 
flywheel top. (c) An example of a spherical top. 


¢) 


Every plane of symmetry of the mass distribution is of course also 
a plane of symmetry of the momental ellipsoid. A mass distribution with 
rotational symmetry has a momenta] ellipsoid of revolution, i.e., in addition 
to the principal axis along the “ axis of figure ’’ it possesses infinitely many 
other “equatorial”? principal axes. As examples we may mention two 
types of tops; one is of the conical type used as toy, the other has the 
shape of a flywheel and is usually employed for demonstration purposes 
(Figs. 40a and b). In the first type the moment of inertia about the axis 
of the body is a minimum, so that the corresponding principal axis is longer 
than the equatorial ones (by virtue of the relation p=I-t); we have a prolate 
spheroid. In the second case the moment of inertia about the axis of 
figure is a maximum, hence the corresponding principal axis is, for the 
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same reason, smaller than the equatorial ones; the result is an oblate 
spheroid. 

Incidentally a momental ellipsoid becomes one of revolution not only for 
mass distributions with rotational symmetry, but also whenever more than 
two planes of symmetry pass through an axis, as for example in the 
case of a square or hexagonal prism. 

Similarly the ellipsoid degenerates into a sphere not only in the case of a 
spherically symmetrical distribution, but also in cases such as_ that 
of a cubical distribution, for instance, because here there exist more 
planes of symmetry than are compatible with the ellipsoidal shape of the 
tensor surface. In such a case we speak of a “spherical top.” In a 
spherical top (cf. Fig. 40c) any axis is a principal axis. 


§ 23. Statics of Rigid Bodies 


This subject forms the theoretical basis for the whole field of structural 
mechanics dealing with such topics as the construction of bridges, trusses, 
arches, etc., and for this reason it is treated with the greatest detail in the 
texts of mechanical engineering, both analytically and graphically. Here 
we shall restrict ourselves to the general features of the subject. 


(1) The Conditions of Equilibrium 


These, like all questions of equilibrium, are governed by the principle 
of virtual work. Since this principle can be regarded as the special case of 
d’Alembert’s principle in which the inertial forces vanish, our present 
analysis can be directly modeled after that of the principles of linear and 
angular momentum of § 13. Indeed the virtual displacements (translation 
and rotation) used there are evidently compatible with the internal connec- 
tions of the rigid body and correspond to the two component parts of the 
general motion of a rigid body considered in the preceding section. 

By deleting the inertial forces in Eqs. (13.3) and (13.9), we obtain the 
general conditions of equilibrium of a rigid body, 


(1) SE 


The F, are external forces acting at arbitrary points P;, of the rigid body. 
The first Eq. (1) asks us to lay off the force vectors end to end in arbitrary 
order and with no regard to their points of application, and to examine 
the resulting force polygon. According to Eq. (1) for equilibrium the 
polygon of forces must be closed. 

The L, are the moments of the F;, about a reference point O whose 
choice is arbitrary but which must be the same for all the F,. The second 
Eq. (1) asks us to replace these L, by their (axial) vector representations 


126 The Rigid Body IV.23 


(cf. p. 37) and to examine the polygon of torques arising when all these 
vectors are added vectorially. According to the second Eq. (1) the torque 
polygon must also be closed for equilibrium. 

In analogy to Eqs. (13.12) and (13.13) we can pass from the two vector 
equations (1) to the following six component equations: 


X= > Yu=D>Zn=9 
Dn Zn 2 Yn) =>, ee Xn— 2 Zn) =D, (Ce Ve— Yu Xn) =0. 
These represent the projections of the vector equations (1) on the coordinate 


axes; the 2, y;, 2, are the coordinates of the points of application, measured 
from O as origin. 


(2) 


(2) Equipollence; the Reduction of Force Systems 


If the external forces (or torques) are not in equilibrium, we can ask 
whether there exists a single force (or single torque) of such properties 
that under its action alone the rigid body moves in the same way as it 
would under the action of the given system 
of forces (or torques). 

Posing this question is, among other 
things, useful (even though in general not 
sufficient) for the determination of the forces 
which are exerted on a rigid body by its 
supports if the rigid body is acted on by a 
system of forces which themselves are not 


Fie. 41. Construction of the 


sufficient to bring about a state of equili- — pegultant force for an “ open ” 
brium. polygon of forces. 

We obtain the answer by drawing the 
closing segment in the now “open” polygon F,, F.,...F,, once in the 


direction in which the polygon is traced (F,,,,) and once (cf. Fig. 41) in the 
opposite direction (F,, resultant force). Nothing is changed thereby. We 


have now a closed force polygon F,,...F,,,,, and a single force F,, which, 
taken together, are equipollent to the “ open” polygon of forces F,,.. . F,,. 
The forces F,,...F,,;, are, however, in equilibrium and can therefore be 


left out, so that the single force F, is equipollent to the given system of 
forces F,,...F,. Mathematically, 


(3) F,=> Fy. 


The same process of reasoning can be carried out with an “open” 
torque polygon. One thereby obtains a resultant force moment L, which 
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is equipollent to the given system of moments L,, L,,...L,,, ie., 
n 

(4) L,= > Ly. 
k=1 


Let us mention in passing that there is nothing to stop us from making 
the single force F, act at the same point O which serves as reference point 
in the calculation of moments L,. This choice is indicated in Fig. 41. 


(3) Change of Reference Point 

Eq. (3) immediately shows that F., is independent of the choice of reference 
point O. If F,’ is the resultant single force associated with a different 
reference point O’, we therefore have 
(5) yeaa ee 


‘ 


From Eq. (4), on the other hand, we have with corresponding meaning of L, 
, ie , vd ‘ 
(6) |v with L,=1r,XF,. 
k=1 


where r, is the radius vector from O’ to the point of application P, of Fy. 
Let a be the vector distance from O’ to O. Then 


(6a) r=atr, L,=axF,+r,xF,=aXxF,,+L,. 
Therefore 
n n n 
(6b) Li=>axF,+)>L,=ax >F,+L,. 
k=1 k=1 k=1 


But in view of (3) 
nr 
ax >F,—axF,. 
k=1 


Thus we have 


(7) L=L,+axF,. 


(4) Comparison of Kinematics and Statics 


As remarked in connection with Eq. (22.2), in kinematics w is independent 
of the choice of reference point, whereas u depends on that choice. We 
write 


(8) eo’ =o 
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and, from (22.7), with v=u’ and r=a, 
(9) u’=u-+oxa. 


This equation has the same structure as the preceding Eq. (7) provided we 
disregard the sequence of the factors in the corresponding vector products. 
If we also take into consideration Eqs. (5) and (8), we arrive at a remarkable 
reciprocity between statics and kinematics which can be expressed by the 
scheme below: 


F, L, 
\ 
~ 
ven 
u ra) 
~~ 
wa \ 
dependent on independent of 


reference point 


This crosswise reciprocity holds as well between the concepts of force couple 
and rotational couple which we shall now take up. 

The force couple (or ‘‘ couple,” for short) is a basic element in elementary 
statics. As is well known, a couple consists of two parallel and opposite 
forces of equal magnitude, --F, whose lines of action are a finite distance, 
say l, apart. If we carry out the reduction of such a couple in the sense 
of subsec. 2, we obtain 


= 


—e 
(10) F.=0, L,=L, |L|=|F| l, 


—> 
where one should think of the vector LZ as directed normal to the plane of 
the two forces. Whereas, however, the former L,. was, so to speak, attached 


= 
to the reference point O, our present D is the same for all reference points 
and completely free to move in space; i.e., two given couples can be added 
vectorially to yield a third couple ; two couples of equal and opposite 
moments located in parallel planes cancel, etc. 

Let us follow up the crosswise reciprocity indicated by our scheme 
by defining a rotational couple. By a rotational couple we understand 
two equal and opposite rotational velocities -Lw, whose axes are parallel 
to each other and a distance / apart. According to the rule of addition 
(22.5), the reduction of a rotational couple yields a resultant rotational 
velocity w,=0. Our rotational couple generatés then a pure translation 


perpendicular to the plane of the two axes of rotation. The magni- 
—> 
tude of the velocity of translation is easily found to be |u|=al. The 
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analogy to Eqs. (10) in the sense of our reciprocity scheme is therefore 
complete. Whereas our former u depended on the choice of the reference 


point O, the 7 equivalent to a rotational couple is independent of O, and can 
be translated parallel to itself in space in any manner whatever. From 
this it follows that two arbitrarily located rotational couples add vectorially 


— 
just like their velocities of translation w; two rotational couples of equal 
and opposite moment -++w/ located in parallel planes cancel, etc. 


SUPPLEMENT: WRENCHES AND ScREW DISPLACEMENTS 


From (7) we see that L, depends on the reference point. We are there- 
fore tempted to choose this point in such a way that L, and F, become 
parallel. We then obtain an especially simple picture of our system of forces 
called a wrench, i.e., a single force and a moment acting about this force or, 
equivalently, a couple located in a plane perpendicular to the force. If our 
initial reference point is O, the position of O’ required for a wrench is obtained 
as follows: in Eq. (7) we decompose L, into L, parallel to F, and L,, per- 
pendicular to it and determine a from the equation 


(11) L, = — aX F,. 
From (5) and (7) we then have for the reference point O’, 
F=f, L,=L, l| F.. 


as demanded by the definition of a wrench. Eq. (11) states that for this 
purpose the reference point O must be displaced a certain distance 


normal to F, and L,,. 

A line of reasoning exactly reciprocal in the sense of the preceding 
discussion leads to the screw displacement. With Eq. (9) as starting point 
we decompose u into u,, parallel to @ and u, perpendicular to it. The 
displacement a of the reference point required for a screw is determined 
by the equation 


(12) u,= —@Xa. 
From (8) and (9) we then obtain for the reference point O’, 
(13) =a, u’=u, || Q, 


which in fact represents a screw displacement. Kq. (12) states that the 
reference point O must here be displaced by a certain distance normal 
to w and u,. 


130 The Rigid Body IV.24 


Attractive as the concept of the wrench and the screw displacement 
may be, it is of no great practical value in the treatment of specific problems 
involving rotation. For this reason mention of them has been relegated 
to a supplement. 


§ 24. Linear and Angular Momentum of a Rigid Body. 
Their Connection with Linear and Angular Velocity 


Let us imagine that a momentum of translation (linear momentum, 
impulsive force) and a momentum of rotation (moment of momentum, 
impulsive torque) have been imparted to a rigid body. Let the first one 
of these be designated by the letter p, the latter by M. 

p is calculated as a sum over all linear momenta dp=v dm, i.e., 


(1) p=| dp={ vdm. 
With the help of Eq. (22.7) we get 
p=uf dm+ox {rdm 


or, with introduction of the radius vector R from O to the center of mass, 
cf. (22.11a), 


(2) p=mu-+mo XR. 
In particular, if we choose O=G, we have R=0 and 
(3) ~ — _ p=mu. 


The angular momentum M of the rigid body, on the other hand, is 
composed of the moments of all the elements of linear momentum taken 
about the common reference point O. We therefore have 


(4) M=|rxdp= | dm(rxy), 
from which, because of (22.7) and (22.11a), 
(5) M= {dm (rxu)-+ [dm rx (oxr)=mRxu+ [dm rx (ox), 


The first term on the right vanishes for O=G as well as for u=0, so that 
in both these cases 


(6) | M=[dmrx(oXx?). 


In order to evaluate this integral we remind the reader of the vector 
rule for the triple cross-product, valid for any three vectors A, B, C, 


(7) Ax(BxC)=B(A* C)—C(A* B). 
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It follows that 
rx (oXr)=o0 72-1 r) 
and therefore, taking the x-component as example, 


7 M,=|[rx(oxr)],dm 
=o,/ (x?-+-y?1-22) dm — w,, | wdm—w, | eydm—- w, | wzdm. 


By introducing the moments and products of inertia from (22.12a), we can 
then write (6) in the form 


(9) lS er ae Oe 
M,=- Te byt, aed gays 


We have thus arrived at a linear relation between the dynamic vector M 
and the kinematic vector w; this relation is achieved by means of the 
tensor I of Eq. (22.13b). We therefore say that M is a “linear vector 
function ” of w. Such linear vector functions play an important role in all 
aspects of the tensor calculus, especially in the theory of elasticity (cf. Vol. IT, 
this series). 

Eqs. (9) can be put into instructive form if we make use of expression 
(22.12b) for the kinetic energy of rotation. For then we simply have 


OT rot. > 
(10) : M = Bay” t=, Y, z@. 
Notice, moreover, that this expression is valid not only for the case O=G 
or u=0 presupposed in (9), but also for u¥#0 and arbitrary position of O. 
For in the more general case one need only complete expression (22.12b) 


for T,,, by adding expression (22.11) for T,,,, so that the term 
or 


will be added on the right of Eq. (10). But this is the same term which 
appears on the right side of Eq. (5) for M whenever O and G do not coincide. 
Since, finally, the total kinetic energy 7 differs from T',,,17',, only by 
the term 7’,,,ns; Independent of w [ef. (22.9) and (22.10) ], we can generalize 
(10) in the form 


(10a) M,= 


valid for arbitrary position of O. 
What has been said of the angular momentum M is also valid for the 
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linear momentum p. Here we consider at once the general case OAG 
and from Eqs. (22.9), (22.10) and (22.11) form 

Fn =mu,;+m(oXR); 
which is in agreement with Eq. (2) for p. The equation complementary 
to (10a) is therefore 
(11) D; =F i=2, 4,2 

Eqs. (10a) and (11) are special cases of a much more general rela- 
tionship connecting momentum and velocity coordinates of an arbitrary 
mechanical system. The proof of this must be postponed to Chapter VI, 
§ 36. Here we shall only concern ourselves with the geometrical meaning 
of Eq. (10), which leads us to the celebrated geometrical construction of 
Poinsot. The Poinsot method tells us how to find the position of the axis 
of angular momentum M with reference to a given axis of rotation. The 
same can be said of this method as of the foregoing equations, namely, 
that it is not restricted to the case of the rigid body, but is applicable 
whenever one deals with a symmetric tensor ; one represents this tensor 
by means of a tensor surface of second degree, and asks for the linear vector 
function given by means of this tensor. 

The Poinsot construction runs as follows: from the center O of the 
momenta] ellipsoid we lay off the angular velocity vector » and construct 
the tangent plane to the ellipsoid at the point where w intersects it. The 
perpendicular from O to this tangent plane gives the direction of M. As 
proof we need merely recall that for an arbitrary surface f(£, 7, )=const., 
the direction cosines of the normal to the tangent plane are proportional to 


a, a, a. 
(2) ag’ an” 2 


In our case f(é,7,f)=const. is the equation (22.15) of the momental 
ellipsoid and its derivatives with respect to €, 7, £ are indeed proportional 
to the components of M of Kg. (9). 

We may also interpret the Poinsot construction as the direct geometrical 
expression of our Eq. (10), for the momental ellipsoid is essentially identical 
to the surface 7,,,= const. 

Our Figs. 42a, b represent the case of the symmetrical momental 
ellipsoid, where w, M and the axis of symmetry (“axis of figure”) f are 
coplanar ; so that the tangent plane can be represented as the tangent 
to the cross-section of the ellipse in this plane. In the prolate ellipsoid of 
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revolution (i.e., spheroid), Fig. 42b, M and f, the axis, lie on opposite 
sides of w ; in the oblate spheroid of Fig. 42a, M lies between f and w. 
The case of the ellipsoid with three 
unequal axes presents a more difficult 
graphical problem. 

In conclusion we emphasize that 
the relations discussed in this section 
are basically nothing but expressions 0 
of the Newtonian definition, ‘ the 
quantity of motion is the measure of a) b) 
the same, arising from the velocity 
and the quantity of matter con- Fie. 42. Poinsot construction giving 
junctly,” extended to the rigid body. the relative position of angular velocity 
The reason why our present relations fe Snes SR opeRgsaa nN tee 

: wo cases where the momental ellipsoid 
are so much more involved than the degenerates into a) an oblate spheroid, 
one between momentum and velocity b) a prolate spheroid. 
of a single particle is that in particle 
mechanics the “ quantity of matter,” ie., the mass, is a scalar, whereas 
in the case of the rigid body the moment of inertia that takes its place is 
a tensor. 


M 40M 


2 


§ 25. Dynamics of a Rigid Body. 
Survey of its Forms of Motion 

Let us first consider the rigid body moving freely in space. As reference 
point we choose its center of mass, and reduce all the forces acting on 
the body to forces acting on this point, in agreement with the prescription of 
§ 23. We need then only deal with a single resultant force F and a resultant 
torque L. The equations of motion are the equations of momentum and of 
moment of momentum of § 13 ; they read 


(1) p=F, 
(2) MeL. 


Since the rigid body possesses but six degrees of freedom, these two vector 
equations suffice for the complete description of its state of motion. 
Eqs. (1) and (2) can be treated separately whenever F is independent 
of the angular velocity and L independent of the translational velocity. 
Tn ballistics, for instance, this is not the case. If it is the case, (1) becomes 
a problem of pure particle mechanics, (2) a problem of rotation about a fixed 
point or, as we shall say for brevity, a “ problem of the spinning top.” 
At this point we shall be interested principally in the latter. With 
the choice of reference point made above, we can disregard the force of 
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gravity since it has no moment about the mass center. If, furthermore, 
we neglect air resistance, friction and the like, we are confronted with the 
problem of the spinning top under no forces. Thus the gyroscope in a 
Cardan suspension (cf. Fig. 47) is a top under no forces provided we can 
neglect the mass of the gimbals in comparison with that of the flywheel, 
which is approximately valid in the usual constructions. Otherwise we 
would be confronted with a considerably more involved mathematical 
problem. 

We shall also deal with rotation about a fixed point other than 
the mass center. As remarked on p. 122, it is then advisable to take this 
fixed point as reference point O and introduce the gravitational moment L 
acting about it. In that case we speak of a heavy top. Subsecs. 4 and 5 
are devoted to its discussion. 

We shall postpone the complete analytical treatment of the top under 
no forces until the following section, where we shal) become acquainted 
with the tool provided by Huler’s equations. The complete treatment of the 
heavy top — to the extent to which it can be carried through at all — must be 
postponed even further, namely to §35. There we shall have at our command 
the yet more powerful method of the generalized Lagrange equations. 


For the top under no forces Kq. (2) yields M=0. This can be integrated 
at once to yield 


(3) M=const. 


The angular momentum of a top under no forces is constant in magnitude 
and spatial direction. This statement completely parallels Galileo’s law 
of inertia, but in general does not lead to an expression for velocity and 
position in space which is as simple as in the other case. 


(1) The Spherical Top Under No Forces 


Only in the case of a spherical momenta] ellipsoid do we have M= Iw, 
from which M=const. leads to w=constant. The axis of rotation is in 
permanent coincidence with the fixed axis of angular momentum. Each 
point of the body, no matter what the external shape of the same (cf. Fig. 40c, 
for instance), describes a circle about this axis with constant velocity. 


(2) The Symmetrical Top Under No Forces 


Here a simple rotational motion occurs.only if the direction of M 
coincides with one of the principal axes, that is, either with the axis of 
the body or an equatorial axis. The general form of motion of the sym- 
metrical top under no forces is the so-called regular precession, 
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We explain this form of motion with the aid of Fig. 43. We have 
drawn the axis of the angular momentum, which is fixed in space, vertically 
upward; let M be the point at which it intersects a unit sphere described 
about the center of the momental ellipsoid. Call R and F the points of 
intersection of this sphere and the axes of rotation and of symmetry at an 
arbitrary instant. Since by the Poinsot method these three axes lie in a 
meridian plane through F, the three points 7, R and F are located on a great 
circle passing through the fixed point M; in the case of a momental oblate 
spheroid, which we shall postulate for definiteness, M is situated between 
F and Rk. At any instant the motion consists of a rotation about OR. 
In this process F advances normally to the are of the great circle just 
mentioned. The angular distance between F and M is not changed thereby ; 
thus we can draw the instantaneous path of F as a short arc of a circle of 
latitude about M (arrow at the left in Fig. 43). Now R too must change 
its position — it must move to the great circle defined by M and the new 
position of #. In this motion the angular distance between M and R is 
conserved, since it is determined by the Poinsot construction. Thus R 
too, advances on the arc 
of a circle of latitude 
about M (arrow at right 
of Fig. 43). The relative 
position of points F, M, 
and # is now the same as 
initially, so that our pro- 
cess of reasoning can be 
repeated. It follows that 
axes of symmetry and rota- 
tion each describe a circular 
cone about the spatially 
fized angular momentum, 
each cone being traced with 
constant angular velocity; 
the latter because the angular velocity is completely determined by the 
magnitude of M and its position with respect to the momental ellipsoid. 
Thus the character of the regular precession has been fully described. 

The same applies of course to a momental prolate spheroid, with the 
only differénce (cf. Fig. 42b) that R would now be located between F and M. 


? 


Fig. 43. Regular precession of the symmetrical top 
under no forces. 


(3) The Unsymmetrical Top Under No Forces 


The form of motion of the symmetrical top just derived could have 
been described with more brevity, but less clarity of detail, as follows: 
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through the terminus of the angular momentum vector M we pass the 
“invariable plane ” ¢ (cf. p. 73) normal to M. About the origin of M 
we construct the ellipsoid of twice the kinetic energy (‘‘ Poinsot ellipsoid ’’) 
which is similar to the momental ellipsoid. The Poinsot ellipsoid is 
tangent to «3, and the point of tangency is the terminus of the angular 
velocity vector w. The instantaneous motion of the top consists of a 
rotation of this ellipsoid about w. In this process the ellipsoid rolls without 
slipping on the plane «*. If the Poinsot ellipsoid is one of revolution, the 
curve of the point of tangency becomes a circle about M; the cones described 
by w (‘‘ space cone ’’) and the axis of figure therefore become circular cones. 
Thus we have again the regular precession of the top. 

The same construction now leads at once to the Poinsot picture of the 
force-free motion of a general (“ unsymmetrical”) top of three distinct 
principal moments of inertia. Again we let the Poinsot ellipsoid roll on 
the invariable plane « (cf. footnote 3 below). Now the curve of contact 
is no longer a circle, but a transcendental curve which in general does not 
close on itself. Similarly the cones which describe the motion of the axis 
of rotation and of the body “axis” in space are now transcendental 
cones. The analysis of the unsymmetrical top, even when under no forces, 
leads to elliptic integrals [cf. § 26, (3) ], while that of the symmetrical top 
under no forces requires only elementary functions. Of course even for 
the unsymmetrical top a pure rotation about one of the three principal 
axes is a steady rotation whose representation is elementary. 


(4) The Heavy Symmetrical Top 


Here we shall not treat the spherical top separately, since its motion 
is hardly simpler than that of the symmetrical top. 

For the heavy symmetrical top the fixed point O (point of support 
in the socket) no longer coincides with the center of mass G (located on the 
axis of symmetry); call s the distance OG. The magnitude of the gravita- 
tional torque is then 


(4) |L|=mgs sin 8, 


where @ is the angle between the vertical and the axis of figure. L is normal 
to the vertical and to the axis of symmetry or, in other words, it lies along 
the line of intersection of the horizontal plane with the equatorial plane of the 
momental ellipsoid. This line of intersection is called the line of nodes, 


* This follows from the Poinsot construction of p. 132 and from Eq. (26.17a) soon 
to be encountered. 

* Rolling without sliding is equivalent in meaning to the equality of the rate of change 
of the angular velocity vector w as observed from space and from the body. In 
this connection refer to Eq. (26.88), where this equality is proved. 
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a term borrowed from astronomy. For a more precise definition of signs 
refer to p. 141. 

Our general Eq. (2) can no longer be integrated immediately as in the 
case of a top under no forces ; rather, the angular momentum is subject 
to continuous change given by the law 


(5) dM=Ldt. 


Thus the infinitesimal vector L dt adds to the vector M at any given instant 
t to give the angular momentum at t+dt. The terminus of M advances 
in the direction of the instantaneous line of nodes, i.e., normal to the 
vertical and the axis of symmetry. From this it follows that the projec- 
tions of M on the vertical as well as on this axis must be constant. Let 
us call the two constants 


(6) MS and M"= Mog. 


The two quantities M’ and M”, which can be prescribed arbitrarily, are 
two constants of integration of the equations of motion. 

A third constant is that of total energy H. Corresponding to Eq. (6.18) 
we have the gravitational potential energy 


(6a) V=mgs cos @ 
so that 
(7) T+mgs cos 6=E. 


In order to pass to an analytical description of the motion we must 
express 7’ and the projections of M mentioned in (6) in terms of suitable 
position parameters of the top (the Eulerian angles); this will be carried 
out in § 35. The calculation of the motion is there shown to lead to elliptic 
integrals. 

The regular precession is now no longer the general form of motion 
as in the case of the top under no forces, but only results for specially 
chosen values of M’, M” and #. The precessional motion usually observed 
with a heavy top excited in the customary way appears to be — but is not — 
regular; it can be called pseudo-regular precession. Finally a pure rotation 
about the vertically oriented axis of figure is also a possible (stable or 
unstable) form of motion, no matter what the magnitude of w. 

So far we have considered only the equation of angular momentum (2). 
We must throw a quick glance at the equation of linear momentum (1). 
Its right member consists of the force F acting at the fixed point O, which 
is composed of the force of gravity mg acting vertically downward, and the 
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reaction of the support, F,,,,. The change in momentum in the left member is 
: d : 


from Eq. (24.2) with u=0, where V is the velocity of the center of mass. 
Eq. (1) then makes the simple statement that 


m(V—$). 


In other words, the law of linear momentum demands that at any given 
instant the support furnish a force equal to the mass of the top x the 
acceleration of the mass center diminished by the gravitational acceleration. 


(5) The Heavy Unsymmetrical Top 


In spite of the efforts of many great mathematicians, all attempts to 
integrate the differential equations of this problem in the most general 
form have failed so far. Among the integrals of angular momentum (6) 
the first remains in effect, to be sure, because even here the gravitational 
torque acts about a horizontal axis so that the terminus of the vector M 
remains in a horizontal plane fixed in space. The second integral (6) is, 
however, invalidated, because it is based on the symmetry of the momental 
ellipsoid. Of course the energy integral (7) is valid also for a general 
momental ellipsoid. 

The soluble special cases of the problem postulate either a particular 
mass distribution or a particular form of motion. 

The best-known case is that of Kowalewski. The momental ellipsoid is 
here assumed to be symmetrical; the center of mass no longer hes on the axis 
of the body, but in the equatorial plane defined as the plane perpendicular 
to the axis and passing through the fixed point; in addition it is required 
that the moment of inertia about the axis of the body be one half the 
equatorial one. In that case the form of motion need not be restricted. 

The case of Staude concerns the question as to which axes can serve 
as axes of steady rotation when directed vertically. It turns out that 
these axes lie in the body on a cone of second degree which, in addition 
to the three principal axes, contains also the axis through the center of 
mass. ‘To each axis belongs a (to within a sign) definite angular velocity. 
Neither mass distribution nor position of the center of mass need be 
specialized in this problem. 

The case of Hesse, finally, is concerned with the analogue to the simple 
motion of a pendulum (spherical pendulum or, in particular, ordinary 
pendulum). For such motion the mass center must lie on a certain axis in 
the momental ellipsoid, and the initial excitation must be of proper form, 
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just as in the case of the symmetrical top, whose mass center describes 
a pure pendulum motion only if the initial angular momentum has no 
component along the axis of symmetry. 


§ 26. Euler’s Equations. 
Quantitative Treatment of the Top Under No Forces 


(1) Euler’s Equations of Motion 


We distinguish between a reference system 2, y, z fixed in space and a 
second one, X, Y, Z fixed in the body. In the (z, y, z)-system the angular 
momentum for motion under no forces has an invariable position: M= 
constant [Eq. (25.3) ]; seen from the body, the position of M varies con- 
tinuously. We want to study the law of this variation. 

Let us therefore focus our attention on a point P fixed in the body, 
and a point @ fixed in space, the two points being momentarily in 
coincidence. Let v be the velocity of P in space, V that of @ in the body. 
According to the kinematic Eq. (22.4), v=wxr. As seen from the body, 
@ moves with equal but opposite velocity to that of P as seen from space, 
so that 


V=—oXr=rXo. 


In tabular form we have 


| Seen from Space ~ | Seen from Body 
] 
Oo” Bor P | V=oxr {V—O 
Q | v=0 VT Xe 


For point Q we choose the spatially fixed terminus of the vector M 
and hence write 
dM 
r= M, V= Ge i 
Thus = means “‘ change in the body ” (we called the change in space M; 
it is equal to zero here). 
From the second line of our table we then read off 


(1) iM =Mxo. 


This completes the derivation of Huler’s equations for a rotating body under 
no forces. 
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We shall rewrite them in terms of their components in the (X, Y, Z)- 
system. We shall call w,, w:, w3 the components of w, and M,, M,, Ms; 
those of M. Eq. (1) yields 


dM 
“i — M203—Myz ay, 
dM 

(2) 7 = Mse.—M, 4, 
dM 
=U, o, —M, 0. 


The system of the X, Y, Z is so far completely arbitrary. If, now, we 
take the directions X, Y, Z along the principal momenss of inertia of Eq. 
(22.15a) and call these /,, J,, I, we obtain, by virtue of the general relation 
(24.9), 


(3) M,=I1,0,, Myg=I,w,, Mz=1303; 


and (2) takes the simple form 


d 

TG = (La —Ts)o2 0s, 
d 

(4) 1G = UIs—T,)ogo, 
d 

Tg = iT) wg. 


It is these remarkably symmetrical and elegant equations one usually 
thinks of when one speaks of Euler’s equations. 

Let us now extend them to include the case that an external torque 
L is in effec.. In that case the terminus of M is no longer fixed in space, 
but, according to (25.2), has the velocity v= L. 

As seen from the body, our point Q now moves with a velocity com- 
posed of v=L and V=rxw. It follows that Eq. (1) must be changed to 


(5) a =Mxo+L 


and the components of L with respect to X, Y, Z must be added to the 
right members of (2) and (4). This yields Huler’s equations of motion for 
a rigid body with a fixed point. 

We shall write these equations explicitly only for the case of the heavy 
symmetrical top, where L acts about the line of nodes and, from (25.4), 
has the magnitude 


L|=@s sin 0. 
| 
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In order to dispel all ambiguities contained in the meaning of the words 
vertical, axis of symmetry, line of nodes, we agree that 
the positive side of the spatially fixed z-axis points up and defines 
the vertical; 
the positive side of the Z-axis passes through the mass center and 
defines the axis of symmetry; it makes an angle @ with the vertical; 
the line of nodes is the semi-infinite line normal to the positive z- 
and Z-axes and in the direction of advance of a right-handed screw 
as @ increases. 
We further specify that the distance s is to be a positive quantity. Call d 
the angle which the line of nodes makes with the positive X-axis. The 
components of L with respect to X, Y, Z are then given by 


(5a) mgs sin 8@cos¢, —mgssin @sind, 0 
respectively, and with J, =I, equations (4) go over into 


jee = (I,—I,)w.w3-+mgs sin 6 cos d 


dt 
(6) 1,222 = (I,—I,)ev w,—mgs sin 8 sin ¢ 
d 
I,—° =0. 


The last equation shows that for the heavy symmetrical top (and therefore 
a fortiori for one under no forces) we have 


(7) I,.w3= M,=const., 


which we already knew. We see at the same time that Euler’s equations 
are not suited for a further integration for the heavy top, since as yet we are 
ignorant of the relation between the w,, w, and the 0, ¢. 

As far as the w,, ws, wz are concerned, we wish to emphasize very 
strongly that they are not velocities in the ordinary sense, i.e., not derivatives 
with respect to time of spatial measurements of some sort. Indeed, in 
view of the expression defined on p. 50, we can aptly designate them as 
“non-holonomic velocity components.” 

We shall finally write (5) in a somewhat different form. Since v is the 
velocity as seen from space, we can generalize our expression by substi- 


tuting v=M for v=L. We thus obtain 


aM 


(8) M=% 


+oxM, 


an equation which, by the analysis of p. 139, is valid for all (axial or polar) 
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vectors. If, specifically, we apply it to the angular velocity vector o, 
it simply yields 

: - ae 
(8a) O= 7 
For the angular velocity vector w and only for this vector the spatial change 
is equal to the change as judged from the body. It is this rule to which 
we referred in the footnote on p. 136. 


(2) Regular Precession of the Symmetrical Top Under No Forces 
and Euler’s Theory of Polar Fluctuations 


We need not say any more about the spherical top. Its general motion 
is a pure rotation about an axis fixed in the body. This follows at once 
from Eqs. (4) if we put J,=/,=I,. As we know from § 25, subsec. 1, 
this axis is at the same time fixed in space and coincides with the angular 
momentum direction. 

Let us now turn to the symmetrical top, J,=J,4J,;. The third Eq. (4) 
yields 


wg = const. 


as we already know from Kg. (7). The first two equations are 


ad 
LS = (L,—I3)w2ws 


(9) 
d 
LS = (Ig— 1), ws 


It is convenient to consolidate them into one by introducing a complex 
variable. Multiply the second equation by 7 and add to the first to obtain 


(10) 1% =i(I,—1,) 805, 8= 0, +10. 


Let us abbreviate this by putting 


I,—I 
(11) a= A ag, 


so that an integration of (10) gives 
(12) s=s,e'4, 5)— constant of integration. 


s is the projection of the angular velocity vector w on the equatorial plane 
of the top, if we use this plane as the complex plane of s. Eq. (12) 
states that this projection describes a circle of radius sy with the constant 
angular velocity #. At the same time the total angular velocity vector 
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© describes a circular cone about the axis of figure. The vertex angle 8 
of the cone is given by 
wo, ae 


_ (P+ 
(12a) tan B= aay <a 


Jol, 

3 Ws 

This is the picture of the regular precession which is seen by an observer 
located on the top. (To an observer fixed in space the axis of the top 
rotates of course about the instantaneous axis of rotation which, as we saw 
earlier describes in its turn a circular cone about the spatially fixed angular 
momentum vector M.) Since it is our intention to apply the foregoing to the 
earth, the viewpoint of the observer located on the top rather than that 
of the one fixed in space will be useful, as it corresponds to the viewpoint 
of a human being located on the earth. 

The earth is a top whose momental ellipsoid is an oblate spheroid. 
We call the geometric North Pole the point at which the axis of symmetry 
pierces the surface of the earth ; it is, in general, distinct from the celestial 
North Pole which is the point at which the angular velocity vector cuts 
through the earth’s surface. According to the Euler theory reproduced 
above, the celestial North Pole describes a circle about the geometric North 
Pole, a phenomenon called Hulerian motion. Inasmuch as it is the path 
of the rotational pole, this circle is also referred to as the polhode. 

A suitable measure of the flattening of the earth is the so-called ellipticity 


if —i, 1 ; 
(13) “e ~ 300 


The angular velocity of the earth is determined by the length of the day ; 
we have 


20 
(14) wgv w= FT 
from which, according to (11), 
= 2 = 
(15) a= ws= 35 day . 


Thus Euler’s period for the precession amounts to 
(16) 27 _ 300 days=10 months. 
We are accustomed to think of the axis of rotation of the earth as fixed 


in the globe and passing through the geometrical poles. This is not 
rigorously true. Every movement of mass on the earth along a longitude 
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must change the position of the axis of rotation®, and every movement of 
mass along a circle of latitude must change the angular velocity, that is, 
the length of the day; both changes are a result of the law of conservation 
of angular momentum. Let us imagine that this movement has ceased and 
that the celestial pole is deviated from the geometric one. In that case 
the axis of rotation would, 
by virtue of the Eulerian 
motion, commence a circular 
motion about the geometric 
pole. 

Let us now compare our 
theoretical results with the 
observations of polar fluctu- 
ations, which have been 
gathered by international 
cooperation. In Fig. 44 we 
have sketched the polhode 
obtained between the years 
1895 and 1900. 

The average deviation of O° Gaaien wiieh 
the celestial pole, i., the 


: ‘i Fig. 44. Polar fluctuations between the years 
f Euler’ > 
mean radius 0 i scircle, 195 and 1900. Confirmation of Chandler’s 
amounts to about ¢” of arc or period. 


4 meters on the earth’s sur- 
face, according to observations between these years. But instead of a period 
of 10 months we have, according to Fig. 44, 34 complete revolutions for the 
four years 1896-1900, which corresponds to a period of 14 months. 

The fourteen-month period is called Chandler’s period after its discoverer. 
Its explanation lies in the elastic deformations that the earth suffers as a 
result of the changed centrifugal effect caused by polar fluctuations. The 
modulus of elasticity of the earth compares in magnitude to that of steel. 

The observed polhode, as drawn in Fig. 44, can now be explained as a 
superposition of 1) fluctuations occurring with Chandler’s period, 2) annual 
fluctuations evidently of meteorological origin, and 3) deviations at irregular 
intervals which may point to isolated and unrelated mass transports. 
No trace remains of Euler’s ten-month period which was derived by assuming 
the earth to be an ideal rigid body. 


> The terrestrial mass transport most important for this effect seems to be the yearly 
migration of the air pressure maximum from the continent of Asia to the Pacific 
Ocean and back. 
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In agreement with usage in gyroscopic theory we have here described 
the motion of the earth’s axis first investigated by Euler as a “ precession 
under no forces.’’ We have thus usurped a word having an entirely different 
meaning in astronomical usage. There, “ precession’ denotes a slow 
rotation of the earth’s axis about the normal to the ecliptic which causes 
an advance of the equinoctial points of 50” per year. This precession of 
360° 
a2 
of the equinoxes ”’ we could also speak of an “‘ advance of the line of nodes ”’ 
(line of inter-section of the plane of the ecliptic with the equatorial plane 
of the earth); as mentioned earlier, our designation, “line of nodes,” was 
borrowed, from astronomy. 

The precession of the equinoxes is not a free one, but rather a motion 
forced on the global top by the joint effect of the attractions of sun and 
moon. 

We shall clarify this effect by means of Fig. 45, where we have, at least 
qualitatively, anticipated the theory of the heavy symmetrical top. 


the equinoxes has a period of 26,000 years. Instead of “ precession 


nee 


me 
N 


Fia. 45. Precession of the earth’s axis, called ‘‘ precession of the equinoxes.” 


The diagram shows the plane of the ecliptic on which a circle is drawn. 
One should think of the circumference of this circle as being uniformly 
“ smeared ” with the masses of sun © and moon )) (actually we should 
draw two circles, one for the sun and one for the moon®; we have fused 
these two circles into one). The uniform mass distribution represents a 
time average over the instantaneous positions relative to the earth of sun 
and moon during their revolutions (in the sense of a Gaussian perturbation 
method). We justify the taking of this time average by the experimental 
fact that the periods of sun and moon are very small compared with the 
precession period mentioned above, so that this precession can in no way 


6 As a matter of fact the moon is so close to the earth that its effect is about twice 
as great as that of the sun. 
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depend on the instantaneous positions of sun and moon. At the center of 
the © + ) circle we see a cross-section of the earth with its two protuber- 
ances at the equator. Only these latter have a part in the pheno- 
menon in question; for the attraction of the © + ) ring tends to pull the 
two protuberances into the plane of the ecliptic, an effect which is intuitively 
almost obvious. We therefore have a torque about the line of nodes N 
in the sense of the arrow drawn about NV. Now this torque is of the same 
type as the gravitational torque acting on a top whose mass center lies 
below the fixed point of support. The result is therefore similar to that in the 
case of the top. Rather than yield to the torque the axis of figure “ escapes ” 
in a perpendicular direction and describes a cone of precession about the 
vertical, here the normal to the ecliptic. 

To be sure, the regular precession is only a special form of motion of 
the heavy top (cf. p. 137); under the present circumstances one would 
therefore expect the more general pseudo-regular precession consisting of a 
regular precession on which small ‘“‘nutations” are superposed. Now 
these small nutations are nothing but the conical oscillations of the axis 
of figure occurring under no forces, hence, in our case, the polar fluctuations 
that take place with the period of Euler (or that of Chandler, obtained 
from the former by global deformation). The pseudo-regular precession 
to be expected is thus obtained from the precession of the equinoxes by 
addition of the Eulerian nutations occurring in the absence of forces. 

Here we must once more apologize for the ambiguous use of a term. 
In astronomy one understands by nutation not a free fluctuation of the 
earth’s axis, but one forced on it by the motion of the moon. Contrary to 
our preceding assumption in Fig. 45, the orbital plane of the moon does not 
coincide with that of the ecliptic, but is tilted at an angle of 5° with respect 
to it. Under joint action of sun and earth its normal too describes a cone 
of precession about the normal to the ecliptic. This precession is tanta- 
mount to a recession of the lunar nodes (intersection of moon’s orbit with 
ecliptic) which, however, occurs at a much livelier rate than the advance 
of the line of nodes of the earth, viz., in 182 years. It is understandable 
that the earth’s axis is in its turn implicated in this precession; the recession 
of the lunar nodes results in the astronomical nutation of the earth’s axis, 
which takes place with the same period. 


(3) Motion of an Unsymmetrical Top Under No Forces. Examination 
of its Permanent Rotations as to Stability 


We turn to the integration of Eqs. (4) in the case 1, 4J,4J5. Multi- 
plication of these equations by ,, w., ws and addition yields 


dw dw dw 
Loy +1, we FG +133 ssl 
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or, integrated, 


(17) 5 (loP+I,a2 +I, ws") = const.=Z. 


E is’ the energy constant, and the left member is the kinetic energy, in 
agreement with Eq. (22.12b) specialized to principal axes. Instead of (17) 
one can evidently also write 


(17a) Byn=5M «0. 


We can instead multiply Eqs. (4) by I,@,, I,w, Izw3; addition once 
more yields zero on the right. The result of the integration can be written 


(18) (I, 4)? + (Ig. @2)? + (Zs wg)? = const. = |M|?. 


On the left we have the sum of the squares of the angular momentum 
components. This sum, as we know, remains invariant in the absence 
of forces, even if the components themselves vary in the course of the 
motion. 

In (17) and (18) we have two linear homogeneous equations for w,?, 
W,", ws", from which we can, for instance, solve for w,? and w,? in terms 
of w,?: 


2 EI,—|M|? I,(I,—1,) 
Ds [PY 2 ae 3 Sel Si) 
w9? = B,— Bo w,", B= ies AGt Be CAE 


(19) 
— 2HI,—|M|? _ 1,(2,—4)), 
Wg? = Y1 — Yo", a mie 7) d = i eae 


If we replace these values of w, and w, in the first Eq. (4), we have 


dw, iss 
(20) (FSO ee 


t is therefore an elliptic integral of the first kind in w, (cf. p. 100); function 
theory allows us to state conversely that w, is an elliptic function of the 
time. The same holds of course for ws and ws. 

We furthermore deduce from Eqs. (17) and (18) that the polhode cone 
or body cone is no longer a circular cone as in the case of the symmetrical 
top, but a cone of fourth degree. 

We shall finally consider the rotations of the unsymmetrical top about 
one of its three principal axes which, as we know [ef. § 25, toward end 
of (3) ], are steady rotations. Let us, for definiteness, put 


A>B>C. 
We shall show that the rotations about the axes of the greatest and smallest 


principal moment of inertia are stable, those about the axis of the intermediate 


L 
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principal moment are unstable. We choose Eqs. (17) and (18) as starting 
point. It will be convenient in connection with the diagrams below to 
rewrite these in terms of the angular momentum components M,, M,, Ms, 


(21a) 7 +f a + a =const., 
(21b) M?+M,?+M,?=const.=|M|?. 


Eq. (2b) describes a sphere of radius | M |, (21a) an ellipsoid with three 
distinct axes (a ‘‘ non-degenerate ”’ ellipsoid). 
Case 1. Rotation about the longest axis of 
the ellipsoid (21a). In a pure rotation the sphere 
is tangent to the ellipsoid from the outside at 
point A, Fig. 46a. A small jolt will in general A 
alter both the sphere and the ellipsoid. The 
point of tangency A will change to a small 
curve of intersection which remains, however, ee 
= 
in the neighborhood of A. A narrow body cone 


is the result; the original rotation proves to be Fit eae ne 


of unsymmetrical top about 
stable. : the longest axis of the 
The same is true in case 3, rotation about momental ellipsoid. 


the shortest axis of the ellipsoid (2la). The 

sphere now lies inside the ellipsoid and is hence tangent to it from the 
inside. A small jolt will again cause the point of tangency to transform 
into a neighboring curve; again the original rotation is stable. 

Case 2. Rotation about the intermediate axis. The sphere intersects 
the ellipsoid in a curve of the fourth degree; its singular point B (foremost 
point of Fig. 46b) represents the original rotation. If the top is given a 
small impulse, the curve of intersection splits into two branches. The 
axis of rotation wanders off along one of these branches and moves further 
and further from its initial position in the body. The rotation is unstable. 

It is instructive to prove this 
analytically; one proceeds from the 
differential equations (4). One can ia 
show (problem IV.2) that the lateral 
components generated by a small 
perturbation of the original rotation 
satisfy two simultaneous differential 
equations of first order. These have 
solutions of trigonometric character 
= EES 1 and 3, exponennial char- Fie. 46b. Unstable rotation of unsym- 
acter in case 2 (method of infinitesimal metrical top about the intermediate axis 
oscillations as stability criterion). of the momental ellipsoid. 
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Let us perform the following experiment with a (full) matchbox: we 
hold the box between thumb and forefinger at opposite ends of its shortest 
edge and flip it into the air, thus imparting to it considerable angular 
momentum about this shortest edge. We notice that if the box originally 
shows its label, it will continue to do so throughout the motion. The 
same phenomenon occurs, though less clearly, if we hold the box at opposite 
ends of its longest edge, and flip it as before. If, instead, we hold it 
at opposite ends of the intermediate edge, with the striking surface showing, 
and repeat the procedure, we shall not see this surface throughout the 
motion, but rather a distinct change of colors. 

Another striking example of instability of a state of motion is the 
following: occasionally one finds smooth-worn, flat pebbles in nature 
which, if spun about their vertical axis on a flat support, show stability 
of motion only for one sense of rotation; if made to spin in the opposite 
sense, they will start to wobble more and more violently, and finally end 
up by spinning in the stable direction opposite to their original angular 
momentum. The same can often be observed with small pocketknives 
(penknives) set to stand edgewise with blade folded in, when one gives them 
a gentle impulse. 

We can perform a geometrically well-defined, instructive experiment 
in this connection. Let us take the wocden model of a non-degenerate 
flat ellipsoid of principal axes a, 6, c (a and 6 much larger than c) and 
equip it with a heavy metal strip which, in its original position, hugs the upper 
surface of the ellipsoid in its (ac)-section. The strip can be rotated about 
the short c-axis, but is clamped down during each experiment. In the 
position ac the strip does not disturb the symmetry of the mass distri- 
bution. Both senses of spin about c are therefore equally stable. Let us 
now turn the strip by a small angle from this position. The two principal 
axes of inertia a and b are then each displaced by a small angle y; the 
symmetry of the lower surface facing the plane support is determined by 
the two principal radii of curvature in the planes ac and bc; thus the 
symmetry of this surface remains unchanged. ‘The direction of spin in the 
sense of the acute angle y is now geometrically “ distinguishable ” from that 
in the opposite sense. Indeed the former is stable, the latter unstable 
since it is accompanied by rolling motions which increase with time. 

A more elegant, though less easily achievable, form of the experiment 
is the following (G. T. Walker demonstrated it to us at Trinity College, 
Cambridge, in 1899): the non-degenerate ellipsoid is made of brass sheet; 
a certain circular region about the point of support has been stamped out 
and can be moved with respect to the remaining ellipsoidal shell. By a 
small angular displacement of this circular plug the curvature relations of the 
lower surface near the point of support are altered with respect to the 
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inertial distribution of the shell, which remains sensibly unchanged. This 
alteration is so slight that it passes unnoticed when the ellipsoid is examined. 
Nevertheless one sense of spin is again preferred to the other. 

These experiments with the non-degenerate ellipsoid, while enlightening 
in themselves, also furnish an adequate substitute for the analytical theory 
of the phenomenon. Such a theory would have to investigate the rolling 
oscillations which might accompany the spin in one direction or the other 
when a small perturbation is superposed on this spin; it would show that 
the characteristic equation for the frequency of these oscillations has only 
real roots in the one case, some complex roots in the other. In the first 
case one would decide that the spin was stable, in the second, that it was 
unstable, i.e., subject to secular increase of the perturbation. Equations 
for this treatment are set up in the treatise of Routh (Advanced Part, 
Art. 241 and ff.) cited in § 42. 


§ 27. Demonstration Experiments Illustrating the 
Theory of the Spinning Top; Practical Applications 


We begin by describing the well-known device known as Cardan’s 
suspension, which affords an unusually effective means of demonstrating 
the properties of tops and gyroscopes. 

The suspension consists of an outer and an inner 
ring. The outer ring has a vertical axle borne by the 
outer frame or cage; the inner ring has an horizontal 
axle with bearings in the outer ring. The flywheel- 
shaped top revolves with its axis perpendicular to the 
axis of rotation of the inner ring. Fig. 47 shows the 
flywheel axle pointing normal to that of the outer 
ring, which causes the inner ring to lie in a horizontal 
plane. We shall designate this arrangement of the 
apparatus as its normal position. 


On the axle of the flywheel provision is made for a 
means by which angular momentum can be imparted 
i ; to the wheel while in its normal position, with the 
Cardan’s suspension. : : 
Axis of rotation of gimbals at rest. This angular momentum must be 
outer ring = vertical, S80 great that all phenomena are essentially dominated 
axis of rotation of by it and the effect, of the mass of the gimbals 


inner ring—horizontal becomes negligible. 
perpendicular to pa- : : 2 
Sapte of rotation AE In the following experiments a considerable 


eyroscope=horizontal @2gular momentum and the initial normal position 
in plane of paper. are presupposed. 


Fig. 47. Gyroscope in 
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1. We exert a slight pressure downward on the inner ring. This ring 
does not give way; instead it is the outer ring that turns. Thus the axis 
of the flywheel moves backward or forward in an horizontal plane, depending 
on the position of the point at which the pressure is exerted. Instead of 
pressing on the inner ring we can load it unilaterally by means of a small 
weight. As long as the angular momentum remains sufficiently great, 
the top then describes a regular precession with horizontal axis. 

2. We press on the outer ring. It remains motionless, whereas the 
imner ring turns upward or downward from its horizontal position depending 
on the sense in which pressure is exerted on the outer one. We can even 
deliver a vigorous blow to the outer ring without its yielding noticeably. 
All one perceives in that case is a rapid conical oscillation of the axis of 
the top about an axis close to that of the normal position. 

3. If the pressure on the outer ring continues so that, with continual 
rotation of the inner ring, the axis of the top approaches the vertical, we 
notice that the resistance of the outer ring weakens more and more. One 
can then without effort set the outer ring spinning rapidly, but only in 
that sense which corresponds to the direction of the pressure originally 
exerted on the ring. If one attempts to rotate the outer ring in the opposite 
sense, the flywheel “rebels”; its axis suddenly tends in the opposite 
direction, thus causing the inner ring to flip through an angle of 180°. 
Now we can turn the outer ring without effort in this opposite direction, 
but another flipping of the top occurs if we return to the original sense of 
rotation. 

4. This is the tendency of the spins to align parallel to each other which was 
emphasized by Foucault. The axis of the top is stable in the vertical position 
as long as its spin is homologous (=in the same sense) to that of the outer 
ring. Ifthe spins are anti-parallel, this position is, on the contrary, unstable 
to a high degree and the axis comes to rest only when the opposite direction 
has been attained; in this latter direction homologous parallelism of the 
two spin axes prevails again. If we exert pressure on alternate sides of 
the outer ring in the proper rhythm, we can cause the top to revolve con- 
tinually about the axis of the inner ring. 

5. If we tie the inner ring to the outer one, so that the movability of 
the inner ring is destroyed, the resistance of the top to motion is destroyed 
aswell. Seemingly without a will of its own, the top then obeys all pressures 
exerted on the outer ring, just as if it did not have any spin. Thus, typical 
gyroscopic effects occur only in the case of the top with three degrees of 
freedom, and are completely absent in that of two degrees. One can, 
however, restitute the missing degree of freedom by clamping the top to 
the rotating surface of the turning stool described on p. 74; this must be 
done in such a way that the axis of the outer ring, which has so far been 
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kept vertical, is tilted with respect to the axis of the stool (which remains 
vertical) at not too small an angle. Then the axis of the top with two 
degrees of freedom tends to align itself with the axis of the rotating support, 
just as a compass needle turns towards the North Pole, i.e., in the sense of 
the homologous parallelism described above. Thus the single ring con- 
taining the top will come to lie in a vertical plane, with one or the other 
of the axle pins of the top uppermost, depending on the sense in which 
the stool is rotated. 

The explanation of all these phenomena is contained in the fundamental 
principle (25.5), 


(1) dM=Ldt. 


1. If we press on the inner ring, L is horizontal and coincides with the 
axis of rotation of the inner ring. The angular momentum M is directed 
toward the left or right of Fig. 47 and is hence deflected laterally by L. 
If then we are allowed to assume that the axis of the top, originally in 
coincidence with the angular momentum, tends to remain in coincidence 
by following it, we have explained the lateral deflection of the axis of 
figure, that is, the rotation of the outer ring. That the assumption made 
here is actually valid for sufficiently rapid spin of the top will be justified 
in § 35 (cf. the discussion about the pseudo-regular precession in that 
section). 

2. If we exert pressure on the outer ring, L is directed vertically. The 
angular momentum, originally directed horizontally to the right or left, 
is deflected upward or downward. Under the same assumption as in 1, we 
therefore obtain a rotation of the inner ring. If we impart a very strong 
blow to the outer ring, our assumption regarding the coincidence of angular 
momentum and axis of the top is only approximately satisfied; we then 
obtain the small conical oscillations mentioned earlier, which betray a 
small dislocation of the two axes. 

3 and 4. By the same token we see that if the axis of angular momentum 
is almost vertical and if we rotate the outer ring in a sense homologous 
to that of the spin of the top, the axis of angular momentum becomes 
more nearly vertical. Gimbals and flywheel then rotate as a whole about 
the vertical. The resistance of the outer ring vanishes. If we rotate the 
outer ring in the non-homologous or anti-parallel sense, a small deviation 
of the axis of angular momentum from the vertical suffices to make the 
former recede further and further from the vertical; the almost-vertical 
position of the top proves to be unstable with respect to such a non-homolo- 
gous rotation. 
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5. If we tie inner and outer ring together, the axis of angular momentum 
can no longer move in a vertical plane when a vertical torque L is imposed 
thereon by a rotation of the outer wheel. The torque is therefore trans- 
mitted to the whole system. This is possible because the horizontal change 
in direction that the vector M suffers can be compensated by the bearings 
of the outer ring, since inner and outer ring are now rigidly connected. 
Not so on the turning stool, where the angular momentum can follow the 
imposed L at least to some extent, which explains why the axis of the top 
tends to point in the direction of the axis of the stool. 

We shall now discuss some practical applications. Let it be remarked 
in advance that details on many points of the discussion can be found in 
the older literature from which much of the following is borrowed. 


(1) The Gyrostabilizer and Related Topics 


Around the year 1870 Henry Bessemer, whose name is renowned in 
metallurgy, built a drawing room cabin destined for navigation on the 
English Channel. The cabin was suspended so that it could move about a 
fore-aft axis of the ship and was to be stabilized against the ship’s roll by 
means of a flywheel. The axis of the flywheel was, however, rigidly fixed 
in the cabin, and therefore lacked the required third degree of freedom 
(cf. above under 5). As a result the construction was a failure soon to be 
abandoned. 

It was O. Schlick, mentioned in connection with the mass balancing 
of piston engines (cf. p. 76), who successfully worked out the present problem. 
His method was applied to several steamers, including the “Silvana ” 
of the Hamburg-America Line, and the Italian “ Conte di Savoia ”’ (consi- 
derable literature on the latter exists in American publications). In the 
“Silvana ”’ the flywheel had a weight of 5,100 kg., a diameter of 1.6m., 
and made 1,800 r.p.m. (a peripheral velocity of 150m. per sec.). It was 
fixed in a cage which could, like a pendulum, swing about an axis in the 
port-starboard direction, so that the axis of symmetry of the flywheel 
oscillated in the vertical fore-aft plane of the ship. This cage corresponds 
to the inner ring of our demonstration top, the ship’s hull itself to the 
outer one. The vertical of Fig. 47 is replaced by the long axis of the ship; 
instead of the former rotations about the vertical there is now the rolling 
of the vessel. The required three degrees of freedom then consist in the 
rolling of the ship, the oscillations of the cage, and the spin of the flywheel. 
When the vessel rolls, the axis of the flywheel, vertical in its normal position, 
alternately swings fore and aft in its cage, so that the energy contained 
in the rolling is converted to energy of motion and position of the cage. 
The rolling of the ship and the swinging of the cage are now coupled to each 
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other; if, in particular, their corresponding proper oscillations are in 
resonance, conditions resembling those of coupled pendulums obtain. 
To be sure, no damping of the ship’s oscillation has so far been achieved. 
But it is now possible to absorb the oscillation energy of the cage and thus 
the energy of roll of the vessel by a braking device acting at the axle of the 
cage, just as the velocity of a car is reduced by a brakeshoe tangent to the 
wheel. Of course the braking action at the cage must not be so strong as 
to prevent the deflection of the flywheel axis altogether; for then we should 
again be confronted with the ineffective top of two degrees of freedom. 
Graphs of the rolling motion, similar to seismograms in an earthquake, 
show that there exists an optimum or “ best compromise ”’ value of braking 


= of 
its original value almost as soon as the flywheel was put in action; the 
amplitude of oscillation of the frame hovered around 30° to 40° under these 
circumstances. 

Nevertheless the gyrostabilizer has not been applied extensively. This 
is partly due to the danger inherent in the construction — a rapidly rotating, 
massive flywheel is an unpleasant passenger —, partly to the invention of 
an even more successful competitor, the Frahm stabilization tank, a device 
based on an entirely different principle. 

A problem connected with the foregoing is that of stabilizing by gyro- 
scopic action a turntable on board a ship. We do not know to what extent 
this problem has been solved for practical use; for obvious reasons work 
on it has been going on in all countries. 


1 
action; in the “ Silvana ” the amplitude of roll was reduced to 7, to 


(2) The Gyrocompass 


This is the finest and most nearly perfect gyroscopic device. Its con- 
ception goes back to Foucault. After Foucault had demonstrated the rotation 
of the earth by means of his pendulum experiments (cf. Ch. V, § 31), he 
made plans to achieve the same end by means of spinning tops. Of his 
several attempts we mention only the gyrocompass which was to replace 
the magnetic compass. The Foucault gyrocompass consists of a spinning 
top of two degrees of freedom constrained to the horizontal plane, which 
points, not to the magnetic North Pole, but to the actual celestial North 
Pole, the axis of rotation of the earth. Actually we dealt with this 
arrangement already in the fifth of our demonstration experiments, where 
we put the top with fixed inner ring on the turning stool. The rotating 
earth now takes the place of the turning platform of the stool. The only 
difference between the two cases lies in the fact that we were able to impart 
an arbitrarily large angular velocity to the rotating platform, resulting in a 
very strong orientation effect on the top, whereas the angular velocity of 
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the earth is very small, so that the alignment of the Foucault gyroscope 
takes a considerable time. In the earlier arrangement we mentioned that 
the angle between the axes of rotation of the outer ring and the stool should 
not be too small. In the present case this angle is the complement of the 
geographic latitude, the “co-latitude” at the point of observation. At 
the two poles of the earth, where this angle is zero, the orientation power of 
the gyrocompass vanishes. In general it is proportional to the angular 
velocity of the earth, the angular momentum of the top and the sine of the 
co-latitude. 

Foucault’s experiments lead only to rough indications of the effect. 
Its full realization was achieved by Hermann Anschiitz-Kaempfe, by means 
of successive improvements in construction. His original goal was to reach 
the North Pole by means of a submarine passing under the drift ice. Since 
the readings of a magnetic compass become very unreliable near the North 
Pole, failing altogether inside a submarine, he had the idea of making the 
top serve as his direction-finder. It is true that in the pursuit of this idea 
through several decades he did not reach the North Pole; but his experi- 
mentation lead to an ideal instrument which has become indispensable in 
navigation. 

The Anschiitz gyroscope, unlike that of Foucault, is not constrained 
to a horizontal plane, but is merely pulled back into this plane by its weight, 
like a pendulum. Originally it was arranged so as to swim in a bath of 
mercury. Later constructions made use of two or three tops whose effects 
strengthened and corrected each other. The angular momentum of the 
spinning tops is kept constant by electric drive. In the latest Anschiitz 
construction the whole system is enclosed in a sphere which floats with almost 
no friction in a second sphere of only slightly larger radius. Since the 
gyroscope is taken along on trips during which it may not be touched 
for several months, provision must be made for a particularly ingenious 
automatic lubrication method. 

Measures to eliminate the harmful effects of the ship’s own motion are 
of special importance. When the ship travels in a curve or changes its 
speed, the gyrocompass, with its ability to oscillate about the horizontal 
plane, is sensitive to the corresponding inertial forces. These exert pressures 
on the axis of spin, causing it to deflect from its undisturbed position, 
with the result that erroneous readings are obtained. One can show that 
the motion of the vessel becomes harmless if the free oscillation of the 
compass needle about the meridian has the period 


T= 2a“) (87)#108 sec=84.4 min. 
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which is the same as that of a pendulum of length equal to the earth’s 
radius 


(Law of Schuler, completed by Glitscher’). 

A further beautiful application of the gyroscope concerns the 
automatic steering mechanism of large steamers. If a ship is to retain 
its course in spite of the motion of waves and ocean currents, the uninter- 
rupted attention of the helmsman and the corresponding corrective action 
of the steering mechanism are required. This corrective action is, however, 
always too late by a certain amount of time, therefore causing losses in 
mileage and time. The gyrocompass is, on the contrary, a sense organ 
which “ feels”? much more accurately and swiftly than man, and takes 
instantaneous countermeasures. As a result of these countermeasures 
the line of travel becomes almost rigorously rectilinear (actually loxodromic, 
i.e., a rhumb line), which results in a considerable saving in energy. For 
this reason every passenger ship of good size is now equipped with such 
an automatic steering mechanism. 


(3) Gyroscopic Effects in Railroad Wheels and Bicycles 


A set of rolling wheels of a railroad car is a spinning top whose angular 
momentum can become considerable for fast trains. When the wheels 
go around a curve, the angular momentum must, at any instant, be deflected 
to a position determined by the normal to the curve. For this, according 
to Eq. (1), a torque is required whose axis lies along the direction of travel. 
Since such a torque (often called ‘“‘ gyroscopic couple ’’) is not present, the 
“ gyroscopic effect ” will result in a countertorque which presses the set 
of wheels against the outer rail and pulls it off the inner one. This counter- 
torque adds to the moment of the centrifugal force about the direction of 
travel. The latter effect is compensated, as we know, by adequate banking 
of the roadbed. Both moments have the form 


MVw 


where v is the velocity of travel, and w the angular velocity of the train 
in the curve; m is, in the present case, the mass of the set of wheels reduced 
to the wheel periphery, whereas in the centrifugal effect m is the total 
mass of the car carried by the wheels. Our gyroscopic couple and its equal 
and opposite countertorque are therefore extremely small compared with 
the moment of the centrifugal force; one could compensate for it by lifting 
the outer rail a very slight additional amount. 


* Cf. Wissensch, Veréffentl. aus den Siemenswerken, 19, 57 (1940). 
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More serious effects may result from any vertical irregularities in the 
rails, such as, for instance, a “‘ hump ” on one of the rails (to this category 
also belong the increasing and decreasing elevation of one of the rails at 
the beginning and end of a banked curve). Such a hump causes a deviation 
of the angular momentum in a vertical direction, and hence a countertorque 
which seeks to twist the set of wheels out of the rail-bed by pressing, say, 
the front wheel of the set against the rail, and pushing the last wheel of the 
set away from the rail. The play allowed by the rails will thus cause the 
flanges of the wheels to bite now into one rail, now into the other. This 
has indeed been observed on test runs with fast electric trains. In order 
to control the condition and exact position of the rails at all times, the 
German Reichsbahn uses test cars equipped with gyroscopic instruments, the 
latter manufactured by the Anschiitz company. 

A bicycle is a doubly non-holonomic system ; for, like the wheel in 
problem IT.1, it has five degrees of freedom in finite motion, but only three 
such degrees in infinitesimal motion (rotation of the rear wheel in its instan- 
taneous plane, to which the rotation of the front wheel is coupled by the 
condition of pure rolling ; rotation about the handle bar axis; and common 
rotation of front and rear wheel about the line connecting their points 
of contact with the ground), as long as we do not consider the degrees of 
freedom of the cyclist himself. It is well-known that given sufficient 
velocity the stability of this system relies on the fact that either by means 
of rotations of the handle bar, or by means of unconsciously released motions 
of the body, the cyclist calls forth suitable centrifugal effects. That the 
gyroscopic effects of the wheels are very small compared with these can be 
seen from the construction of the wheel; if one wanted to strengthen the 
gyroscopic effects, one should provide the wheels with heavy rims and tires 
instead of making them as light as possible. It can nevertheless be shown® 
that these weak effects contribute their share to the stability of the system. 
This is the case because, just as in the automatic steering mechanism of 
ships, they react more quickly against a sinking of the center of gravity 
than do the centrifugal effects. In the small oscillations which one has to 
consider in testing the stability of the motion, the gyroscopic action lags 
the oscillations of the center of gravity by a quarter period, whereas the 
centrifugal action lags them by a half period. 


8 Of. F. Klein and A. Sommerfeld, Theorie des Kreisels, Vol. IV, p. 880 and ff. In 
order to carry out the stability considerations we must of course exclude all 
participating action on the part of the cyclist. Not only must he be assumed 
to ride without hands, but also with motionless body; he should act only by 
means of his weight. This work also offers detailed material on other applications 
and on the mathematical foundations of the theory of the spinning top. 
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SuPPLEMENT: THE MECHANICS OF BILLIARDS 


The beautiful game of billiards opens up a rich field for applications 
of the dynamics of rigid bodies. One of the illustrious names in the history 
of mechanics, that of Coriolis®, is connected with it. 

The following explanations have as their main object the clarification of 
some problems which we shall pose on the subject. In these problems not 
only the dynamics of the rolling and sliding ball, but also the theory of 
friction on the billiard cloth will come into its own. 


(a) High and Low Shots 


The experienced player almost always gives the ball a “side” or 
“English.” For the time being we shall, however, consider only shots 
without English, in which the cue therefore hits the ball in its vertical 
median plane, and in a horizontal direction. We distinguish high and 
low shots. z 

We speak of a high shot if the point of impact between cue and ball 


lies above ia (a~=radius of the cue ball), as measured from the plane of 


the table; of a low shot if the ball is hit at a height less than ; a (cf. problem 


IV.3 in connection with this and the following). Only if the ball is hit 
at exactly this height does pure rolling take place from the very start. 
By virtue of the moment of inertia of a sphere given on p. 65, the rotation 
transmitted to the ball is then of such magnitude that the peripheral 
velocity corresponding to it is just equal and opposite at the point of 
support to the forward motion of the ball, so that the condition (11.10) 
of pure rolling is fulfilled. 

For high shots the peripheral velocity at the point of contact generated 
by the rotation is opposite to that of the center of mass of the ball and 
exceeds the latter. The friction at the cloth opposes the excess velocity 
(peripheral velocity—forward velocity), thus augmenting the original 
velocity of the mass center: for high shots, friction acts on the ball in the 
direction of the shot. The final velocity under pure rolling, which sets in 
once the friction has consumed the excess velocity, is greater than the 
initial one. Balls that are hit high run for a long time and in general 
betray the experienced player. 

For low shots the peripheral velocity at the point of contact is opposite 
to that of the center of mass, but outweighed by it; for even lower shots 
it is directed forward. In both cases friction acts in a direction opposite 
to that of the original impact. The final velocity under pure rolling is 
smaller than the initial one. 


® G. Coriolis, Théorie mathématique des effets du jeu de billard. ‘Pussy J 835. 
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As for the impulse Z (dimensions dyne-sec), it is of course to be inter- 
preted as the time integral of a very great force F in the direction of the 
cue over the very short time of duration 7, 


Tv 
Vie 
[Pat 
The impulsive torque about the center of the ball is accordingly given by 
Tv 
Zl= 
l={ Flat 


where / is the distance of the center from the axis of the cue. The impulsive 
torque vector is directed perpendicularly to the plane passing through 
center and cue axis. For the shots without English so far considered, it is 
directed horizontally and is normal to the median plane mentioned above. 


(6) Follow Shots and Draw Shots 


If the ball, after being struck high, meets one of the other two balls in 
central impact, it transfers all its forward motion to the latter because of the 
equality of the two masses involved [cf. Eq. (3.27a)]; but it retains its 
rotational motion if we neglect the friction between the two balls during the 
short time of contact. The instant after the impact the center of the striking 
ball is therefore momentarily at rest, while its lowest point glides over the 
billiard cloth. The friction thus arising is constant in time and acts on 
the ball in the sense of the original forward motion, while its moment about 
the center simultaneously slows down the existing rotation. Thus the ball 
is accelerated from the state of rest, while its rotation decreases accordingly. 
The acceleration ceases as soon as the peripheral velocity at the cloth has 
become equal to the forward velocity of the center, whereupon pure rolling 
sets in. Once this stage is reached, the ball rolls on with constant final 
velocity (we shall neglect the very slow effect of the rolling friction). This 
is the theory of the follow shot. 

The ball which is hit low similarly transfers its center of mass velocity 
to the struck ball and is momentarily at rest. We shall assume that the 
ball was hit very low, at any rate below the center, so that the peripheral 
velocity at the point of contact remaining after collision is directed forward. 
The friction now acts backward. The ball begins to move with constant 
backward acceleration, while at the same time its rotational velocity 
decreases, until pure rolling sets in. This is the theory of the draw shot. 

Since sliding friction is independent of the velocity, the variation with 
time of the center of mass velocity v as well as of the peripheral velocity 
u=aw is a linear one. The exercises so far considered can therefore be 
treated more conveniently by graphical than by mathematical methods. 
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To do the former we may construct a diagram in which we plot the instan- 
taneous values of v and u as ordinates against the time (problem IV.3). 


(c) Trajectories with “ English”? Under Horizontal Impact 


If the ball is not hit in the vertical median plane, but to either side of 
it, we speak of “‘ right English” and “‘ left English.” As long as the cue is 
advanced horizontally against the ball, the trajectory remains a straight 
line in the direction of the initial impact. 

The plane of the impulsive torque is now inclined to the vertical median 
plane, in high shots either to the right for right English, or to the left for 
left English, this inclination being such that the normal to the plane of the 
impulsive torque (this normal is parallel to the axial vector torque) is 
contained in the vertical plane through the center of the ball normal to the 
median plane. We can decompose the torque into a vertical component 
and a horizontal one at right angles to the direction of the impact. The 
first component causes a spin about the vertical diameter of the ball and 
generates a small “ boring friction’ at the cloth which has, however, no 
effect on the path of the ball. The lateral component on the other hand 
acts in the same way that it did in the shots considered under 1 and 2, 
so that the phenomena there observed apply without change to shots with 
English. In particular the trajectory remains rectilinear. 

The spin about the vertical diameter makes itself felt in the collision 
of the ball with a cushion or with a second ball. In the first case friction 
at the cushion occurs which deviates the ball to the left for right English 
and to the right for left English as seen by the player. The angle of reflection, 
which, for shots without English, is equal to the angle of incidence, is 
thereby altered; as a matter of fact the actual reflected path is generated 
from the equiangular reflected path by a rotation of the latter in the sense 
of the vertical spin imparted to the ball. This phenomenon is familiar 
to every billiards player. Together with the frictional force at the cushion 
there appears a frictional torque about the vertical which weakens the spin 
about the vertical diameter. The original English therefore gradually 
disappears after several impacts, a fact which is likewise known to every 
player. Ina collision of ball against ball the effect of the English is similar, 
acting in the same sense as in a ball-cushion impact. 


(d) Parabolic Path Due to Shot with Vertical Component 


The plane of the impulsive torque is now not only inclined as under (c) 
but also tilted forward as seen by the player. The vector’ torque has 
therefore not only components along the vertical and lateral directions, 
but also a component in the direction of motion. Thus the point of contact 
has a component of sliding velocity perpendicular to the initial motion. 
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The friction, which is opposed to the resultant velocity of the point of 
contact, therefore makes an angle different from zero with the initial motion. 
If we convince ourselves (cf. problem IV.4) that this angle formed with the 
original motion remains constant during the motion, and if we remember 
that the magnitude of the friction likewise remains constant, we conclude 
that the path of the ball is a parabola in the horizontal plane, since it is 
under the influence of a single force of constant magnitude and direction 
(principle of J. A. Euler, son of the great Leonhard). 

Shots of this type are very surprising to a player who does not have 
full knowledge of the laws of friction and the vectorial decomposition of 
angular momentum. They are especially useful when the two balls to 
be hit are at the two opposite ends of the short side of the table. In that 
case the vertical component of the impulse must be very strong, i.e., the 
cue must be guided at a small angle to the vertical. 


CHAPTER V 
RELATIVE MOTION 


The interest in the subject matter of this chapter derives mainly from 
the fact that we make all our observations on the rotating earth, which is 
not an allowable frame of reference, either in the sense of classical mechanics 
or in the sense of the special theory of relativity. In general relativity, 
on the other hand, all systems of reference are permitted (cf. p. 15), so 
that a separate theory of relative motion becomes meaningless. 

In this chapter we shall adopt the viewpoint that in every theoretically 
admitted reference system the mechanics of Newton holds rigorously. We 
shall then ask for the deviations from Newtonian mechanics that result from 
the motion of the reference system to which, for practical reasons, we are 
chained. 


§ 28. Derivation of the Coriolis Force in a Special 
Case 


Let a mass point move along a meridian of the terrestrial globe, of radius 
a, with the constant angular velocity pu, while at the same time the earth 
rotates about its axis with constant angular velocity w. As usual, we call 
6 the colatitude, ¢ the (celestial !) longitude. Apart from arbitrary initial 
values the motion of our mass point is then given by 


(1) 6=pt, d=oat. 
From the Cartesian coordinates of the point, 


x=a sin 8 cos ¢ 
(2) y=a sin 6 sin d 
z=a cos 80, 


we obtain by differentiation with respect to ¢, 


x=ap cos 8 cos 6—aw sin 6 sin d 
(3) y=ap cos 8 sin ¢-+-aw sin 6 cos d 
z= — ap sin 9. 


= —ap* sin 6 cos 6—aw? sin 0 cos 6— 2 apw cos O sin d 
(4) y= — ap? sin 6 sin ¢— aw? sin 6 sin +2 auw cos 8 cos d 
z= — ap? cos 0. 
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In the triplet of equations (4) the first terms on the right represent the 
usual centripetal acceleration which is associated with the motion along 
the meridian if the latter is at rest in space. The second terms give the 
centripetal acceleration resulting from the motion of a fixed point of the 
meridian in a circle of latitude (due to the earth’s rotation about its axis). 
The third terms, however, constitute something new, for they represent 
the kinematic interplay of both motions. If we multiply (4) by —m, we 
obtain the inertial force F* of our mass point in the compound rotation. 
In vector form it is 


(5) F*—,+- Cr+F,. 
The symbols C, and C, refer, as in (10.3), to “ ordinary centrifugal forces.” 


C, is directed radially-outward from the earth’s center and has the magnitude 


IC, | =map2=m™ 0,=ap. 


C, is directed outward normal to the earth’s axis, and has the magnitude 


c V9" 5 
IC, |= mao? sin 0=m—>—,’ vp =aw sin 8. 
1 a sin 6 


We can call the third constituent F, the ‘‘ composite centrifugal force ”’ 
(force centrifuge composée) or Coriolis force. Its complete vector expression 
[ef. Eq. (29.4a) ] is given by 


(6) F,,= 2 Vy_ Xo. 


We have here written v,,, instead of the vector v, corresponding to the 

preceding v,; by this we wish to indicate that quite generally it is the 

velocity relative to the rotating reference system that gives rise to F,. 
According to (6) the magnitude of F, is 


(6a) [F,|=2m 0,., w Sin (Vz), ©), 
so that, in our case, 
(6b) |F,|=2m v,,; w cos 8. 


cos @ is of course just the sine of the geographic latitude. As for direction, 
F, is perpendicular to both v,,,; and , or, equivalently, to C, and Qy. 
The sense of F, is given by the direction of advance of a right-handed 
screw turning from v,,, to w. This is illustrated in Fig. 48 for a particle 
moving from south to north. ‘Two positions, one in the southern and one 
in the northern hemisphere, are shown. In the former, corresponding to 
the sense of the right-handed screw vV,,; >, F, acts from east to west; 
in the latter, from west to east. 


M 
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Instead of a single particle we can also consider a continuous sequence 
of such particles, hence a river flowing along the meridian. Fig. 48 
then tells us that the inertial force of the water moving from south to 
north presses against the right bank in the northern hemisphere, against 
the left bank in the southern hemisphere. The change of sign in the pressure 
is evidently connected with the sine of the 
geographic latitude occurring in (6b). This oa 
rule is valid not only for south-north flow, VU 
but, as will be shown in the next section, for GE\\>> fa 
any direction of v,,,, and therefore, in particu- 
lar, also for the north-south direction of flow. 
This is intuitively obvious in our example. 
The west-east velocity of the water deriving 
from the earth’s rotation depends on its 
distance from the axis of rotation, hence on E 
the geographic latitude. Ifthe stream moves 
from south to north, the water in the northern : 
hemisphere has an excess of west-east mo- Fic. 48. Special derivation 
mentum imported from more southerly  °f Coriolis force: a mass point 
latitudes; this excess manifests itself as a moves slong a meridian of the 


: : Haseeie: rotating earth with constant 
pressure eastward, that is, against the rig velociiy V4 corcena ae 


bank. But similar reasoning must hold in the constant angular velocity 
the case of north-south motion. In that uw as seen from the earth’s 
case the water imports a deficiency of west- center. 


east motion from the northern latitudes. 

Let us mentally add the deficient amount in the sense of Fig. 41, once with 
+ sign, once with — sign. The part added with — sign has an east-west 
direction, and therefore exerts a pressure westward, i.e., again on the right 
bank. The same process of reasoning shows that in the southern hemisphere 
the river exerts excess pressure on its left bank, for south-north as well as 
north-south motion of the water. 

Geographers have proved by numerous examples that the pressure 
against the right bank in the northern hemisphere manifests itself in a 
stronger erosion of the right embankment (Baer law of river displacements) ; 
in addition the water stands slightly but measurably higher at the right 
shore of the river. 

Of much greater significance are the effects of the Coriolis force on 
ocean currents (deviation of the Gulf Stream and tidal currents of the 
northern hemisphere to the right). 

It is, however, in the atmosphere that its effects are most pronounced. 
The well-known law of Buys-Ballot states that the wind does not blow 
in the direction of the pressure gradient, but is deviated considerably, 


V.29 The General Differential Equations of Relative Motion 165 


to the right in the northern, to the left in the southern hemisphere; it is 
only at the equator that it follows the pressure gradient exactly. 

All these phenomena are immediate results of Newton’s first law and in 
the last analysis derive from the fact that in mechanics the rotating earth 
is not an admissible reference frame. 

In this section we have calculated the Coriolis force with the help of 
spherical polar coordinates. In problem V.1 we shall derive it in cylindrical 
coordinates. 


§ 29. The General Differential Equations of Relative 
Motion 


We replace the earth by an arbitrary rigid body B, which rotates with 
instantaneous angular velocity about a fixed point O. Let P bea 
particle which moves with arbitrarily varying velocity relative to B. Its velo- 
city with respect to space is then composed of this relative velocity and the 
velocity in space of a point of the body instantaneously in coincidence 
with P. According to (22.4) the latter is given by wxr. As in (22.4) 
we shall designate by w the velocity of P with respect to space; furthermore 
we shall call v (instead of v,,,) the relative velocity of P with respect to B. 
We then have 


(1) Ww=V+oxXr. 


Let us agree that temporal changes be designated by an overhead dot if 
observed from space, by = if observed from the body B. We can then 


write 
(2a) week, 
ot 
(2b) va", 
(2c) — im OL oxr. 


The acceleration of our point P in space is given from (1) as 
(3) Ww=V+oxr+oxr. 


In the middle term of the right member we substitute the value of r from 
(2a) and (1) to obtain 


(3a) .. : 9 @XP=oXv+oX(oxr), 
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We shall transform the first term on the right of (3) by replacing the arbitrary 
vector r in (2c) by v. This yields 


(3b) v= +oxv. 
Substitution of (3a) and (3b) into (3) gives 
(4) w= % 4 2oxvtox(oxr)+oxr. 


2 , ° do). 
We notice that according to (26.8a) we can write either w or — in the 


dt 
last term of Eq. (4). 

From (4) we proceed to the inertial force acting on our particle by 
multiplying both sides by —m. At the left we then have the inertial 
force F* in space; the first term on the right is the inertial force observed - 
in the non-inertial reference system B, which we shall call F%,. The second 
term on the right gives the expression for the Coriolis force which we met 


in (28.6), viz., 
(4a) —2m oXv=+2m VXo=F,. 


Our present treatment therefore supplements that of the preceding section 
by furnishing a general derivation of the Coriolis force. In the next to 
Jast term of Eq. (4) one easily recognizes (after multiplication by —m) 
the ordinary centrifugal force C, which appears to act on our particle by 
virtue of the rotation of the reference system B, and which was designated 
by C, in Eq. (28.5). 

From (4) we therefore have, collecting all the terms, 


(5) F*—F*,4C+F,+mrxo. 
Here we replace Ft, by its value from-the definition 
* dv 
TElling dt 


and recall that due to the equilibrium of external and inertial forces in the 
system fixed in space we must have 


F+F*—0. 
Thus we obtain the general differential equation of relative motion 


(6) me =F+0-+F,-+-mrxo. 


We see that in the system B there appear, in addition to the actual 
external force, the fictitious forces C and F,; from the standpoint of an 
observer moving with B, they act-in the same manner as the external 
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force F; actually, they result solely from the inertia of the particle m 
fixed in, or moving relative to, a non-Newtonian reference frame. The 
last term on the right of (6) is of similar origin; it stems from a possible 
acceleration or change in direction of the rotation. Applied to the earth it 
corresponds to the polar fluctuations and can certainly be neglected as 
vanishingly small. The differential equation (6) will be used in the three 
following sections and in problems V.1 and V.2. 


§ 30. Free Fall on the Rotating Earth; Nature of the 
Gyroscopic Terms 


Whenever we try to measure the effect of gravity, it is not just the gravi- 
tational attraction itself, but the resultant of the earth’s attraction F and 
the centrifugal force C that is observed. The flattening of the geoid, i-e., 
of the mean terrestrial surface, is itself determined by this resultant, and, 
in fact, in such a manner that the geoid is everywhere normal to it. If 
we put ; 


(1) F+-C=-mg, 


the gravitational acceleration ¢ is a vector which has the magnitude g, 
but a direction along the normal to the geoid, rather than along the produced 
radius of the earth. 

From (29.6) we obtain, in view of (1) and (28.6) and with neglect of the 
term in @, 


(2) w= -$+42Vvx0. ae 


ey we 
Let us now resolve this vector equation Nib 
1 


into coordinate equations by introducing 
an orthogonal system é, y, ¢, fixed in the Ww 
earth, and defined as follows (cf. Fig. 49): é & 


- Fig. 49. Free fall on rotating 

earth. System of coordinates: §& 
(3) »=west-east direction on the earth, along a meridian, 7 along a circle 
of latitude, ¢ along the normal to 


€=north-south direction on the earth, 


€=point of observation —> zenith= 


normal to geoid. the geoid. 
We then have, in component form, 
dg ) dy dt 
Vv = (F > ai =) : 
(4) Sa 0, 9); 
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¢ being the geographic latitude as in Fig. 49. It then follows from (2) that 


ad? ‘ ; ad 
9) 2 wsin ¢ Ft 
d 
(5) #12 —2weing = —~2wcosd ¥ 
d? a 
Te +g= 2 w cos ¢ 7 


Before proceeding to integrate (5) we wish to examine the general 
character of these equations. They are distinguished by the fact that the 
array of coefficients of the right-hand side is antisymmetric. Let us 
introduce abbreviations 


(6) - - g=2wsing, B=0, y=—2w cos ¢. 


The array then is clearly antisymmetric about the diagonal, as shown 
below: 


ag dy ag 
dt dt 


B 
(7) 


This antisymmetric character indicates conservation of energy. If diagonal 
terms were present or if, speaking more generally, the array of coefficients 
had a symmetric part, we should have dissipation of energy. 

For let us multiply Eqs. (5) row by row by S a, #, and add. All 
the coefficients of «, 8 and y on the right vanish, and we are left with 


sail(ae) +(at) + (@) |+ 90. 
that is, 


(8) ; T +-V=const. 


Here 7 and V are the kinetic and potential energy of relative motion (where 
we have put the mass=1). This conservative character of our array of 
coefficients can be made evident even without calculation; for by virtue 
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of the factor Vx, F, is perpendicular to the motion and therefore does no 
work, in analogy with magnetic forces in electrodynamics. 

If, on the other hand, the array of coefficients had a symmetric contri- 
bution, we should have 


(9) 2 (T+V)<0 


where the < sign results from the assumption that the signs of the coefficients 
satisfy the physically necessary conditions corresponding to a damping of 
the motion. It is seen that (9) results not in conservation, but rather, 
as asserted, in dissipation of energy. An example (only one-dimensional, 
it must be admitted) of the dissipative character of an even array of coeffi- 
cients is furnished by Eqs. (8) and (9) in the treatment of damped oscillations 
of Chapter IT, § 19. 

With Lord Kelvin we call the terms of an antisymmetric array of 
coefficients gyroscopic terms. The name suggests that they indicate an 
internal gyration of the system (in our case the earth) which has not been 
taken into account explicitly in setting up the problem, but has instead 
been incorporated in the choice of coordinates (in our case the &, y, €). 
Such gyroscopic terms play an important role in general laws concerning 
the stability of equilibria and motions. 

We shall now proceed with the integration of Eqs. (5). Let us postulate 
a free fall from height h without initial velocity. We therefore require 
at t=0: 


ag _dy_ df _ 
dt” dt dt 


From the first and third Eq. (5) we then have 


(11) 46 _2umsing, + gt=2uncosd. 


Replacing these in the second Eq. (5), we obtain 


(12) aia! wn=Ct, C=2ug cos ¢. 

The integral of this equation is found by the general rule laid down in 
connection with Eq. (19.4), viz., “‘ particular solution of the inhomogeneous 
equation + general solution of the homogeneous equation.” In the present 


case this leads to 


7= Ga t-+A sin 2wi+-B cos 2wi. 


170 Relative Motion V.30 


Conditions (10) require that we put 


Bo, Sod== rot ie, 


C sin 2wt g cos sin 2@t\ 
(13) 1 a8 (1 Pare (- =) 
According to the meaning of 7, cf. (3), this is the eastward deflection. 
é is the southward deflection. From (11) and (13) it satisfies 


d : in 2wt 
ug sin ¢ cos ¢ (t- IS ) 


whose solution, with due regard for (10), is 
: 2 1—cos 2wt 
(14) £=g sin $ 00s $ (5 - gas)" 


With the help of (13) and (10) we finally obtain from the second Eq. (11) 
the motion along the vertical, 


2 1—cos 2wt 


wt is a very small number of order of magnitude (time of fall) ~ (1 day). 
We can therefore develop the solutions in powers of wt. In lieu of (13), 
(14), and (15) we then obtain 


2 
n= cos ¢ wt, f= sin ¢ cos ¢ (wt)? 


ene i (1- coe ¢ (wt)?). 
The eastward deflection is accordingly of the first, the southward deflection 
of the second order in wt. The deviation from the law of freely falling 
bodies along the vertical caused by the earth’s rotation is likewise only 
of the second order in wt. The eastward deflection has been observed in 
several instances and found to be in agreement with theory; under favorable 
circumstances (deep mine shaft) it amounts to several centimeters. 

Evidently these (observable or unobservable) deflections are due to 
the fact that the initial conditions (10) which lie at the very basis of both 
theory and experiment prescribe rest with respect to the earth. They hence 
imply a certain velocity in space, which is of the magnitude (earth’s angular 
velocity) - (distance from axis of earth). This velocity is somewhat different 
from the velocity with which the earth’s surface moves away under the falling 
body. It is then clear that the body does not hit the earth at the exact 
vertical projection of its initial position, 


Wes Foucault’s Pendulum val 


§ 31. Foucault’s Pendulum 


Once more Eqs. (30.5) are in force, but with the added condition that the 
mass point have the constant distance | from the point of suspension of 
the pendulum. We write this condition in a form similar to that used for 
the spherical pendulum (18.1), i.e., 


(1) P=F(E+7+0—P)= 


and introduce the Lagrange multiplier associated with it. Eqs. (30.5) 
then read 


ad? : d 
a 2w sin ¢ 3 +r€ 
d? < 
(2) 1 = —2wsin $F —2w cos $ 2 +dy 
d? d 
T+9= 2 w cos $F +l. 


We shall of course restrict ourselves to small oscillations. We therefore 


regard $ and as small quantities of the first order; from (1) it follows 
that - =1 up to quantities of the second order. More precisely, for 
points in the neighborhood of the rest position we can write 

£=—1 (1+ quantities of second order), 


since ¢ is of course directed vertically upward. The third Eq. (12) then 
shows that up to quantities of the first order 


9. 
(3) g=—Al, hence A=— 5 


Once more we write down the first two Eqs. (2), neglecting the term in S 


because small of second order, and using the abbreviation 
(4) ji u=w sin ¢, 
to obtain 

ae ut 


(5) 
= H49 uZ eT 


It is convenient to consolidate them in complex form by multiplying the 
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second Eq. (5) by 7, adding it to the first one, and, as on p. 142, Eq. (26.10), 
introducing the new variable 


(6) s= &+1y. 
We obtain 
2 - ads 
(7) Sa tein S +4s=0, 


which is a homogeneous linear differential equation of second order with 
constant coefficients. Note that it is the gyroscopic character of the 
middle terms of Eqs. (5) which made step (5) —> (7) possible. 

Eq. (7) is solved by putting 


s= A etal, 
Substitution in (7) gives 
a2 ua— q =), 
a quadratic equation in « with the roots 
(8) %= —u-+(ut+9)} and a= —u— (w+f)*. 
It follows that the general solution of (7) is 


(9) s= A, elit A, ett, 


The constants 4, and A, are determined from the initial conditions. In 


agreement with the experimental arrangement we shall stipulate that these 
be 


(10) g=a, 7=0, 2-0 ati—o. 


We therefore imagine that the bob is pulled by an amount a out of its 
plumb line position along the positive ¢-axis, i.e. (cf. Fig. 50), southward 
along the meridian, and then released without impulse. From (10) the 
initial values of our complex variables are 


(10a) s=a, = =0 at t=0. 


Kq. (9) then gives 
(11) A,+Ay=a, 
(11a) A, a,+Aya,=0, 
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Next we calculate the expression for < ; it is somewhat less involved 
than that for s itself. Recalling (1la) we have 


mia teeter 


from which, according to (8) and (11b), 


(12) =r = “ea a (w+ f)he. 
l 


We arrive at the following conclusions: whenever the sine factor vanishes, 
we have 


d 
0 and hence CE a= is 


This represents the occurrence of a turning point or cusp in the trajectory 
of the bob. According to our initial conditions (10), the first one of these 
occurs at t=0. If we put 


(13) (as 


succeeding cusps occur at 


t=T is the duration of a complete to-and-fro motion. 
Putting w=0 (that is, w=0) makes Eq. (13) agree with 
the period of oscillation of a simple pendulum without 
terrestrial rotation — as would be expected. 

In order to see where the bob of our Foucault pen- 
dulum is located at t=7', we make use of (13) and (11) 


to obtain from (9) 3 

ul § 
om A,e i vent Age eT ant (A,+A,) e wT —qe-WT, 

Fie. 50. 
The bob therefore has the same distance a from its rest Foucault’s pen- 
position as it had at the outset of the motion, but its dulum. Bird’s- 
azimuth no longer coincides with the southward meridian, eye view of aie 

’ trajectory of the 


as initially, but has acquired a lag with respect to this 


6 . 4 bob. Initial dis- 
direction given by the angle 


placement to 
& eee the south; west- 
Th = 2a() pee ¢. ward deflection 


g 
(w+ 1 in a complete 
oscillation. 
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The bob is thus deflected westward, cf. Fig. 50. We can explain this by 
saying that for zero rotation of the earth the pendulum bob would pursue a 
straight south-north-south course. In our case, however, the Coriolis 
force, through its ‘“ pressure on the right bank,” displaces the trajectory 


5 1 
by an angle Sul eastward while the bob is swinging out, ,uT westward 


while it is moving back. 

Foucault’s experiments of 1851 and those of his countless successors 
yielded only qualitative results; a quantitative investigation of all sources 
of error was carried out by H. Kamerlingh Onnes, later leading authority 
in the field of low temperatures and discoverer of superconductivity, in 
his Groningen thesis of 1879. 


§ 32. Lagrange’s Case of the Three-Body Problem 

We cannot resist the temptation to conclude our analysis of relative 
motion with the proof of a famous principle enounced by Lagrange (Paris 
Academy, 1772): The three-body problem can be solved in closed and elementary 
form if one assumes that the triangle formed by the three celestial bodies always 
remains similar to wtself. The masses of the three bodies are completely 
arbitrary. 

The proof of this principle will show that 

1. The plane through the three mass points is fixed in space. 

2. The resultant of the Newtonian forces on each of the three points 

passes through their common mass center. 

3. The triangle formed by them is equilateral. 

4. The three points describe conic sections similar to each other, 

with the common mass center at one focus. 

The proof given by Lagrange is rather involved. It can be simplified 
if, with Laplace, we assume from the start the first conclusion above. 
Carathéodory? has, however, shown that even without this assumption an 
elementary proof is possible. His starting point is our vector equation (29.4) 
resolved in orthogonal coordinates. We shall follow his proof with minor 
modifications. 

We consider the plane S which passes through the three points P,, 
P,, P3 (masses m,, Mg, ms) and therefore also through their center of mass O. 
Without spoiling the generality of the problem we can define the latter 
as being at rest. S therefore rotates about the fixed point O; this rotation 
includes a component causing S to turn into itself about its normal at O. 
Call » the total angular velocity. We imagine ourselves to be located on 
a frame fixed in S from which we observe the motion of the points P,, in a 
way similar to that in which we observed the motion of Foucault’s pendulum 


1 Sit’. Bayr. Akad. Wiss. 257 (1933). 
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from a _ From O we measure the radius vectors r;,, to the points P,; 
Vi and “YA i : * are their velocities and accelerations as observed from S. Making 


use of the vector rule (24.7), we write down the differential equations (29.4) 
of the motion in the form 


d 
(1) TE +4 2oxv;,+o(r, * o)— t,o? + axr,= ale 


F,, is the vector sum of the Newtonian gravitational forces acting at m,. 
Thus, for example, 


(2) Fi _ Gm, Y.—T) Gm, 13—T) , 
m, |ra—r,|? |r.—ry| [ter |" Ite—ril 


We fix a Cartesian coordinate system in S, with origin at O, and z, y, arbi- 
trarily oriented, in the plane of S; at O we erect the z-axis perpendicular 
to S. In Eulerian fashion we resolve w along these axes, 


(3) @=(w4, We, as). 


Let the component ws (rotation of S into itself) be determined by considering 
> 
the direction of one of the vectors OP,, fixed in S. But we assumed that 


the triangle P, P,P, was to remain similar to itself; it follows that each 


— 
of the other two vectors OP;, as well has a direction fixed in S. We can 
then write 


(4) Ty=A(t) (My, by, 0); 


where a, b;, are the Cartesian components of P;, at some given initial time. 
The function A(é) determines the common change in scale of the vectors 


— . te 
OP,, and hence also that of the triangle P,P,P3: with A and A the 
derivatives of A, we obtain from (4) that 


Vi =A(t) (ay, Bx, 0); 


ad 
a A(t) (Ag, Bg, 0). 


(4a) 


It further follows that the resultant force F; of Eq. (1) has a vanishing 
z-component, and z- and y-components inversely proportional to 4?. We 
shall write this force in abbreviated form as 


F i 
(5) Pie r2 (8) (Ly; M;,; 0). 


Next we write down the z-component of Eq. (1) perpendicular to S, 


QA (copby— egy) + Atos (ty coy +p toa) + A( coy Dy — cntq) =O, 
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or, factoring out a, b;, 
(6) {—DAevg-+-A( cog coy cdg)} gt {ZAC +A (cog gt 60)} Og=O. 


The two brackets {} are functions of t independent of k. Calling them 
f(t) and g(t), we obtain 


(6a) ; ts Se aR, 
We have, however, assumed that the points P, form a triangle, i.e., are not 


collinear. The three ratios b/a must therefore be unequal. In that case we 


can satisfy (6) only by putting f=g=0. Explicitly 
2ay= —A(w3@2+ a4), 
2Aa@.= A(@3 a4 — Wg). 


(7) 


Multiplication by w, and w, respectively, followed by addition, yields 


2X @10,+W20), 
ah o2+o,? 
and, by quadrature, 
(8) w+ wo? = Be C=constant of integration. 


We proceed to write the x- and y-components of the differential Eq. (1). 
They are 


hag ~ 2 erg AB yt oy A (ay, 004 +-bj_ 9) — Day (ony?-+ 22? + 0292) — yA Oy= FE 


Abp +2 wg AQ, + (g.A (ay, cy +04, ag) — ADz (coy? + 9? + wg”) ++ w3Aq;,= - ; 
or, arranged in factored form, 


{A— X (92+ ws?) bay, — {2 Gen Ne 1 @o+ ws) = =F 
(9) : ; nae M 
{2wgA-+A (wy w+ ws) Ja, +-{A— A (coy? ws?) $B, = See 
The brackets { } of the first equation and similarly those of the second, 
when multiplied by A*, must therefore each satisfy three linear equations 
with constant coefficients (independent of t). This is possible only if they 
are themselves constant. It follows that the difference of the first and fourth 
brackets and that of the third and second brackets each equal a constant 
divided by 4. We then have — : 


* _— _B 
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A suitable consolidation gives 


(wy £ tw)? = a 
from which the absolute magnitude 
(11) wftoe= i D=(4?+B%)t 


is obtained. A comparison with (8) would lead to 
(11a) A= =const. 


unless both C and D were to vanish. Now according to (10) A=const. 
would make both w, and w, constant, so that, from (7), ws would have to 
be zero. By suitable choice of the coordinates x, y one could even make 
w,=0; the first Eq. (9) would then yield L,=0. In that case the three 
points P;, would have to be collinear, contrary to our hypothesis. 

We must therefore put C= D=0 and obtain from either (8) or (11) that 


(12) @,= w,=0. 
This proves statement 1, that the plane S rotates with angular velocity w. into 
itself; its normal is fixed in space. 

If we apply the equation of angular momentum to our system we see 
that the motion of the points m, within the plane S cannot contribute to 
the areal velocity constant. This constant is hence directly determined by 
the angular velocity w3, of S. We must have 


const. = w3 >My [r,,|? = 3? > my, (az-+2}). 

For this we can write 
(12a) x w3=/ (y= constant) ; 
it follows that 
(12b) 2Nws+A" d=. 

By virtue of (12) and (12a, b) Eqs. (9) simplify to 
(13) ah Okra Fil 
; contained in them says that the moment of F, 


- L 
The requirement Aiea % 
about O vanishes, for 


j i] 
(14) bry] = ja (4s M,—byL,)=0, 
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.so that F, passes through the mass center O. The same holds for F, and 
F,. This is our assertion 2 which states that the resultant of the forces acting at 
P,, passes through the mass center of the particles m,. 

We can make use of (2) to write (14) more explicitly. We have at once 


T,X Fy, mei, | MM XTz 
(15) “mG = Ton t nl 


But from the definition of the mass center, 
(16) M41 +Msr,+Mgrg=0, 
and therefore 

MoV, XTo+mMsr, Xr3=0. 


Substitution into (15) yields 


I 1 
mats X09 (ap map) =? 


that is, 

(17) [te—3|= |rs— 11. 
Similarly we find 

(17a) |rs—Ya|=|r,—rz], ete. 


We have thus arrived at statement 3: the triangle is equilateral. 
; L M c ; 
The quotients ae and = occurring in (13) can each be determined. 


To this end, let us call As the side of the triangle, where 
8° = (Aq— @y)?+ (bg— by)? = (a3— ag)? + (bg — bg)? = 
According to (2) and (5) we then have 
es aime (@g—@,)-+ m3 (a3—a,)} 
and, in view of (16), 
(18) 


The right member of this a is symmetric in the "es and the — 


dy, 6,; it therefore represents the value not only. of = —» but of 2 ;_ and 


also of a Substitution of this value in (13) yields 


(19) NF — Sm tmy ty). 
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This differential equation in A describes the motion in time, i.e., the rhythm 
with which our equilateral triangle alternately expands and contracts. 

There is, however, a simpler way to gain insight into this secular 
motion and at the same time into the form of the trajectories; we abandon 
the plane S and observe the motion from a plane 8’ coinciding with S, but 
fixed in space. In S’ the only force acting on the mass point m, is the 
resultant force F,, directed toward the mass center which is at rest; the 
fictitious forces (Coriolis, centrifugal, etc.) occurring in (1) drop out. From 
(5) and (18) the magnitude of F,, is 


_ mG 


(20) |= 25 (LE MY" = — ES (oy +g mg) GEO. 


The only quantity in the right member that varies in time is 2. With the 
help of (4) it can be expressed in terms of |r;|, 


dk? 
ee oy 


Let us replace A by this value in (20), define a new mass 


21 42\8 
(20a) m= cena 


and the total mass M=m,+m,+ms3. Instead of (20) we then obtain 


Each of our three mass points hence moves in space independently of the 
others, as if endowed with a mass m,’, and attracted to a mass VM at rest 
in O in a Newtonian manner. It therefore describes a conic section with one 
focus at O. 

In order to be able to say something about the magnitude and mutual 
position of the three conic sections we must take into account the initial 
conditions implicit in the state of motion we have postulated. Let us for 
example consider the instant at which A= A,,;, when the distance 


(21) ee Ce 


of all the m, from O is an extremum. According to (4) the radial velocity 
in S is then equal to zero; the velocity in S’, i.e., in space, is given by the 
component w, of angular velocity multiplied by the distance (21); the 
factor (a?-++b7)* occurring in this distance is thus a measure of the similarity 
not only of the initial velocities and initial distances from the common mass 
center, but at the same time of the size of the three conic sections resulting 


N 
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from these initial values. With this, statement 4 is established. The positions 
of the three conic sections are distinguished by the angles which the three 


are 
radius vectors OP, form with each other. 

In the special case m;=m.=ms3, where the mass center coincides with 
the intersection of the medians of the equilateral triangle, the conic sections 
are congruent and displaced by 120° with respect to each other. 

In addition to this motion in conic sections there is, according to 
Lagrange, a class of motions expressible in elementary form in which the 
three bodies are located on a rotating straight lime. However we do not 
want to go into this here. 

Let us finally point out that from the specialized three-body problem 
of Lagrange one can pass to a correspondingly specialized n-body problem. 
In the case of nm equal masses and suitable initial velocities one then obtains 


n congruent Kepler ellipses, which are displaced by an angle on with respect 


to each other and traversed in the same rhythm. At one time this mode 
of motion was temporarily advanced for electrons to explain the L-spectra 
of X-rays [Physikal. Zeits. 19, 297 (1918)]. 


CHAPTER VI 


INTEGRAL VARIATIONAL PRINCIPLES OF 
MECHANICS AND LAGRANGE’S EQUATIONS FOR 
GENERALIZED COORDINATES 


§ 33. Hamilton’s Principle 


We have already met a variational principle of mechanics, that of 
d’Alembert. This principle compares the state of a system at any given 
arbitrary instant with a neighboring state obtained from it by a virtual 
displacement. The principles which we are about to consider are integral 
principles. They differ from the former in that we shall be concerned with 
the successive states of the system during a finite interval of time, or, what 
amounts to the same thing, over a finite section of the trajectory. These 
states are then compared with certain corresponding virtual neighboring 
states. 

The different integral principles with their various names are disting- 
uished by the way in which the correspondence between the original states 
and their neighboring or varied states is established. They all have this 
in common: the quantity to be varied has the dimensions of action. They 
can therefore all be collected under the name “ principles of Least Action1.”’ 

While power, as we already know, is a quantity of dimensions Energy x 
Time™!, action has dimensions Energy x Time. An example of this is the 
elementary quantum of action, or Planck’s constant, which we shall encoun- 
ter in § 45, i.e., the quantity 


h=6.624 ° 10-2’ erg sec. 


We shall first deal with Hamiulton’s principle. It differs from that of 
Maupertuis, to be treated in § 37 (though historically the latter came first), 
in that here the time is not varied. This means that the system arrives at any 
given point of the actual trajectory, of coordinates z,, at the same time as at 
the corresponding point of the varied trajectory, of coordinates 2;,,+d2,. 
The following statement sums up this property of Hamilton’s principle: 


(1) St=0. 


1 In English-speaking countries this usage is not common. We shall hence at once 
distinguish Hamilton’s principle from the principle of least action (sometimes 
called the Principle of Maupertuis)—TRANSLATOR, 


18] 
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We must remark at this point that when we speak of the trajectory 
or path of the system, we do not mean the trajectory of a point of the 
system in a space of three dimensions, but rather a curve in a space of many 
dimensions, characteristic of the motion of the system as a whole. Thus, 
in the case of f degrees of freedom, this curve lies in the f-dimensional space 
of the coordinates q, .. . g, (cf. p. 48). 

In addition to the condition (1) we demand that another restriction be 
imposed on the variations in Hamilton’s principle; the end points O and P 
of the section of the trajectory under consideration and of its varied neigh- 
boring trajectory must coincide in space. Hence we have, for any 
coordinate x, 


The adjoining figure has been drawn to aid in visua- 
lizing symbolically, in three dimensions, the relation 
of the actual path (solid) to the virtual one (dashed). 
The displacement 6g, resulting from the variations of 
the coordinates 6z, is to be completely arbitrary except 
at the two end points, with the restriction that 5q be 
continuous and differentiable in t. There is a one- 
to-one correspondence between any point on the real 
path and one on the varied path, obtained from the 
former by a displacement 6g, and two such points 
belong to the same time ft. the “ traientonaes 

We shall now derive Hamilton’s principle. We yamilton’s principle. 
start out with the form (10.6) of d’Alembert’s principle, The time is not varied. 


Fic. 51. Variation of 


(3) Dx (1j,& 4% —X y) 8&4, + (MY, ~ Y 4) 8Ypz,+ (my, 2%, — Zy,) 82, }=0. 
=] 


We therefore consider a system of n discrete mass points which may, how- 
ever, be coupled by either holonomic or non-holonomic forces of constraint 
of unspecified nature. It follows that the 8z,, dy,, 5z,, which must of course 
satisfy these constraints, are not independent of each other; in the holo- 
nomic case of f degrees of freedom only f can be chosen arbitrarily. In 
the non-holonomic case they are related by differential conditions. 

We shall at first take up a purely formal transformation of relation (3), 
by writing 


a den . ds 
(4) 8%, = 5, (Lp, 5x,,) — dy (Bary) ’ 


where we shall at once ask ourselves what the meaning of an expression 
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d : . 
such as ay Orn) is. For this purpose we compare not only the actual path 


of the x, with the virtual path of the z,+4x,, but also the velocity , along 
the actual path with the velocity x,+-52,, along the virtual path at the same 
instant t. The latter velocity is defined by the identity 


S (ay-+8my) = 4, + 2 (3x). 
We equate these two ways of writing the varied velocity and obtain 
(5) Gel 8%,)= Bi. 
Let us introduce this result into (4), 
(6) i, By = F (ty, iby) — shy Bak = F(t, Bay) — 48 (&,2). 


Similar equations hold of course for the coordinates y, and z,. Hence (3) 
can now be written in the form 


> m (2,80, +p, 8Y +2, 824) = 
(7) 
DSP A > (X, Sart ¥i_8yp_+Zp,824)- 


The second term on the right is nothing else but the virtual work dW, that 
is, the work done by the external forces in our virtual displacement. On 
the other hand, the first term on the right is the variation of the kinetic 
energy 7’ given by 


T=> Feet ep 


which occurs when we pass from the real to the virtual trajectory. Eq. (7) 
can therefore be simplified to 


(8) SD Ma dep Bt, + Gp 894+ 2.8%) = 81 +8 W. 


Before deriving some further conclusions from this, we shall digress for 
a moment to make some remarks about the relation (5). Let us write it 
down once more, in the form 


(9) =, 06 =5-—- 
Tf we recall that ¢ is not varied, and that 6t=0 implies édf=0, we can 
replace (9) by 


(9a) = = or also déu=édz. 
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Eq. (9a), especially in the second form d5= 6d, plays a fruitful if somewhat 
mysterious role in the older calculus of variations of the Euler type. We 
note that (9a) really says the same thing as the somewhat trivial Eq. (5) 
relating the time derivative of the virtual displacement to the virtual 
variation of velocity, except that (9a) contains the two assumptions that 
the time is not subject to variation and that the virtual displacement is 
continuous. 

We now return to Eq. (8) and integrate it over ¢ from f, to 4. The 
left-hand side vanishes because of (2) and we are left with 


ty 
(10) | (87 --8W) dt—0. 

ie 
Owing to the type of variation embodied in Hamilton’s principle, this can 
also be rewritten as 


fy ty 
(11) 3 rat | SW dt=0. 
ty i 


It would, however, be erroneous to replace the latter integral by 58{W dt; 
for while it is true that the virtual work 8W and the amount of work done 
in dt, i.c., dW, have a well-defined meaning, this is not so for *he work W 
itself. W tis, in general, not a “ state variable.” It is a state variable only 
if dW is a perfect differential, that is, if the external forces satisfy those 
conditions which guarantee the existence of a potential energy V [cf. § 6, 
(3)]. In that case we can replace 


fowae by = [avae— [Vat 


in Kq. (11), which then takes the classically simple form 


bh 
(12) 8] (T-—YV) dt=0. 

ty 
This is the equation one usually thinks of when one speaks of Hamilton’s 
principle. It is valid, according to the statements of p. 46, for conservative 
systems. We can call equation (11) Hamilton’s principle generalized to 
include non-conservative systems. 

We now claim that Eqs. (12) or (11), respectively, contain the sum- 
total of mechanics, just as does d’Alembert’s principle. This emphasizes 
the special significance of the energy-like expression 7—V. In mechanics 
it is called the Lagrangian function (or Lagrangian, for short) and takes 
Eq. (12) into 


t 
(13) 5]. Ldt=0 where L=T7T~—Y. 


to 
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In words, the time integral of the Lagrangian is an extremum. Helmholtz 
relied heavily on the variational principle in Hamiltonian form in his last 
works; he extended it to electrodynamics, and called L tke kinetic potential. 


. The name “ free energy,” as opposed to the “ total energy” T7+.V, would 


be equally justified in view of its wide use in thermodynamics. 

Hamilton’s principle derives special value from the fact that it is totally 
independent of the choice of coordinates. In fact, 7 and V (as well as W) 
are quantities of immediate physical significance, which can be expressed 
in any desired set of coordinates. We shall make use of this property in 
the following section. 

Hertz was of the opinion that Hamilton’s principle was valid only for 
holonomic systems. ‘This error was corrected by O. Hélder (Géttinger 
Nachr. 1896). 

Hamilton’s principle goes counter to our need for cause-and-effect 
relationships, as do all the other variational principles involving action 
integrals. For here the sequence of events is determined not by the present 
state of the system, but is instead derived under equal consideration of 
both its past and future states. It seems then that the variation principles 
are not causal, but rather teleological. We shall come back to this point — 
in § 37, where we shall deal with the historical origin of the principles. 
There we shall also briefly touch on the conversion of Hamilton’s principle 
into forms useful in fields of physics other than mechanics. 


§ 34. Lagrange’s Equations for Generalized Coordinates 


Let us consider an arbitrary mechanical system. We shall for the 
present assume that its parts are coupled by holonomic conditions only. 
The number of degrees of freedom of the system is f. We can then introduce 
f independent coordinates which determine the position of the system at 
any given instant. We shall call them, as on p. 49, 


(1) 11 Ja. -+- qf: 


These are our position coordinates. To them we add the “ velocity 
coordinates ”’ 


(1a) Gh dar +++ Vy 
The q, and q;,, together completely specify the state of the system at any 
instant. 

Let us be more explicit : let the system be described for the moment 
by n>f coordinates 2, ...,, which need not necessarily be Cartesian. 
Let n—f conditions hold between them, of the form 


(2) F (4, %q,...%,)=0, k=f+1, f+2,...% 
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We can then define g;, as some function F, of 7, ...%,,; 
(2a) FG; Ses > 2) ee 


Let us denote the partial derivatives of F,, with respect to x; by Fy; @ 
differentiation of (2) and (2a) with respect to ¢ then gives 


n. eee eee 
(2b) > Fin (y + + + %n) eat are ee 


i=1 


We can calculate from this the x, as linear functions of the q;,, with coeffi- 
cients that depend on the 2,,...,, or, by virtue of (2) and (2a), on the 
Qu. ---4,- The kinetic energy 7, a homogeneous quadratic function of the 
z,, just as it would be were it expressed in Cartesian coordinates to begin 
with, again becomes a homogeneous quadratic function of the q, with 
coefficients that depend on the q;. For the present we shall postulate that 
the potential energy V is a function of the g, only, without, in principle, 
excluding the possibility of later making V a function of the q, as well. 
In this connection we may now complete the definition (33.13) of L by stating 
that 


L is to be regarded as a function of the q;, and q;,. 


For the time being we shall exclude an explicit dependence of L on t. 

It is in this sense that we now write down the variation of L, i.e., the 
difference between the values of ZL in the virtual varied state g,,+-6q;, 
9,+5q; and in the original state q,, q;,: 


: oL Ob .- 
(3) 8L= Dea Stet Doty Sap: 
This variation is now introduced into Hamilton’s principle 


ty 
(3a) , i dLdt=0. 


t 


This form differs from that in (33.13) in that we have written the variation 
under the integral sign, whereas we had previously put it in front. The 
two forms are, of course, equivalent by virtue of rule (33.1), which says 
that ¢ and dt are not varied. In any case, Eq. (3a) corresponds to the 
formulation (33.10) in which we first encountered the principle. 

We now carry out the integration over the time indicated by (3a) on 
the general term of the second sum of (3). For this purpose we alter the 
form of this term by a partial integration, a procedure which has been 
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characteristic of the whole calculus of variations ever since Euler: 


oe. % ald Oho [9 ¢ OL 
(4) len 5q;, df= ii ag, at 5g; dt= oF Sd; | [, di Bay, 5q;, at. 
In the last member of this double equality the first term vanishes because 
of the conditions laid down in (33.2). The complete expression (3) for 6L 
therefore yields 


= houfd ab ab 
(4a) ip 6Ldt= — I, > (j5n— Fa, ) 0k dt=0. 


Now the 6q, are independent of each other. We can therefore make all but 
one of them zero. ‘This one we can also make zero everywhere along the 
“trajectory ” of Fig. 51 except in the neighborhood of a single point, or, 
what amounts to the same thing, during a time interval 4é at an arbitrary 
time ¢. In order to satisfy (4a) we now require that 


doh aL 
At 


But At is finite, and 5g, does not vanish during the interval 4t. Hence 
we must have, for any time ¢ and any index k, 


6) dt bay, ea,” 


These are Lagrange’s equations for generalized coordinates, or, as they are 
also called, Lagrange’s equations of the second kind, specialized to the case 
so far considered in which the forces acting on the system have a potential 
and the internal constraints of the system are holonomic. 

If one or the other of these assumptions is dropped, we arrive at an 
extended form of these equations; let us hence consider two cases. 

The first case is that in which the forces are not derivable from a 
potential. In that case the form (33.11) of Hamilton’s principle will have 
to be our starting point. We think of the virtual work 6W of the external 
forces as expressed in terms of the virtual displacements 5q,, and are led 
to write 


(7) | SW=> Q894- 


2 In general we use the term ‘“‘ Euler’s equation’ of a given variational problem 
to designate an equation of type (6), and the derivation of (6) from (4) and (5) is 
typical of the derivation of Euler’s equation in any such problem. We can there- 
fore say that Lagrange’s equations are the Euler equations for the variational 
problem characterized by the function J, 
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We shall call the coefficients Q, here introduced the generalized components 
of force associated with the coordinates g,. This is a formal extension of 
the force concept, which is of course admissible as a mathematical definition. 
Furthermore it is quite useful. Thus we can now restate the definition of 
the moment of a force about an axis given in (9.7) as follows: the moment 
of a force is the generalized force associated with the corresponding angle 
of rotation. It is clear that the quantities Q;, defined in (7) no longer possess 
vector character, nor need they in general have the dimensions of dynes 
any longer. From (7) it is seen that their dimensions depend instead on 
the dimension of the associated q,. Thus moments of force must, as we 
already know, have dimensions of work, hence ergs, for the associated 89, 
are angles and therefore dimensionless. 

If we now introduce (7) in (33.11) and carry out the transformations 
indicated by Eqs. (4) and (5), we clearly obtain, in place of (6), 


dot af 
(8) 


We can write this in a somewhat more general form as 

d 6L a 
(8a) Sb ~ By = Oe 
This is more general because now we can take into account the case where 
some of the forces acting are derivable from potentials, others not. We 
need only write the @;, corresponding to the latter type of forces on the 
right side of (8a). The potential energy of the former, on the other hand, 
can be combined with the kinetic energy T to form the Lagrangian L 
of (8a). 

Eqs. (8a) are then the Lagrange equations for forces some of which are 
not derivable from potentials. 

If now we drop the second of the previously stated assumptions, i.e., 
postulate that the constraints of the system are in part non-holonomic, the 
introduction of the coordinates q, is made invalid. For by definition non- 
holonomic conditions cannot be put in the form (2) and hence cannot be 
eliminated by proper choice of the g. We are then forced to introduce an 
excessive number of g, that is, a number greater than the number of degrees 
of freedom for infinitesimal motion. The latter is f—r where f is the number 
of degrees of freedom for finite motion and r the number of non-holonomic 


conditions. These can be written as virtual conditions in a form similar 
to Kq. (7.4), ’ 


; . 
(9) > Fuld ---9)8%,=0, p=1,2,...7. 
k=1 
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They imply a restriction on allowable variations 5¢,. One takes this 
restriction into account by multiplying each of the Eqs. (9) by a Lagrangian 
multiplier \,, and then adding it under the integral of (33.13). One obtains, 
with the F in somewhat abbreviated notation, 


ty P 
lb Gee uF yp 84,) a=. 


The Eulerian transformation proceeds as in (4), where instead of (4a) we 
obtain 


ty a 
(10) [2 (5: Sac See Mw Paw) Bae at 
# 


Here the 5g, are no longer independent of each other, but are connected 
through relations (9). One can, however, argue as on p. 67: of the bracketed 
() coefficients of 5g, in (10), 7 can be made to vanish by a suitable choice 
of the A,. In the remaining sum over k, only f—r of the q;,, all independent . 
of each other, are left. The same line of reasoning as after (5) now forces 
us to the conclusion that the remaining brackets must vanish, too. We 
then obtain the complete system of f equations, 


(11) oR tae te ee 


We can designate these as Lagrange’s equations of the mixed type, since they 
fall halfway between Lagrange’s equations of the first and second kind. 

We may mention that this mixed type occurs not only when we are 
unable to eliminate some of the conditions (case of non-holonomic con- 
straints), but also whenever we do not wish to eliminate them. For it can 
happen that we are interested in the force of constraint that a holonomic 
condition exerts on the system. This force, as it turns out, is represented 
by the A, associated with the condition in question [just as in Kq. (18.7) 
dealing with the spherical pendulum], and can be obtained by integration 
of Eq. (11). 

Evidently we can finally combine the types (11) and (8a), for the case 
that we simultaneously drop both assumptions stated after (6). 

Instead of doing this, we shall lastly concern ourselves with the following 
question: how and under what assumptions can the principle of the con- 
servation of energy be derived from Lagrange’s equations (6)? 

As already emphasized, above Kq. (3), Z is a function of the g, and the 
dx; we further require, as earlier, that L not contain t explicitly. In that 
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case Eq. (3) is valid not only for the virtual changes 6g, 6g, but also for 
the secular changes dq, dq, so that we have 


aL 
(12) a ing + D dia, 


On the other hand we emphasized at the same place that 7’ is a homo- 
geneous quadratic function? of the g,. We can therefore apply the Euler 
rule 


(13) Hi >, teaiy i: 

for homogeneous functions. Differentiation with “ie to the time gives 
aT . ad or 

(14) DE Daag, t D4 Fin 


We now subtract (12) from (14). Because L=T'—YV, the left member 
becomes 


a ae 


On the right the second terms cancel provided V is independent of q,. In 
that case, by means of Eq. (6), the first terms on the right cancel as well, 
so that we obtain 


(14a) ead 


from which we conclude that 
(15) T+V=E. 


The law of the conservation of energy is therefore a consequence of Lagrange’s 
equations. 

We must now examine the assumptions leading to this important 
conclusion. 

a) From the meaning of T we can say that the kinetic energy is deter- 
mined by the position and velocity of the system, hence by g and q; T' could 
depend on ¢ explicitly only as a result of the elimination of the equations 


3 Even when this is not the case and L is instead assumed to be any desired function 


of the q;, and q jz ® generalized conservation law of the form H = = —@ ;—-L=const, 


aq7, 
can be given. In Chapter VIII we shall call ‘the function H thus defined the 
‘Hamiltonian ”’; the conservation law contained in Eq. (15c) is a special case 


of the above equation. 
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of constraint, in case the latter depend on t 4. Now we have already seen 
on p. 68 that such constraints do work on the system, and therefore upset 
the conservation of energy. It is then indeed necessary for the validity 
of the conservation law that T not contain the time explicitly. 

b) The assumption that ZL does not depend explicitly on ¢ therefore 
reduces to the assumption that V is independent of ¢. This condition, too, 
is necessary. Otherwise one would have to add the term 


av 
~~ ot 


on the right side of Eq. (12). This term would then reappear with opposite 
sign in the right-hand member of Eq. (14a). Instead of 7+ V=const. we 
should then obtain: 


that is, the law of the conservation of energy would be invalidated. 

c) Suppose that V depends not only on the g, but also on the gy. 
With the aid of (6) we obtain as the difference of the right members of . 
(14) and (12) 

. @dV 
top) YS Ye at Bq, 7 > 4 Qk Bay, 5 -a>! Te ooh 


This case does lead to a conservation law, which has, however, the unfamiliar 
form 


(15c) T+V— > % es = const. 


One more conclusion can be drawn from the above which will be useful 
to us later. We shall calculate D—27'= —(7-+V), by using the expression 
(13) for 27 and reverting to the assumption that V is a function of only 
the g,. We then arrive at 


~(P+V)=L-> te 5g <L- > te dae? 
or 
; DL 
(16) TIV=> % = = 


The total energy T+V can be calculated from the expression for the 
Lagrangian. 


3 cece era time- Eeaeadent aendiviens" are eal rheonomous (fluid) as eppeaeal 
to time-independent conditions which are characterized as scleronomous (fixed, 
rigid), 
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The rather abstract developments of this section will come to life with 
the examples of the following section. To prepare ourselves for these we 
shall specialize the two expressions 

oL eL 

Ban ON bay 
occurring in (6) for the simplest case, the motion of an isolated mass point 
expressed in Cartesian coordinates x, y, z. We have 


mM ,- ban oL oT . 
= (z?-+-y?+-2?), a ee =m, etc. 
OL aV 
po ae == etc. 


Since, according to this equation, a represents the x-coordinate of momen- 
tum, we shall, quite in general, call - the component of generalized momentum 
belonging to q,. Since on the other hand furnishes the x-component of 


the force, we shall label the two terms resulting from Fa as g-components 


of generalized force, 


(17) | a 


Q is an external force as in Kq. (7), whereas i is a fictitious Lagrange force 
dependent on the way in which the qg coordinate varies with position. In 
the case of Cartesian coordinates x, y, z where curves of constant q are 
parallel to each other, a given q; is independent of the g, (k47) and the 


fictitious force vanishes. 


§ 35. Examples Illustrating the Use of Lagrange’s 
Equations 


We have chosen examples which were treated earlier by elementary 
methods, in order to demonstrate the superiority of the Lagrange formalism. 


(1) The Cycloidal Pendulum. 


The obvious coordinate q in this case is the angle of rotation of the 
wheel generating the cycloids in Fig. 26. The Cartesian coordinates expressed 
in terms of this angle are, according to (17.2), 


. 


x=a(d—sin¢), x=a(l—cosd) ¢ 
y=a(l+cos¢), y=—asind of 


VI.35 Examples Illustrating the Use of Lagrange’s Equations 193 


From these we calculate 


T= 5 (+9) =ma®(1— cos $) 


V=mgy=mga(1-+cos ¢) 


(1) L=ma?(1—cos ¢)¢?— mga(1-+cos 4). 


This is all we need to know about the geometry and mechanics of our system. 
The Lagrange formalism automatically takes care of the rest: 


a = 2ma?(1—cos $)4, op ama? sin 6 ¢2-+-mga sin d 
d aL " ) 
a - = 2ma*(1—cos¢)6+2ma? sin ¢ ¢? 


or, when substituted into the differential equation (6), 


(1—cos ¢) $+ sin $= sin d. 


Introduction of the half angle and division by 2sin5¢ simplifies this to 
Z oe if . 

(2) sin$¢-+5cos $ $= £ cos g. 

It can easily be verified that the left member equals ~25 cos 5 ¢. Our 


differential equation (2) is therefore identical to the previous Eq. (17.6), 
by means of which we were able to prove the rigorously isochronous 
behavior of the cycloidal pendulum. 


(2) The Spherical Pendulum 


Here the angles @ and ¢, polar angle and geographic longitude respec- 
tively on the sphere of radius J, are the given coordinates of the mass point. 


The line element is 
ds?= |? (d62 + sin?6 dd?) 
so that the kinetic energy becomes 
T= TP (G+sin2d $2). 
As in (18.5a) the potential energy is V=mg]l cos @ and therefore 


(3) L= "20 (62-+sin26 4?)—mgl cos 8. 
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And now the automatic calculation along the Lagrange pattern sets in. 
After division by constant factors, the differential equations for @ and ¢ are 


6—sin @ cos 0g2— , sin 6=0 


(4) : 
¢ (P sin? 04)=0. 


The second of these equations is the law of conservation of areal velocity, 
in agreement with (18.8). Note that we have here avoided the calculation 
which necessarily preceded this equation in the earlier treatment. With 
the help of the areal velocity constant C of Eq. (18.8), the first of Eqs. (4) 
can be written 

6. C? cosé 


=F gins t p8in 6. 

The second term on the right is equivalent to the gravitational torque 
|L|=mglsin 6, this being the generalized component of force associated 
with the angle g=@ in the sense of (34.7). The first term is a fictitious 
Lagrange force in the sense of (34.17); the origin of this force is the fact 
that the lines along which the angle @ is measured on a sphere do not run 
parallel but diverge from the pole. 

It is instructive to apply to this example the extension of Lagrange’s 
equations for which provision was made in Kq. (34.11) by introducing the 
excess coordinate r together with the 6 and ¢. Now r is of course fixed 
through the relation r=1; nevertheless we are interested in this coordinate 
because it will give us, by means of the multiplier A, the pressure of the 
mass point on the surface of the sphere, or, what amounts to the same 
thing, the tension in the suspension cord of the pendulum. In order to 
obtain the pertinent differential equation we need only replace (3) by 


(5) L= 3+ 62-72 sin20 $2) — mgr cos 8 
and form a third Lagrange equation to be added to the two of (4), 
(6) £ mr —mr 6*—mr sin20 ¢2+-mg cos 0=Ar. 


We have put the quantity F,,,, occurring in (34.11) equal to r, for in order 
to obtain agreement with Eq. (18.1) we have written the condition r=1 
in the form 

1 
) 


4 


F=5(r?—P)=0: 


If we set r=1 and r=7=0, it follows from (6) that 
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(7) Al=mg cos 6— ml (62+ sin26 #?). 


This is in agreement with (18.6) if there we transform the rectangular 
coordinates to 0, ¢. Such a calculation is once more avoided by the use of 
the Lagrange scheme. 


(3) The Double Pendulum 


Here the two angles ¢ and ¢ of Fig. 38 are suitable coordinates q,. 
In the notation of § 21 we write 


a, ey, 
(8) X=Lsing, x=Lsind+lsin fb 
Y=Leos¢, y=Lcosd+lcos ¢. 
From these we get-the following exact relations: 
T= 5 (P+ V+ FP) 
M+ . -* . . 
= =" gt + 5 Pye +-mL1 cos (6— $$ 4, 


V=—MgY—mgy=—(M+m)gL cos ¢—mgl cos w. 


The sign of the last expression is negative because (cf. Fig. 38) Y and y 
have been taken positive in the direction of the force of gravity. We shall 
here call A the Lagrangian formed from 7’—V since we have used the 
letter Z for the length of the pendulum suspension. We obtain 


oo (M-+m)1?4¢-+mL1 cos (6— i) , 


sf =mlp+mL1 cos ($— $)4, 


aa —(M-+m)gL sin d—mLIsin (¢— #) brs, 


24 _ _ mglsin y-+-mLIsin (6— $4 4. 


In writing down the Lagrange equations from these relations we shall at 


once go over to small ¢, #. $, ib are quantities of the same magnitude 
as ¢, ; their squares can therefore be neglected. The equations in question 
are then 


b+ 2b=—- grat 
(9) ee. 
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These are identical with the Eqs. (21.3); we need merely switch back from 
coordinate angles ¢, % to coordinate distances X, x by making use of the 


transformation equations (8) which, for small ¢, ¥, simplify to 


The identity is immediate for the second of Eqs. (9) and (21.3); the same 
is true of the first Eq. (9) and the first Eq. (21.3) provided we introduce 


for b in the right member its value from the second Eq. (9). The discussion 
of the oscillation process following Eq. (21.3) is hence immediately applicable 
to our present Eqs. (9) and need not be repeated here. 

In concluding we wish to emphasize that in the present purely formal 
treatment there was no mention whatever of the tension in the pendulum 
string 1; this tension is implicitly contained in the Lagrange equations of 
motion as an internal reaction of the system, as has already been stressed 
in the footnote on p. 112. 


(4) The Heavy Symmetrical Top 


The classical coordinates q; of this prob- 
lem are the Eulerian angles 0, ¢ and ¢ [@ 
and ¢ have been introduced already in (25.4) 
and (26.5a)]. We shall define them and their 
corresponding angular velocities as follows 
(cf. Fig. 52): 

1. @ is the angle between the vertical and 


the axis of the top; @ is the angular 
velocity about the line of nodes which 
is perpendicular to both of these 
directions. 


2. % is the angle which the line of nodes 


makes with a fixed direction in the 
horizontal plane, for instance the z-axis; 


Fie. 52. Definition of the 
Eulerian angles 6, ¢, yr, and 
their sense. The labeling of the 
axes is in agreement with the 


ib is the angular velocity about the 
vertical. ; 


. @ is the angle which the line of nodes 
makes with a fixed direction in the 


equatorial plane of the top, for example: 


the X-axis; d is the angular velocity 
about the axis of symmetry of the top. 


systems of coordinates intro- 

duced on p.139 (2=vertical, Z = 

axis of top, «=horizontal line 

fixed in space, X=line in the 

equatorial plane of the top, fixed 
in the top). 


VI.35 Examples Illustrating the Use of Lagrange’s Equations 197 


The 6, ¢, % are holonomic but curvilinear components of the angular 
velocity vector , as opposed to the @,, w,, w3 which were rectilinear 
but non-holonomic components of rotational velocity. Table (10) below shows 
the direction cosines between both sets of components. The table also gives 


the sense of rotation of 6, by pb (rule of right-handed screw) : 


¢ ) 

0 ' sin 6 sing 
(10) [Panama ean Vea 

0 sin 6 cos 

] cos 6 


The first two columns follow in an obvious manner from what was said in 
1 and 3. In order to understand the third column, note that the projection 


of the vertically oriented vector ub in the equatorial plane is b sin 6; this 
vector in turn is resolved in the equatorial plane into the two components 
indicated opposite w, and wy, viz., ib sin @sin ¢ and ub sin 6 cos ¢ respectively. 

Notice that our table, unlike those in § 2, can be read only from left 
to right, not from top to bottom. From its rows we now obtain 


w,=cos $+ sin Asin ¢ ¥, 


(11) w.=—sin 66+sin cos ¢$ ¢, (11a) 42-+ w2= 62+ sin2d Y2. 
wy=o+ cos @ ib. 

Putting 7,=J,, the expression (26.17) therefore becomes 

(12) T= 7 (@+sin? 0 ¥2)-+ “2 (6-+cos Oy)”. 


By virtue of Eq. (25.6a) for the gravitational potential energy V we have 


LS = (@2-Lsin? 6 yp?) 2 (¢-+cos 64) —P cos 6, 
(13) 
P=mgs. 

L is therefore independent of the position coordinates ¢ and y% and depends 
only on their change with time. We say that ¢ and ¥ are cyclic coordinates. 
The name has its origin in the dynamic behavior of a rotating wheel (Greek: 
kukdoo) which is determined not by its instantaneous position but only by 
its speed of revolution. Hence 
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From Lagrange’s equations the time derivatives of the quantities 


oL oL 

— and — 

og oy 
must then vanish. At the end of the last section we called these quantities 
the generalized momenta associated with ¢ and %. From now on we shall 
always designate them by p. Thus we write in general 

ol 

14 =. 
(14) Pe= og 
We can then assert that if the coordinates gq, are cyclic, the momenta p, 
conjugate to cyclic coordinates are integrals of the motion (i.e., constants 
of integration). In our case we already know the significance of these 
constants from (25.6). We have 


(15) pPe=M", py=M’. 


Previously, on p. 141, we lacked the expressions of these constants in terms 
of the position coordinates of the top. These can now be derived by applica- 
tion of the general rule (14): 


Pe= si =I, (¢-+-cos 6 ¥), 


(16) ‘ i } 
Py= of =I, sin? 64-+1, cos 6(¢-+cos Ox). 


Combination of (15) and (16) results in 
. . M” 
$+ cos 04= nas 

(17) 
I, sin? 04= M'— M” cos 6. 


Eqs. (17) exhaust the content of two of the Lagrange equations. The third 
one expresses the rate of change of 


and becomes, if (17) is used to eliminate d and rb, 


 (M’—M’' cos 6) (M’ cos 0—M” 
(19) 1,0= J, sin? 6 


4 Pgin 0. 


The right-hand member, which comes from a contains not only the gravi- 


tational effect familiar to us from (25.4), but in addition a fictitious force 
which is a consequence of the nature of the coordinate system used, as 
we know from p. 192. 
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Eq. (19) has the character of a generalized pendulum equation. We 
need not be detained with its integration, for we can avail ourselves of 
the integral of energy 


(20) T+VsE 


which must be identical with the result of a first integration of (19). Let 


us once more eliminate the quantities ¢ and ib of Eq. (12) with the help 
of (17). Then (20) yields 


Weniioe M’—M” cos 0 , 
(21) 34+ (“Fane ) | + ar, +P eos 0= 2. 


Since Kq. (21) contains three constants of integration, namely M’, M”, and 
E, it must be the general integral of first order for the problem of the top. 


Finally, just as in § 18 for the spherical pendulum, we replace # and 6 by 


cos 0=u; Osin 0= — uw. 
We then obtain 
(22) (S)= U (u) 
where 
(23) U (u)=( — 7 — Fu) (1a) —( 


Since U(u) is a polynomial of third degree in u, the time ¢ must be given by 
an elliptic integral of the first kind, as in the case of the spherical pendulum: 


(24) t= |<. 


The azimuth angle % is given from Eq. (17) 
by an elliptic integral of the third kind 
(cf. p. 100), 

U 


M’—M’'u du. 
Qs) = | =e) oF 


Fia. 53. Trace of the axis of 
We can now repeat the considerations follow- the heavy symmetrical top on 


ing Fig. 29 on p. 99, and arrive at the picture a sphere of unit radius. 

of Fig. 53. The trace of the axis of the top 

on a unit sphere oscillates back and forth between the two circles of 
latitude u=u, and w=, which it touches. At the points of tangency, as 
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shown in Fig. 53, the trace may either merely pass by, or make a loop; 
the loop may in turn degenerate into a cusp. During each oscillation the 
axis of the top advances by the same azimuth angle 4, obtained from Kq. (25) 
by a complete elliptic integral of the third kind, similar to that in (18.15). 

In particular, if the top is to describe a regular precession about the 
vertical, it is necessary that the parallel circles vu, and u, become merged; 
the curve U(u) of Fig. 29 (p. 99) must then touch the axis of abscissae from 
below. This shows that the regular precession of the heavy top is a particular 
form of motion (whereas, in the case of the top under no forces, it is the 
general form of motion). 

If the two roots u, and u, do not coincide exactly, but only approxi- 
mately, we still seem to have a uniform advance of the axis of the top about 
the vertical; on closer observation one notices, however, that small nutations 
are superposed on this uniform advance, giving rise to what we called a 
“‘pseudo-regular precession’. This is the typical phenomenon that one 
observes in the usual experiments with tops: one first imparts the greatest 
possible angular momentum to the top about its axis by pulling a string 
off its rim, and then sets it point down in a socket pan, taking great care not 
to add a perceptible lateral impulse to the motion. 

We explain this behavior as follows: in such an experiment the initial 
angular momentum M is close to the axis of symmetry; this also follows 
from the Poinsot method for the initial axis of rotation. Hence the axis 
of rotation describes at first a narrow circuit on the unit sphere of Fig. 43. 
The parallel circles u=u,, u=Uu, touching this circuit are close neighbors 
and remain close during the entire course of the motion, as can be seen 
from our general illustration in Fig. 53. The angular momentum and hence 
also the angular velocity are at first very great; they, too, remain unchanged 
during the motion apart from frictional losses. The nutations are therefore 
very rapid and almost invisible. The top seems reluctant to yield to the 
influence of gravity, instead constantly “ sidestepping”’ in a direction 
perpendicular to the force of gravitation. It is this paradoxical behavior 
which has for centuries attracted amateur and professional investigator 
alike fo the theory of the spinning top. 


§ 36. An Alternate Derivation of Lagrange’s Equations 


Even though the derivation of Lagrange’s equations for generalized 
coordinates from Hamilton’s principle is unsurpassed in clarity and brevity, 
we feel that it is somewhat artificial. The transformation properties of the 
various dynamic variables, which form the core of the Lagrange equations, 
are not brought to light. The following derivation will remedy this 
situation. 
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We focus our attention on a system of 3 mass points (n being divisible 


by 3), subject to arbitrary constraints, chosen holonomic for the sake 
of simplicity. The number of constraints is equal to n—f, where f is 
the number of degrees of freedom of the system. Our notation will be 
that of Eq. (34.2). We shall number the coordinates, assumed orthogonal, 
T1,%_...2,; similarly we let X,, X,...X,, be the components of the external 
forces. Finally we shall call &,, & ... &, the components of momentum 
of our mass points. We would have preferred to name them p,, po... 
Py» 28 agreed to in (35.14); this notation must, however, be reserved for 
the generalized momenta. We have 


(1) E,=m, &,, +=l1, PA SNORE 


where the m, are of course equal in groups of three. The motion of our 
system is described by Lagrange’s equations of the first kind (12.9) which 
are, in the present notation, 


de. en orn 
(2) =X, + > Anag,, t= 1,2...0. 
h=f+t 
We now introduce the generalized position coordinates q,, . . . gz, which can 


be and are to be chosen in such a way that, just as in (34.2), the n—f 
conditions Fu=0 are identically satisfied. Then Eqs. (34.2b) must hold 
between the old and the new velocity coordinates; we solve these for the 
x and write them as follows: 


if . 
(3) i= > On: t=1, 2...0. 
k=1 


The a,,,, called F,, in (34.2b), are functions of the x, ... x, and therefore also 
of the q,...q,, as stressed in §34. We see that whereas the old and new 
position coordinates are connected by an arbitrary point transformation, the 
velocity coordinates transform linearly, the coefficients depending on the 
position coordinates. 

What is the transformation character of the components of force? We 
shall call the new force components Q, and define them as in (34.7) by 
means of the invariance of virtual work, that is 


n f 
ti=1 k=1 


We now pass from virtual to real displacements and from these to the 
corresponding velocities. By virtue of (3), Eq. (4) becomes 


f n bb 
(4a) > UMu= >, Xi D> Une He 
#1 m1 k= 
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The q,, unlike the z,, are independent of each other. Hence their coeffi- 
cients on the right and left of (4a) must be equal, so that 


(5) Q, = > % Xp, k=1,2...f. 
i=1 


This is the transpose of transformation (3); in (3) we sum over the k, in 
(5) over the t. Written explicitly, 


ly i101 O12 tee Q1 = 94, X1,+GyX,+... 
Bq =Go191 + M9292 toe Qe = Ay_X1+AqgX_+.-. 


The transposition hence consists of an interchange of a,, and a,,. We say 
that the components of force transform contravariantly® (or are “‘ contra- 
gredient ’’) to the velocity coordinates. 

The components of momentum transform like the components of force, 
that is, covariantly to them. For we can think of the momenta as those 
impulsive forces which cause our mass points, initially at rest, to take 
on the required velocities. If we call the new momenta p,, they can be 
expressed in terms of the old &; by means of the relations 


(6) Pe= >, Ube: 
Gail 


These are the defining equations for the p,. The definition is rather clumsy, 
but can be converted quite readily to a more meaningful form. For this 
purpose let us consider, as on p. 186, the expressions for the kinetic energy 
as function of the g on the one hand, and as function of the z on the other. 
We shall distinguish the two expressions, wherever necessary, by writing 


Os OL ie 
We then form 


(7) 


aT, ere Ey 
dk ZZ OE Nak 


The bracket is to remind us that in differentiating with respect to g, we 
must keep the q; as well as all g, (t#k) fixed. According to Eq. (3) the 
term in brackets is just a,,. On the Other hand the elementary expression 


oT 


T, = ym x? evidently yields Be; — Se 


* In the theory of gencral relativity it is customary to denote by a superscript 
(Q*, p*) those quantities which, like Q and the p (about to be defined), transform 
contravariantly (ie., are ‘“‘ contragredient ’’) to the %,- We believe, however, 
that this usage, so important in general relativity, can here be dispensed with, 
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Instead of (7) we then have 
n 
cos bee 
(8) aig = 2, tanks 
The right member is identical to that of (6). Hence the result: 


(9 = Te 
We can now assume that the external forces are derivable from a potential 
V independent of the g, and introduce the Lagrangian L=T'—V, so that 
(9) can be rewritten 


i OL 
We have thus quite generally justified the definition of the p;, anticipated 
in (35.14). 

We are now in a position to transform the equations of motion (2) to 
generalized coordinates. To this end we multiply them successively by - 
the different a, (k=1...n) and sum over 1. By Eq. (5), the first term in 
the right member becomes 


(10) a= - 2. 

In the second term on the right the factor of A, is 

(11) ae for — foes... 0 
i=1 

Now Eq. (8) tells us that 

(12) Mh = Bq 


This becomes evident if one writes (3) in the equivalent form dx, = Ya,,dq,, 
and holds all g except q, fixed. Instead of (11) we can now also write 
> is” as 
fi i Oe 
But according to (34.2) it is precisely for u=f+1,...n that the Ff, have 
been made identically zero by our choice of the q,, so that the partial 
derivatives of the F,, with respect to the g, vanish as well. Hence the 
right member of our equation reduces to (10). 
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The left member, 


is transformed into 


(13) did mb >, 6calt = SE = > beara’ 


where we have made use of (6) and (12). The last sum can be written in 


the form 
Oy 
ym 4 % day, = 5a 4 x} = a us 


where the index g of 7 is to remind us that JT must be converted to a 
function of the g, q before the differentiation with respect to q, is carried 
out. The right side of (13) will then become 


(13a) dpy, oT *, 


Since it is to be equal to (10), we finally obtain 


dp, OT eV _ aL. 
a dt 0q, Ode (ONE 


Referring back to (9a) we see that this is identical with the Lagrange 
equation in form (34.6), or, if we do not assume the existence of a potential 
energy, with that in the form (34.8). 

We have thus convinced ourselves that we need not have recourse to 
Hamilton’s principle to derive the Lagrange equations; we need merely 
make a thorough study of the transformation properties of the dynamic 
variables involved. 


§ 37. The Principle of Least Action 


In the conclusion to § 33 we spoke of the teleological character of our 
integral principles. ‘‘ Teleological’’ means ‘“‘shaped by a purpose,” 
“ directed toward an end.”’ ‘‘ Among all possible motions, Nature chooses 
that which reaches its goal with the minimum expenditure of action.” 
This statement of the principle of least action may sound somewhat vague, 
but is completely in keeping with the form given it by its discoverer. 

In the formulation of the principle not only teleological but also 
theological beliefs played a role. Maupertuis recommended his principle 
with the assertion that it best expressed the wisdom of the Creator. 
Leibniz, too, must have had such arguments in mind, as shown by the 
title of his Theodicée (justification of God). 
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Maupertuis published his principle in the year 1747. He was referred 
to a letter of Leibniz of the year 1707 (the original of this letter has been 
lost); he nevertheless defended his priority with passion, even throwing 
his weight as president of the Berlin Academy into the dispute. The 
principle acquired a mathematically definite form only later in the hands 
of Euler and especially Lagrange. 

In the formulation of the principle of least action given above two 
things are not clear. 

1. What is meant by the word “ action”? Clearly not the same entity 
as in Hamilton’s principle, for we are dealing with a formulation which, 
though related to that of Hamilton, is yet distinct from it. 

2. What is meant by the phrase, “ all possible motions”? It is quite 
essential to define precisely the class of all motions to be considered for 
comparison; only thus shall we be able to choose from this class the real 
motion as the most purposeful or favorable. 

Regarding 1: Leibniz took the product 27' dt as his element of action. 
In what is to follow we, too, shall designate by action integral the quantity® 


ty 
(1) S =2{ Tat; 
c ty 
Maupertuis, who, like Descartes, regarded the momentum mv as basic in 
mechanics, took mvds to be the element of action. It is clear, however, 
that the definitions of Leibniz and Maupertuis are equivalent in the case 
of the single mass point, since 


(2) 2T dt=mv-vdt=mvds. 


This equality carries over to arbitrary mechanical systems, provided 
that by action we understand the sum of the m,v,ds, for all the mass points 
of the system. 

Regarding 2: in Hamilton’s principle we had restricted the sum total 
of motions to be compared by means of conditions (1) and (2) of § 33. 
Here we shall keep (2), but alter (1). Instead of 8f=0 we shall now require 
that 


(3) sp=0. 


We shall therefore compare only trajectories of the same energy E as that of 
the real trajectory under investigation. This condition implies of course 
that our principle is now valid only for motions in which energy is conserved, 


® The factor of 2 is of course unimportant as far as the minimum property of S is 
concerned. It is, however, convenient, especially for the formulations of 3 44. 
Incidentally Leibniz was still in doubt as to whether he should take mv? or, as 
we nowadays do, #mv? as “live force.” 
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i.e., motions caused by forces which have a potential. If we call the potential 
energy of the real path V, that of the varied paths V+ 8V, we must have 


because. of (3), 


(4) sT+3V=0, 8V=—aT, 8L=8T—3V =20T. 


To visualize the change in the state of affairs 
caused by condition (3) we recall Fig. 51. 
two points related by a variation 8g belonged to 
the same time ¢. This is now no longer the case. 
The time of the varied point is ¢+ 8¢ rather than 
t (cf. Fig. 54). Hence our varied path does not 
reach the end point at time ¢=t,, but, according 
to the way our figure is drawn, at a later time. 
On the varied path a point Q is reached at a 
time t=?,, whereas on the original path the 
corresponding point (also labeled Q) is reached 
at an earlier time t,—dt,. 

We now repeat the calculations of § 33. Eqs. 
(8) and (4) of that section remain valid, but 
Eq. (5) must be altered because, as stressed there, 
it is valid only for 8t=0. We find the condition 
replacing (5) by forming 


- d(v+éx) dx. 
dx d(t+ét) dt 


(5) 


Let us transform’ the quotient of differentials on 
the right by writing 


d(e+8z) dx °d 


There . 


Fie. 54. Variation of the 
‘trajectory’ in the prin- 
ciple of least action. Since 
the energy is not varied, 
point q of the original path 
and g+d6q of the varied 
path belong to different 
times t and t+6t. To the 
endpoint P on the real 
path is assigned the point ' 
Q on the varied one. 


ff 


7 + 7.0m ; 
am tae ode <n 
2 ee deren a a 
ge a 


where we have neglected products in small quantities of order higher than 


the first. From (5) we therefore have 


2 d 5 @! 
8x = 5 (8x) —a 5 (81), 


or 


(7) ¢ (8x) =8e +25, (80) 


If we introduce this in (33.4), we have, with index k arbitrary, 


(8) 


59 ad; oo fG -9 ad 
2, 82ry,= 7 (,2),) — %), Bx, — we 5 (St). 
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Eq. (8) is valid for coordinates y and z as well as x. Therefore (33.3), 
rather than leading to (33.8) as before, yields in this instance 


ad : , ij > 
(9) Ged, (Ep 8%p, + Hp 84, + %,82,) = 07 +27 S (81) + 3W. 


Here we make use of (4) to put 

(9a) . 5W=—8V=+ 87, 
thereby giving as the right member of (9) 

(10) | 287 Lore. 
Let us now integrate (9) from f) to t,. In this process the left member 
vanishes because of condition (33.2); we then obtain, using (10), 


t t 
(11) 2 |" 8T dt-+2 fj; raae—o. 
to to 
This, however, is nothing but 
t 
(12) _ 
: : ty 


or, recalling (1), 
(12a) : Os 


This concludes the explicit proof of the principle of least action, as envisaged 
by Maupertuis. 

Let us subject the transition from (11) to (12) to some further — 
In Hamilton’s principle the two-symbols 


3 | Tat ‘and feras 


could be used interchangeably because of the condition 8¢ =0; use of 
this was made for instance in the transition from Eq, (33.10) to (33.11). 
From our present viewpoint the expressions are, however, different in 
character, as comparison of Eqs. (11) and (12) above will show. 
In particular, let us consider a motion. under no forces, In that case 
T = E, so that, with the help of (3), Eq. (12) gives se 


t 
dey ~ ; 8 | A dt = 3(t, — t,) = 0. 
1} t 


This is the principle of least time (principle of “ earliest arrival’) which 
Fermat formulated and applied to the refraction of light, after Heron, in 
ancient times, had treated the reflection of light in a similar fashion. 

In the case of a single free mass point we can put v = const. instead of 
7 = E and write in place of (12), 
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(14) ° 8 {vdt— 8 {ds=0. 


This is the principle of the “‘ shortest path.” It determines the trajectory 
of a free mass point, for instance on a curved surface or — as in general 
relativity — in a manifold of arbitrary curvature. Such a trajectory is 
called a geodesic. We shall come back to this point in § 40. 

In his celebrated Konigsberg Vorlesungen uber Dynamik of 1842 (published 
by Clebsch) Jacobi justified the necessity for completely eliminating the 
time ¢ from the principle of least action. This is possible, because 


= 1 2g 1 Xm, ds}, 
T=E-V=5> m=3—ga— 


and therefore 


am (FaR) 


Instead of (12) we can then require that 


(15) 8 (2(B— V)]*[Zm, dsf]*=0. 


With £ fixed, the variation here concerns only the spatial properties of 
the trajectory of the system; there is no longer any mention of the passage 
of time during the motion. 

Let us come back once more to the teleological aspect of the principles 
of Hamilton and of least action. Notice that the “least action”? may, 
under certain circumstances, also be a “ greatest action ’’; for in demanding 
that 8...=0 we do not necessarily obtain a minimum, but rather in 
general only an extremum. We see this most simply in the example of 
the geodesics on the surface of a sphere, which are arcs of great circles. 
Suppose that initial point O and endpoint P lie on a specified hemisphere. 
Then the are of a great circle connecting them directly is indeed shorter 
than all arcs lying in planes through O and P but not containing the center 
of the sphere. Yet the complementary arc, which proceeds from O to P 
in the opposite direction, traversing the hemisphere not containing the two 
endpoints, is also a geodesic; and this line is longer than all other arcs 
of circles which join O to P over this hemisphere. We therefore conclude 
that in general we do not need to think of the integral principles as 
demonstrating the ‘“‘ purposefulness”’ of Nature; they merely constitute 
an unusually impressive mathematical formulation of an extremal property 
common to the laws of dynamics. 

Maupertuis claimed that his principle was generally valid for all laws 
of nature. Nowadays we are more inclined-to accord this property to 
Hamilton’s principle. We mentioned on p. 185 that Helmholtz made this 
principle the basis of his studies in electrodynamics. Since that time 
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integral variational principles of Hamiltonian form have been used in the 
most diverse fields. 

In volume II we shall have direct recourse to this principle in order 
to gain deeper understanding of the concept of fluid pressure. A special 
advantage of this procedure will be that we shall obtain not only the 
differential equations — in this case partial differential equations — of the 
problem, but also the boundary conditions which the solutions of these 
equations must satisfy. The same turns out to be true for other problems 
with continuous mass distributions (capillarity, vibrating membrane, etc.). 
In many cases it is first necessary to look for the Lagrangian L of the 
problem at hand before LZ can be used in the variational principle. Such 
a case, for instance, is the motion of an electron in a magnetic field; there 
the force acting is not derivable from a potential V. Relativistic problems 
form another case; there one should not use the expression for the kinetic 
energy derived in (4.10) to build the Lagrangian. Instead the expression 


(16) moc? i (1— f2)tde 


must be used as the kinetic contribution to the action principle. The- 
Eulerian derivation of this term leads directly to the relativistic momentum p 
of (3.19) and therefore also to the law of the velocity-dependent electron 
mass. In general, especially outside of mechanics, the search for the 
Lagrange function L which leads (via the variational principle) to given 
differential laws is an arduous problem for the solution of which there are 
no universally valid rules. The previously mentioned problem of the 
electron in a magnetic field was solved in a simple manner by Larmor 
and Schwarzschild. A separation of ZL into a kinetic and a potential 
contribution according to the pattern L=Z-—V is then in general no 
longer feasible. 

It is to be emphasized that the quantity under the integral of (16) is 
nothing but the element of proper time (2.17), which was recognized by 
Minkowski as the simplest invariant of the special theory of relativity; 
Einstein furthermore generalized it in the form of a world line element in 
the general theory of relativity. In the form (16) Hamilton’s principle 
therefore automatically satisfies the invariance requirement of relativity 
theory. In this property Planck? saw the “ most brilliant success which 
Hamilton’s principle has achieved.” 


7 Cf. the instructive article in Die Kultur der Gegenwart, Part III, § III, 1, p. 701 
(B. G. Teubner, Leipzig 1915). 


CHAPTER VII 


DIFFERENTIAL VARIATIONAL PRINCIPLES OF 
MECHANICS 


§ 38. Gauss’ Principle of Least Constraint 


Gauss was not only a very eminent mathematician, but also an 
astronomer and geodesist, and, as such, a passionate calculator of numerical 
results. It was he who founded the method of least squares, which he 
evolved with successively greater depth in three extensive treatises. If, 
as happened now and then, he was asked (against his will) to deliver a 
lecture at the University of Goettingen, his preferred topic was always the 
method of least squares. 

His brief paper of 1829 entitled “On a New General Fundamental 
Principle of Mechanics’! is concluded with the characteristic sentence, 
“Tt is quite remarkable that Nature modifies free motions incompatible 
with the necessary constraints in the same way in which the calculating 
mathematician uses least squares to bring into agreement results which are 
based on quantities connected to each other by necessary relations.”’ 

Gauss called his new fundamental principle the principle of least con- 
straint. He defined the measure of constraint as follows: consider a mass 
point of the system, and form the product of its mass by the “ square of 
the deviation of this point from free motion.’”’ The sum of this product 
over all mass points of the system defines the constraint. Let us number 
the mass points and their rectangular coordinates as on p. 66. We then have 


(1) Z= > m,(#,- Ft) 


as the measure of the constraint of a system of m mass points; for the 
“free motion ’’ which would occur were the internal constraints neglected 
is given by ; 

. wae 

Mo i a : 
Thus the quantity contained in the parenthesis of (1) is indeed the ‘‘ devia- 
tion from free motion ” caused by the constraint on the k mass point. 


1 Crelle’s Journal f. Math. 4, 232 (1829); Werke 5, 23. 
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It can (cf. p. 61) also be called the “lost force” divided by the mass, so 
that instead of (1) we can write 

= 1 2 
(2) LZ ae (lost arco) 
Notice that here the lost forces and reciprocal masses play the same role 
as the errors and weights in the calculation of errors. 

We must now define what is meant by the expression “‘ least constraint,”’ 
that is, we must indicate what quantities are to be kept fixed and what 
quantities are to be varied in the calculation of 5Z=—0. 

We shall keep fixed 


a) the instantaneous state of the system, 7.e., the position and velocity 
of each of its mass points. We must therefore put 


b) the constraints to which the system is subject. If we take these in 
the holonomic form F,(%,, 2, ...)=0, we must, in the variation 6Z, take 
into account the secondary condition 

3n 


(4) Fn, R= 0, i=1,2...7, 


where r is the number of conditions, 3n—7r=f therefore the number of degrees 
of freedom of the system. Let us differentiate Eq. (4) twice with respect to t. 
This yields terms in 5x, 5 and 6z. Because of (3) we need keep only those 
in 62, that is, 
88 oF, 
(4a) >, amp di, =0. 
k=1 
c) the forces acting on the system and, of course, the masses, so that 
we have 
(5) 8X,=0, dm,=0. 
The remaining quantity %, is then the only one to be varied. 


Taking the secondary conditions (4a) into account by the method of 
Lagrange’s undetermined multipliers, we obtain from (1) 


Be oF, |}. 
(6) 8Z=2 > | mate Xe >A SE | bry =0. 
k=1 t=1 


Only f=3n—r of the 8%, are independent. As on p. 66 we can, however, 
choose our A; in such a way as to make r of the {} vanish, so that only 
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f terms are left in (6). The 5%, of these remaining f terms can now be 
treated as independent. It follows that their f associated { } must vanish. 
We therefore arrive at Lagrange’s equations of the first kind in the form 
(12.9). 

Clearly the proof extends without change to non-holonomic constraints. 
Thus we are indeed confronted by a “‘ new general fundamental principle of 
mechanics,” as claimed by Gauss in the title of his paper. This fundamental 
principle is fully equivalent to d’Alembert’s principle. Like the latter it 
is a differential principle in that it deals only with the present behavior 
of the system, not its future or past behavior. Here we do not need the 
rules of the calculus of variations, but only those of the ordinary differential 
calculus in the determination of the maxima and minima. 


§ 39. Hertz’s Principle of Least Curvature 

Strictly speaking this principle is but a special case of that of Gauss. 
Nevertheless Hertz was able to call his principle, if not new, at least com- 
pletely general; the reason tor this is that he succeeded in replacing all 
forces by means of connections between the system in question and other 
systems interacting with it (cf. p. 5). Hertz was hence able to restrict 
himself to systems under no forces. In order to give the principle its sought- 
for geometric interpretation, he found himself obliged, moreover, to assume 
all masses to be multiples of a unit mass, say of atomic origin. The factor m, 
in Gauss’ expression (38.1) then becomes 1, while X, becomes 0. It follows 
that (38.1) goes over to 


aN 
(1) Z=> # 
k=1 


Here we have indicated by means of the upper index N of the summation 
that the number of unit masses of the system to be summed has been 
augmented in an unspecified manner by a suitable number of unit masses 
corresponding to the interacting systems coupled to the given system. 

Let us change (1) by writing 


iw 


" 
sie in placeof %,, where (2) ds?= > dee. 


k=1 


This is permitted because of the special form of the principle of energy. 
This principle is a consequence of Lagrange’s equations of the first kind, 
and hence also of the principle of least constraint. For our present 
specialization the principle of sai can be written 


i » (8) =z _ 
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or, more concisely, 


A division of (1) by the square of this constant yields thus the quantity 


_ > (2%). 
(3) K= 2, (ae) 


Hertz calls ds the element of line, K* the curvature of the trajectory 
described by the system, and postulates 


(4) 8K=0. 


Every free system remains in a state of rest or of uniform motion along a path 
of least curvature. 

The mode of expression (cf. Art. 309 of Hertz’s book cited earlier) is 
chosen so as to recall Newton’s formulation of the first law. 

The mathematical treatment of postulate (4) follows that of Gauss and, 
on the basis of the conditions of variation stipulated under (a) and (b) on 
p- 211, evidently leads to Lagrange’s equations of the first kind for a system — 
under no forces (with m,=1). 

What justifies Hertz in calling ds the “line element” and K+? the 
“curvature ’? Evidently these concepts are to be interpreted in a poly- 
dimensional sense. We are not in three dimensions, but in an N-dimensional 
Euclidean space of coordinates 2,, x,...2y. In this space the element of 
line is indeed given by (2). We shall now discuss the cases of two and 
three dimensions in order to show that the square of the curvature of a 
trajectory is quite generally given by (3). 

According to Eq. (5.10) we have, in the space of coordinates 2,, x2, 


—— x= }~ (i) 


From Fig. 4b, de is the angle between two neighboring tangents to the 
path whose points of contact with the path are a distance 4s apart. These 
tangents have direction cosines 


a? x, Cis 9 CF Bs ; 
re ie As, respectively. 


ceo = ana By 
Now these direction cosines are at the same time the coordinates of the 
two points formed by the intersection of a unit circle about the origin of 
coordinates with two radii drawn from the origin parallel to the tangents; 
moreover the angle 4e is measured by the arc of distance between these 
two points of intersection. According to (6) we therefore have 
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ae ((S+ (SE) 


and from (5), 
) K= (fat) +(e)” 


In the space of the three coordinates 2, %2, %3, Me is once again the 
angle between neighboring tangents to the three-dimensional trajectories. 
The unit circle is now replaced by a unit sphere through the center of which 
parallels to the two tangents are to be drawn. The distance between their 
points of intersection with the surface of the sphere measures 4e in units 


of arc: 
d*x,\2 , (d?x,\2 , {d?a,\2 
ae (at) (ae) + (at) [4 
From (5) we thus obtain an expression for K which now has three terms. 

The generalization to a space of N dimensions and to the equation (3) 
of N terms is now obvious. 

With this we must conclude our report on the mechanics of Hertz. As 
mentioned on p. 5, his is an interesting and stimulating idea, carried out 
with great logic; because of the complicated replacement of forces by 
connections it has, however, borne little fruit. 


§ 40. A Digression on Geodesics 

We define as geodesics of an arbitrary curved surface the trajectories 
of mass points under no forces (hence no friction) constrained to move on 
the surface. Let the mass of a particle be equal to 1, and the equation of 
the surface F(x, y, z)=0. 

The principle of least action states that these geodesics are also the 
shortest possible lines or, more generally (cf. p. 208) lines whose lengths 
are extrema. Since conservation of energy holds, the velocity along the 
path is constant. By choosing the constant of energy properly we can put 


the velocity equal to 1 and therefore replace ¢ by < : 


We obtain the basic definition of geodesics if we describe our trajectories 
by Lagrange’s equations of the first kind. Written vectorially, these are, in 
our case, 


(1) v=) grad F. 


Vv has the direction of the principal normal to the trajectory if, as in our 
case, v= const. so that v=0 (cf. § 5, beginning of (3)); it follows (cf. same 
place) that v lies in the osculating plane. grad F, on the other hand, has 
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the direction of the normal to the surface, since for any translation (dz, dy, dz) 
on the surface we have 


oF oF oF 
$y et By tT oe dz—0, 


so that the direction 

oF ar | oF 

Ou ~ Oy ~ Oz 
is indeed normal to that of the displacement. Eq. (1) therefore contains the 
basic definition of geodesics which states that the principal normal of a 
geodesic coincides with the normal to the surface, or equivalently, the osculating 
plane of a geodesic contains the normal to the surface. 

We now appeal to the principle of least curvature. According to it 
the geodesic has a smaller curvature than neighboring paths; the neighboring 
paths are, according to conditions (38.3), restricted to pass through the same 
point with the same tangent as the geodesic at the point considered. We 
obtain the total class of these neighboring paths by passing through the 
tangent in question all possible skew planes and determining their inter- 
sections with the surface; the plane containing the normal to the surface . 
furnishes the geodesic. According to Hertz’s principle these skew sections 
have a greater curvature than the normal section, or, equivalently, a smaller 
radius of curvature. 

This fact is in agreement with Meusnier’s theorem in the differential 
geometry of surfaces, which states that the radius of curvature of an oblique 
section equals the projection of the radius of curvature of the normal section 
on the plane of the oblique section. We thus recognize in Meusnier’s theorem 
a quantitative expression of the general content of the principle of least 
curvature. 

Let us finally apply Lagrange’s equations of the second kind to our 
geodesics. We thereby enter the sphere of thought of Gauss’ great treatise 
of 1827 (‘‘ Disquisitiones generales circa superficies curvas ”), which, ex- 
tended to four dimensions, is also the sphere of thought of the general 
theory of relativity. 

While Lagrange introduces arbitrary curvilinear coordinates q, Gauss 
uses as coordinates on the surface two arbitrary families of curves which 
cover the surface with a “ grid.”” As customary, we shall call them 


(2) u=const., v==const. 

In these coordinates Gauss writes the line element ds in the form 

(3) ds?*= Edu? +2Fdudv+ Gadv?. 

The “first differential parameters”? H, F and @ are to be thought of as 
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functions of u and v. They are connected with the rectangular coordinates 
x, y, z of the points on the surface by the relations 


UMC MCCA mC nC 


Ox Ox Oy oy Oz 0z 
a — «_ —— —_ —— 
P= 5 bp cae Ou ov 


The square of the line element divided by 2dé? is the expression of the 
kinetic energy 7 of our (unit) mass point moving on the surface. We can 
thus transform the Lagrange equations for generalized coordinates to 
Gaussian notation by forming 


oT : 5 
OT OH a 5. 8h. een 
2 Fu = Buh Tate Tt BO 


Tf, finally, we put 2 in place of 5 the differential equation of the geodesics 
is, according to the method of Lagrange, 


d du dw 1 f OF /du\2 OF du dv , 0G (dv\2 
(4) ae( Bae + Fae )= 54 on (aa) +2 Fe ds gabe (a) } 
for the u-coordinate. We need not write down the corresponding differential 
equation for the v-coordinate; by virtue of the principle of energy (in our 


case o— 1) it must be identical to (4). 


Gauss derives Eq. (4) in Art. 18 of the cited treatise by means of the 
principle of the shortest path. Here we merely wanted to point out the 
fact that Gauss’ method of general surface parameters (2) is equivalent to 
Lagrange’s method of the mechanics of systems. Both methods are invariant 
with respect to an arbitrary transformation of coordinates and depend only 
on the intrinsic properties of the surface or of the mechanical system 
respectively. 


CHAPTER VIII 
THE THEORY OF HAMILTON 
§ 41. Hamilton’s Equations 


In Lagrange’s equations our independent variables were the q;,, and gy. 
In Hamilton’s equations, which we shall now derive in two different ways, 
the gq, and p, are the independent variables; the latter is defined by 
Eq. (36.9a). Whereas the characteristic function of Lagrange’s equations 
was the “free energy” 7’—V, regarded as function of the q, and q,, in 
Hamilton’s equations the characteristic function is the total energy T+V, 
regarded as function of the g, and p,. This function we call the Hamiltonian 
function or simply the Hamiltonian, and we designate it by H(q, p) just 
as we called the free energy the Lagrangian and designated it by L(q, q). 
Between H and L there exists relation (34.16), which we shall write 
(1) H= 2 p,4,—L, 
using the definition of the p,. 

Let us at once extend the basis of the theory by recalling the last part 
of § 37: we shall drop the decomposition of L into a kinetic and a potential 
contribution and, in addition, permit an explicit dependence on ¢. According 
to p. 190, such a dependence may arise if either the equations of constraint 
or the defining equations for the coordinates contain the time. We then 
write the Lagrangian in the generalized form 


(la) L=L tt, q, 9). 
Let us keep Eq. (1) as our definition of the Hamiltonian associated with LD, 
(1b) H=H (t, 4, p) 


although H then loses the meaning of total energy. As before, the p, are 
given by the relation 


OL 
(Ie) Pn Fie 
If we take Hamilton’s principle 
t 
(1d) 3 Ldt=0 


to 
as our fundamental principle of mechanics, we obtain Lagrange’s equations 
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just as in § 34—#in spite of the new extended meaning of L. For purposes 
of the following we shall write these equations in the form 


: OL 
(le) Pa bay. 


(1) Derivation of Hamilton’s Equations from Lagrange’s Equations 
Let us write down the total differentials of H and L: 


(2) do att ya, dq, > wp, Pe 


(2a) oe dt-+ Ye 7 gy, + De iy, Ue 


and, by means of Lagrange’s equations (le) and the definition (lc) of the 
p,, transform dL to 


(2b) dL= at + > pudgy, + > reddy. 


Let us, on the other hand, form the total differential of (1) with the 
help of (2b): 


‘ . : OL : : 
(3) dH => 4 Die t+> Pedy Hat — > Pe Me > Pre 
Cancelling of the last term on the right against the second term yields 
aL 
(3a) dH = — Fdt—>p,dq,+> Pr: 


This expression for dH must, of course, be identical to that of Eq (2). 
If we equate the coefficients of dé, we obtain 


0H OL 
(3b) a 
Comparison of the coefficients of dg, and dp, yields 
oo. . oH 
(4) Bu=— Ggq?~ Ue Sep 


These relations, exhibiting an amazing symmetry, are “ Hamilton’s 
ordinary differential equations” or, for short, Hamilton’s equations. 

Incidentally, they first occurred in the much earlier ‘“ Mécanique 
analytique ” of Lagrange (Sec. 5, § 14), where they were, however, derived 
and put to use only for the special case of snrall vibrations. 


(2) Derivation of Hamilton’s Equations from Hamilton’s Principle 


In the light of (1) we write this principle in the form 
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— 6 [Ldt=8 | (Hit, ¢, p)— Dp, q,]at 


(5) 2H 0H . 
= > (Sa 894+ bp, 9Pk- Ik Pe Pr ax) dt—0, 
where we can transform the last term in the parenthesis by partialintegration, 
ty : a i“ 
(6) a iL Dy 8G, Ut = ) Dy 89, Ut — Dy 3G;,| - 
0 0 to 


The integrated term vanishes because of the way in which the variation 
is carried out in Hamilton’s principle. Substitution of (6) in (5), followed 
by collection of terms in 6g, and 6p,, yields 


(7) DJ ({ aap te f tat { ap ~ de } Se) d= 0, 


If it were permitted to treat the 6g; and the 5p, as independent variations, 
one would be justified in putting the factors of dg, and dp, separately equal 
to 0 for every value of the index k, and so obtain Hamilton’s equations (4). 
This, however, is not allowed; for while g, and p, enter in H as independent 
variables, they are related in time through Eq. (lc), a fact which might 
conceivably cause our Eq. (7) to be satisfied identically. We notice, however, 
that a partial differentiation of (1) with respect to p;, (q;, being held constant) 
causes the second { } of (7) to vanish identically. We conclude, therefore, 
that the first { } must vanish as well. 

One of the reasons why we derived Hamilton’s equations in the second 
way is that we wish now to make an important remark connected with it. 

We know that Lagrange’s equations are invariant under arbitrary 
point transformations,” i.e., that they keep their form if we replace the 
dq, by a new set of coordinates Q; connected with the former by relations 
of the type 


(8) Qn=Si (Q> Ia + - - %): 
The associated P;, are then given by 
aL aL aq; 
8 P= = pt = Oise. 
( a) & 20% 2.34, aQ;, Pi tk 


that is, by linear functions of the p; whose coefficients a,,, are functions of 
the g;,, just as in (36.3). 

We shall now show that Hamilton’s equations are invariant under the 
much more general transformations 


Qe=Sk (4 P) 


(9 
) P,=9, (ds Ps 
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where the f;, and g, are arbitrary functions of the two sets of variables 
q, and p;,—arbitrary, that is, to within a restriction to be mentioned below. 
In particular, the g,, need no longer be linear in the p,. 

Let us suppose that Eqs. (9) are solved for the q, p in terms of the Q, P 
[we must of course require that Eqs. (9) be so constituted that this is possible] 
and are substituted in the expression H(q, p). Let us call H this new trans- 
formed Hamiltonian. We then have 


(10) H (q, p)=H (Q, P). 


Let us, moreover, compare the quantity p,q, occurring in (5) with 
a ae Ove: It is easy to see that the two expressions would be equal] in a 
transformation (8), (8a). We now require that this equality be maintained 
in a general transformation (9), apart from an additive term. The latter 
we require to be a complete time derivative of a function F’ of the q¢ and p, 
or, alternatively, of a function F of the g and Q1. We hence put 


(11) DP te= > Pu et ZF w Q 


with arbitrary F. This is the restriction on transformation (9) mentioned 
above. 


In the substitution of Eqs. (10) and (11) in (5) the additional term 
< vanishes in the integration and subsequent variation, since 6g and 6Q 
vanish at the endpoints; Eq. (5) then retains its earlier form, becoming 


8[(H(Q, P)- SP. Qat=0. 


Furthermore, nothing is changed in our transformations (6) and (7); we 
conclude that Hamilton’s equations remain valid in the new variables. In 
complete correspondence to our Eqs. (4) we now have 


: oH E oH 
(12) P= — 50, Q,= re 


Transformations (9), as subjected to restriction (11), are called canonical 
transformations or® contact transformations. The reason for the latter name 


} If £” is originally given as a function of g and p, we can of course solve for p from 
the first Eq. (9) and substitute it in F’, thus obtaining a new function F of g and Q. 

* The terms are not entirely synonymous, their difference being one of definition. 
We need not be detained with this difference, but remark that under suitable 
conditions either of the two transformations can be shown to be a special case 
of the other. Cf., for instance, Whittaker, Analytical Dynamics (Dover), Chapter 
XI, or Osgood, Mechanics (Macmillan), Chapter XIV.—TRansiaTor, 
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is a geometric one. Let us consider a hypersurface in the f-dimensional 
space of the q;, Ya, . . . dy, given by 


(13) Z=2(91,- ~~ Oy); 


the quantities 


determine the position of the tangent plane to the hypersurface and can, 
for this reason, be interpreted as the coordinates of this plane. We require 
that there exist a condition 


f 
k=1 


between the coordinates of the point q, and those of the plane p,. This 
condition insures the “ union of lineal elements,” i.e., the continuity of the 
coordinates p;, as we pass from an arbitrary point of coordinates qg, to a 
neighboring point. Let us now introduce new coordinates Q,, P;, by means. 
of Eq. (9) and calculate (13) in terms of these new coordinates. Let the 
result be 

e—2 (Onr). 


We now demand that this new expression again represent a hypersurface 
touched by the planes of coordinates P at the points determined by the Q. 
From (14) we must therefore have 


(15) Vi 
k 


P,dQ;; 


f 
=1 


or, with p a factor of proportionality, 


(16) dZ—>P, dQ;,= p (dz— >Px dq;,). 


Thus the contact between the surface and its tangent plane at a given point 
has been preserved in a transformation of the point. Let us compare condi- 
tion (16) with Eq. (11), which, when multiplied by dt, can be written 


(16a) DP le = DPeAQe+ aF. 


If we put d¥=dz—dZ in (16a) and p=1 in (16), the two conditions are 
in agreement. This may constitute adequate justification for the name 
*‘ contact transformation.” 

In transformations of the generality of Eqs. (9) the meaning of the P, 
as components of momentum is obscured. For this reason we prefer to 
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call the P,, Q; canonical variables; P,, and Q), are then said to be canonically 
conjugate. Because Hamilton’s equations are invariant under transforma- 
tions (9) [with restriction (11)], they are often called Hamilton’s canonical 
equations. 

It is to this invariance under canonical transformations that Hamilton’s 
equations owe their special significance in astronomical perturbation theory. 
They also play an important role in the statistical mechanics of Gibbs, a 
topic which we shall discuss in Vol. V. 

We conclude our treatment of Hamilton’s equations with a remark 
dealing with the principle of energy. 

In agreement with Eq. (2) we have, quite generally, 


Gi + D (tet Spy Pe) 


According to (4), the parenthesis vanishes for all k. We then obtain, in 
general, 


aH doH 


If, in particular, H does not depend explicitly on t, we arrive at the 
conservation law 


(18) Ss —(), (f= coust, 


This law is more general than that of the conservation of energy, for, 
according to (1) and (Ic), it states that 


(18a) > = 5G, Le — IZ=const. 


where LZ must not depend explicitly on t, but otherwise can be quite arbitrary. 
It is this conservation law to which we alluded in footnote 3 of Chapter VI. 
Kq. (18a) leads to the conservation of energy if L can be split up into two 
contributions, a kinetic one homogeneous of second degree in the q,, and 
a potential one independent of the q,. 


§ 42. Routh’s Equations and Cyclic Systems 


In Eqs. (10) and (11) of § 34 we considered a “ mixed type” of 
equation resulting from a combination of Lagrange equations of the first 
and the second kind. We shall now become acquainted with a mixed type 
of equation arising from a combination of Lagrange’s equations of the second 
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kind with those of Hamilton. The new equations bear the name of Routh? 
who, for several decades, dominated the study of mechanics in Cambridge 
as “coach” and examiner in the “ tripos.” Somewhat later Helmholtz 
developed the same equations as the basis of his theory of monocyclic and 
polycyclic systems, a theory which he intended to use in the solution of 
the fundamental problems of thermodynamics. 

We subdivide the degrees of freedom of the system into two groups. 
One group, containing f—r degrees of freedom, can be described by Lag- 
range’s position and velocity coordinates 


GM Ya --- Vp—rs rae qo, oc pas 
and the other, containing r degrees of freedom, is to be represented in terms 
of Hamilton’s canonical variables 
Vp—rt+a> Werte >> +s Prertiar Prato ++ +> Py: 


Instead of the Lagrangian ZL or the Hamiltonian H we now construct a 
Routh function R, which is to be a function of the 2f variables enumerated 
above and, for the sake of generality, of the time as well: 


(1) R(t, 91, as ++ - GF Gir Qa> + - Gp 0) ae +++ Py). 
R is to be defined by the equation 


f 
(2) R= D> met-Ub ay - +93 G++ Y)- 
(P= ial 
We see that for rf, R transforms to the Hamiltonian (41.1); for r=0, 
where the summation on the right vanishes, it goes over into the Lagrangian 
(apart from sign). Evidently we could have replaced definition (2) of R 
by the equivalent condition 


f—r 
(2a) HME Gi, Gy) Pues 2) >, Pi de 
k=1 


We now proceed as in Eqs. (41.2) to (41.4). We form the total differential 
of R, on the one hand from (1), 


3 In this connection we wish to mention the two volumes of Routh’s Treatise on the 
Dynamics of a System of Rigid Bodies; I, Elementary Part, II, Advanced Part. 
It is a collection of problems of unique variety and richness. Routh first developed 
his form of the dynamical equations in the prize article A T'reatise of Stability 
of a Given State of Motion (1877). 

4 Berliner Akad. (1884) and Crelle’s Journal f. Math 97. 
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Di ian f oR 
eR aR La a g 
2 a OF 2, an Peta Pina? 2 
and on the other, from (2), 
f : if : 
(3a) dR= > Gedpt > PML, 
k=f-r+1 k=f-r+1 


For dL we can use the expression (41.2b), which we shall, for greater clarity, 
decompose into 


(3b) dL= dt+ > By y+ > Py Ut S Pa Mp, 


k=f—r+1 


Substitution in (3a) causes the last term of (3b) to cancel against the middle 
term of (3a), so that we are left with 


(4) dR=— -> Pr Ay 2 Py Uy S Ie Uy 
k=f-—r4+1 
A term-by-term comparison with (3) yields the relation 


éR OL 
ct 


and the scheme of equations given below: 


for k=, 2. oW for k=f—r-+1, f—r+2, ...f 
z aR yan 
k— — Go, k~ ~~ oa; 
(5) Tk % 
oR : oR 
Pe Oa te © op, 


The f—r equations on the left are of the Lagrange type with L=—R, 
whereas the r equations on the right are of the Hamiltonian type with 
Hai 

The application of these equations to cyclic systems, which Routh had 
in mind when he formulated them, proceeds as follows: we assume that 
the coordinates of the second group are cyclic, so that, from p. 197, they 
do not occur in the Lagrangian; in that case neither do they occur in the 
Routh function. The associated p, are then constant [from the upper equation 
of the right group of Routh’s equations (5) or, as remarked on p. 198, 
from Lagrange’s equations]. We can now replace these constant values of 
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the p,, and, with the help of Eq. (41.1c), those of the (generally not constant) 
associated g;, in Eq. (2). We thus obtain a Routh function which depends 
only on the f—r coordinates of the first group of g, and q,. For these 
coordinates the left group of Eq. (5) above is valid. We have, therefore, 
reduced the problem to f—r equations of the Lagrange type. 
Routh used his method chiefly in the difficult problems of the stability 
of given states of motion. Let us instead illustrate the method with a 
reasonably simple example, that of the symmetrical top. The cyclic 
coordinates of this doubly cyclic problem are the Eulerian angles ¢ and %; 
according to Eqs. (35.15) to (35.17), we have 
peb+ py p= M"(=- an a aap *) By) ge havo 
_M™ | (M’—M" cos 6)? | 
ae i,sint6? 


by virtue of (35.13) the Routh function then becomes 


_ MM’? , (M'—M" cos 6)? I, 74 (M’—M” cos 0)? M2 
awe ieee oie a Oe 


if . M2 M’— MM” 6 2 
With qg,=9, the lower equation in the left group of our present Eqs. (5) 
then yields 


-* 


Py= 1,0 

and the upper equation of the same group gives 
= 20 

(6) 1b=- 3 


which is, of course, in agreement with the “ generalized pendulum equation ”’ 
(35.19). This example may serve to illustrate the usefulness of Routh’s 
method, particularly for problems more difficult than the one presented. 

In 1891 Boltzmann gave a series of lectures on Maxwell’s electro- 
magnetic theory at the University of Munich. He devoted his first lectures 
to the detailed consideration of a doubly cyclic mechanical system in order 
to illustrate the mutual inductive effect between two electrical circuits. 
The carefully worked mechanical model, consisting mainly of two pairs of 
beveled gears with centrifugal governors, is preserved in the museum of 
our Institute. To us it seems much more complicated than Maxwell’s theory 
which it was intended to illustrate. Hence we shall not use it to clarify 
this theory, but instead take advantage of it in an exercise on the differential 
of an automobile, to which it is similar in its essential features. 
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Let us finally generalize the mathematical formalism which led us from 
Lagrange’s to Hamilton’s and to Routh’s equations. We consider a function 
Z of two variables (or two sets of variables) x and y, and let 


(7) aZ (x, y)= X dx+ Y dy. 


If we wish to replace x, y by X, Y as independent variables, it is convenient 
to consider, instead of Z, the “ modified function ”’ 


(8) U(X, Y)=xX+y¥-Z (2, y). 
Indeed a differentiation of (8) at once gives, in view of (7), 
(9) dU (X, Y)=adX-+ydY. 
Eqs. (7) and (9) are identical to the “ reciprocity relations ” 
oZ OZ 
ex =X, dy = De 
(10) 
aU aU 


Tf, on the other hand, we wish to replace only one of the original variables, 
say y, by its ‘‘ canonically conjugate ”’ Y, we shall have to “ modify ”’ (8) to 


(11) V (x, Y)=yY--Z, 
which yields 
(12) dV (x, Y)=—Xdz+ydY 
with the “ reciprocity relations ” 

oV OV 
(13) = OX a7 =Y 


The transition from Z to U can be compared with that from Lagrange to 
Hamilton, that from Z to V with the transition from Lagrange to Routh. 

Such a change of independent variables and the attendant modification 
of the characteristic function is called a Legendre transformation and plays 
an extensive role in analysis. We have mentioned it chiefly in order to be 
able to refer to it in our study of thermodynamics (Vol. V). 


§ 43. The Differential Equations for Non-Holonomic 
Velocity Parameters 

Whereas the differential equations considered so far were all modeled after 

those of Lagrange for generalized coordinates, the theory of the spinning 

top brought us in contact with equations of an entirely different, much 

simpler structure, viz., Euler’s Eqs. (26.4) for the angular velocities 4, 
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w, and w3. Let us determine what relation they bear to Lagrange’s equations. 
The difference between the two types stems from the fact that the 


Wy, We, ws are not holonomic coordinates like the 6, ub, $, but linear functions 
of these which are not integrable with respect to ¢. The connection between 
them is given by Eq. (385.11). Let us immediately consider the unsymmetrical 
top with kinetic energy 


(1) T= 3 (Ty cy? + Ty 0032+ Ty 003%), 


and for brevity restrict ourselves to the case of a top under no forces. 
We start out with Lagrange’s equation for the ¢-coordinate 


a 
(2) | aa eee 
According to (35.11) 
Lees ae 
a, a, 
Ow. OWs 


so that, in view of (1), 


oT o 
fa wo op tle ons ap tis” i 2 = 15 ws, 


t) a sl 2 
a =I, 0156 +I, ms +1, Ws 7 = (I,—TI,) QW Wo. 
From (2) we then have 


(3) 1,92? = (I,— Ip) oy, Oe 


This is the third Euler Eq. (26.4). 
A similar calculation for the @-coordinate yields 


Cee eee ie 
i er 
oon = 1 cos Osin ¢, G8 _ cos A.cos, 5 Sa = — #sin 6. 


From (1) we obtain 


or 


ah =I, w, cos ¢— I, w, 8in ¢, 


oH = (I; w sin $+, «, 008 $) soos 0— I, ws sin 0. 
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Lagrange’s equation 

aap oP _ 
(4) dta6 26 
hence becomes 


0= eee cos p— jp —sin > 
(5) —I, w, sind (6+ cos 6)— I, w, cos (¢-+ wcos 8) 
Iq wy ain 0. 
But according to (35.11), 
g+ycos0=w,, sin 0= ow, sin d+, cos ¢, 
so that the second and third lines of (5) can be written 
(I;—1,) w 3 w, sin d— (I,— 3) we wg 008 p 


and, together with the first line, 
dw, dws 4 
@)  0= {11% Eras } cosé— {tac a eden w, bsind. 


Finally the Lagrange Equation 


becomes, after suitable transformation of variables and in view of (3), 


(7) 0= {ta ee (te I,),03 } sing { 1,52 ~ (Ip— Ty) ag beos$. 


It follows from (6) and (7) that both {} must necessarily vanish, so that 
we obtain the first and second Euler equations (26.4). 

The transformation which we have carried out for one specific example 
can be performed quite generally® in the case of an arbitrary number of 
non-holonomic velocity parameters defined as linear (or more general) 
functions of real velocity coordinates. If, as in the case of the rigid body, 
the kinetic energy takes an especially simple form when expressed in terms 
of these parameters, such transformations can be of signal value for the 
integration of the equations of motion; they can also be useful in that 
they may satisfy non-holonomic conditions.’ Boltzmann found it necessary 


5 Cf., in particular, G. Hamel, Math. Ann. 59 (1904), and Sitzungsber. der Berl. Math. 


Ges. 37 (1938). Furthermore, Encykl. d. Math. Wiss. IV.2, Art. Prange No. 3 
and ff. 
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to introduce the components of momentum corresponding to non-holo- 
nomic velocities in the kinetic theory of gases. He called these components 
‘* momentoids.”’ 


§ 44. The Hamilton-Jacobi Equation 


At the beginning of the previous century the most burning question of 
theoretical physics was, “‘ wave theory or corpuscular theory of light? ” 
The wave theory was founded by Huygens and, at the time mentioned, 
found its confirmation in Thomas Young’s discovery of the phenomenon 
of interference. The corpuscular theory, on the other hand, had Newton’s 
seemingly authoritative backing. W. R. Hamilton, astronomer and profound 
mathematical thinker, was just then engaged in a study of the paths of 
light rays in optical instruments. The results of these studies® began to 
appear in print in 1827, at about the time at which the two greatest advocates 
of wave optics, Fraunhofer and Fresnel, died at almost the same early 
age. Hamilton’s work on general dynamics, the results of which we shall 
briefly summarize in this section, came somewhat later, but it is intimately 
related to his investigations in ray optics’. 

Let us add parenthetically that as a result of Planck’s discovery of the | 
elementary quantum of action the above-mentioned question must now be 
posed differently. We no longer ask, “ waves or corpuscles? ”’ but state, 
““ waves as well as corpuscles !”’ It seems at first sight impossible to reconcile 
these apparently contradictory concepts; actually they are complementary 
rather than contradictory aspects both of optics and of dynamics. Their 
reconciliation, as Schrodinger has recognized, results from a logical extension 
of Hamilton’s ideas and leads to wave or quantum mechanics. 

Ray optics is the mechanics of light particles; in optically inhomo- 
geneous media the paths of these particles are by no means straight lines, 
but are determined by Hamilton’s ordinary differential equations or 
Hamilton’s principle which is equivalent to them. From the viewpoint of 
wave optics, on the other hand, the rays of light are given by the orthogonal® 
trajectories of a system of wave surfaces or wave fronts. According to 
Huygens’ principle, these wave fronts are parallel surfaces. Hamilton under- 


6 Treatises on ray optics, Trans. Roy. Irish Acad. 1827, with supplements of 1830 
and 1832. His work on dynamics appeared in the Trans. Roy. Soc. London 1834 
and 1835. 

7 In the formulation by Jacobi this connection was lost. It was newly worked out 
in 1891 by F. Klein (Naturforscher-Ges. in Halle; Ges. Abhandl., Vol. II, 
pp. 601, 603). 

8 This is true of optically isotropic media. In anisotropic media such as crystals 
the orthogonality between ray and wave front is no longer an ordinary Euclidean 
one, but a non-Euclidean, generalized tensor orthogonality. 
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took to represent the family of wave surfaces by a (perforce partial) 
differential equation and to extend this method to the polydimensional 
space of the q,, of an arbitrary mechanical system. As we shall see, the family 
of wave surfaces is then given by S=const., where S is the least action 
function of Eq. (37.1). The trajectories orthogonal to the surfaces are 
determined by the equation 


os 
(1) n= 2. 


(1) Conservative Systems 

For the moment we deal with a mechanical system in which energy is 
conserved and can be resolved into a kinetic part 7’ and a potential part V. 
T, V and H are hence not explicitly dependent on ¢. 

We start out with Eq. (37.9), and replace OW in the right member by 


—8V=6 (T— £)=sT— 6E. 
The right member of (37.9) then becomes 
(2) 287-27 Sst 8H. 


Next we transform the left member of the same equation to generalized 
coordinates 7p, q, 


ad 
(3) FD, Pu OQ 
Equating (3) and (2) yields 


d d 
(4) 2874-27 7, 5t—SE= 5 > pede: 


We integrate (4) with respect to ¢ between the limits 0 and ¢ to obtain 


(5) 5S—t8E= > pdq— > D940; 


where S is defined by Eq. (37.1) and py and 8g, refer to the lower limit 
t=O of the integration, p and 5q to its upper limit #. 

Kq. (5) indicates that we must regard the action integral 8 as a function 
of the initial position g9, the final position g and the energy E, i.e., that we 
are to use the arbitrarily assigned total energy H as variable in place of 
the time ¢: 


(6) S=S (4, q, E). 


According to (5), the motion as a function of time is then given by 


(7) ries cake 
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where g, and q are held fixed. If, instead, we keep EF fixed and vary either 
g OF Qo, (5) yields 
as _ Os. 

The first of these relations is in agreement with our assertion (1); as for 
the second, we shall soon transform it to a more convenient form. 

It must be admitted that we have not gained much in the way of know- 
ledge of the motion as long as S is not known in the form (6). Let us, how- 
ever, recall the equation of energy 


H (q, Pp) =E, 
where we substitute the value of p from Eq. (8) to obtain 


es 

We regard (9) as the determining equation for the characteristic function 8. 
It is called “ Hamilton’s partial differential equation ’’ or the Hamilton- 
Jacobi equation for conservative systems. With 7 homogeneous of second 
degree in the p (V can be assumed independent of the p), it is of second - 
degree and first order. 

Let us suppose that we have found a complete integral of this equation, 
i.e., a solution that contains a number of assignable constants equal to the 
number of degrees of freedom of the problem. Call these constants 


Oy, Lay oo» Op 


Since S itself does not occur in (9), it is determined by (9) only up to an 
additive constant. One of the above constants of integration, say «,, is, 
therefore, in excess and can be replaced by an additive constant which 
remains unassigned. We may replace «, by our energy parameter H, so 
that the complete integral can be written in the form 


(10) S=S (q, H, %; &, . . . &,)-+ const. 


The classic method used to arrive at such a complete solution is that 
of separation of variables—a method often, but not always, applicable. We 
shall deal with this method in § 46. In § 45 we shall show how Kq. (10) 
leads to a knowledge of the motion of the system. 


(2) Dissipative Systems 

We shall now adopt the general viewpoint that the Lagrangian LZ and 
hence the Hamiltonian H depend on ¢t. In general it is then impossible to 
decompose L and H into T and V; if, in particular, a potential energy V 
does exist, it will have to depend on the time. This case is important for 
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the perturbation problems of astronomy and quantum mechanics. There 
exists then no energy principle, hence no total energy constant EH. It 
follows that we cannot use the principle of least action, but must revert 
to Hamilton’s principle. Consequently we define a characteristic function 
S*, given by the integral occurring in Hamilton’s principle, 


(11) se | Ldt, 
to 


and regard S* as function of the initial and final positions and of the time 
of travel t, 


(12) S*=S* (q, q, t). 


This is to be compared to Eq. (6) where the constant total energy H (non- 
existent in the present case) took the place of #. 


Let us now form Se » first by means of (11), 


dS* 


(13) a ah, 
next by means of (12), 
aS* os*. 
(14) at ~ 2,0q,4 at Fe > = = > paltet oe ot 
The relation analogous to (8) used here, 
as* 
(15) P= Gy, 


is easily verified. Merely differentiate (11) with respect to q, and recall 
Eq. (41.1e). 

In view of the general definition (41.1) of H, the comparison of (13) and 
(14) now yields 


(16) a 


+H=0; 


from Eq. (15) we have, therefore, 


as* 
(17) — +H( a5 ae? )=o. 


This is the Hamilton-Jacobi equation in general form. It includes our earlier 
Eq. (9) as a special case. To show this, let us assume, as in (a), that 
H is independent of t. From (17) it follows that S* is linear in t. Hence 
we put 

S*=di+b 
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and conclude from (16) that—a=H, i.e., equal to the energy constant 
which now exists; b proves to be identical to our former characteristic 
function S. Thus Eq. (17) reduces to the special form (9) in this case. 

The remarks made in (a) concerning the integration of (9) apply equally 
well to the more general Eq. (17). The complete integral of the latter now 
contains f+1 constants, one of which is again additive. Instead of (10) 
we can then write 


(18) S*=S*(q, t, %, &, .. . %,)-+-const. 


§ 45. Jacobi’s Rule on the Integration of the Hamilton- 
Jacobi Equation 

We stated in connection with Eqs. (44.8) that the second of these did 

not lend itself to ready integration. The reason for this is that we integrated 


our partial differential equation, not in the form (44.6), but in the forms 
(44.10) and (44.18), respectively. In Eq. (44.7), 


med) t= on 


on the other hand, we had obtained an equation describing, very directly, 
the motion in time. We shall now prove that if we differentiate S with respect 


to the constants of integration «,, «3, ... a, instead of H, we obtain 
equations 

os 
(2) B= Bap ha, ae aie =i 


which describe the geometric configuration of the path of the system, provided 
that we regard the B, as a second set of constants of integration. This is 
Jacobi’s rule for the case (a). In the case (b) it takes the even simpler form 


as* 
(3) Bu=aq,° *=1,2,-. ae 


Here we have f equations of uniform structure which give both the temporal 
and the spatial course of the motion of the system. 
We can introduce the same simplicity into case (a) by formally writing 
os 
(3a) p= da,’ 


where we have put f= 8, and H= 4. 
We shall restrict our proof to case (a). Let us recall the definition (41.11) 
of a contact transformation, which we shall write, for purposes of the 


following, 
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(4) dF (9, Q)=> Pu 4an— >PrdQr- 


Let us compare this with the total differential of the characteristic function 
(44.10), 


dS (q, E, «)= pe dq, + 25 8E + +a OS hs, 


k=1 
which becomes, with substitution from (44.8) and (2), (3a) of this section, 


if f 
(5) dS (q, «) => Px dont 2B dary, 
k=1 = 


This equation agrees with (4) if we identify 
(6) FwithS, Q,with«,, P) with— B,. 


Now we know that, by means of a transformation q,, p,—>Q,, P; satisfying 
condition (4), we pass from Hamilton’s equations (41.4) 


to Eqs. (41.12), 


In view of (6) these become, in our case, 
(7) ~f,=-= 2, a= 2. 


But from (41.10), 
or, by virtue of (6), 


It follows that 


(9) oH lfork=1, @H _ { 0 for k=1, 
baz | 0 fork>1; OB, 0 for k>1. 

Thus Eqs. (7) become 
ee ele ommc—ale - _f O for k=1, 
(10) Bu= 4 0 jor k>1; = {fer k>1. 


These equations tell us nothing new regarding the «,; they merely confirm 
that the a, are constants of integration. The same can be said of the 
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equation for B,; from £,;=1 we simply have £,=¢ (to within an additive 
constant of no importance), nothing new in view of Eq. (8a). Eqs. (10) 
for 8; with k>1, on the other hand, furnish the proof of Jacobi’s rule; 
they state that, like the «,, the 8, are integration constants. 

The proof can be extended without important changes to the case (b) 
provided we make the definition of a contact transformation somewhat 
more general. Since we do not need this result in the following, we shall 
not be detained by it. 


§ 46. Classical and Quantum-Theoretical Treatment 
of the Kepler Problem 


In this section we wish to show how the Hamilton-Jacobi method of 
integration leads unambiguously and directly to the solution of the planetary 
problem of astronomy. We shall, furthermore, discover with surprise that 
the same method is made to order for the requirements of atomic physics 
and leads in a natural way to the (older) quantum theory. 

We begin with the Lagrangian of the two-body problem with fixed sun - 
M, expressed in polar coordinates, 


, ; M 
(1) L= % (0? + 1962) + G7 
from which we calculate the momenta 
(la) D,= mY, pg= mr, 


Substitution of these in (1) and a change of sign in the potential energy 
yield the Hamiltonian 


I Bo te M 
(1b) H= 55, (pr + P4)— 07 


and, from (44.9), the Hamilton-Jacobi equation 
as\? , 1 /as\? mM 
(2) (=) +7 (%) —2m(H+e™"). 


Let us apply in this example the method of “ separation of variables ” 
mentioned on p. 231. 
We try a solution of the differential equation (2) of the form 


(3) S=R+@ 
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in which R depends only on r and @ only on ¢. If we replace the right mem- 
ber of (2) by the general function f (r, ¢), we obtain 


(3a) (2) +3 (2) =Fe9). 


In general, such a relation does not hold. If, however, f is independent of ¢, 
as in our case, we need merely put 3 equal to a constant, say C (called 


the ‘‘ separation constant ”’). R is then determined by the equation 
aR\?* c? 
(4) (=) =f0- 


which is solved by quadrature, yielding a complete integral. The assumption 
that f is independent of ¢ is evidently equivalent to the fact that in 
our case ¢ is cyclic, that is, it does not occur explicitly in the differential 
equation. We see that the method of separation of variables is based on 
special symmetry properties of the given differential equation, symmetry 
properties which are often, though by no means always, realized. 

We now follow the general pattern of § 45, put C=a, and separate (2) 
into 


(5) 2 


(6) 8 [2m (a +a) — 3): 


Eq. (5) is the law of conservation of angular momentum, that is, Kepler’s 
second law; the separation constant «, is the constant angular momentum, 
essentially identical to the areal velocity constant used in Eq. (6.2). Eq. (6) 
gives the variable radial momentum. 

To calculate the characteristic function S, we integrate (5) and (6) 
and form (3). Replacing Z by a,, we obtain 


2 
Z mM 27 
(7) s-{" [2m @ + em )- | dr =F Xs d + const. 
The lower limit of integration can be chosen arbitrarily since it merely 
affects the magnitude of the additive constant. 

Let us, for the present, focus our attention on the geometric trajectory, 
i.e., on Kepler’s first law. To do this we follow (45.2) and form 


2 
(8) B= je=— | Jem (atone) 2) a +4. 
e 0 


re 
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It is evidently convenient to introduce s=+ instead of r as variable of 
integration and to rewrite (8) 


yee asf | 2m ( as-+@mas) 4 ast | a 


89 


(9) 


~~ J 5, {(¢— smin) (smax — 8)]+” 


Here s,,;, and s,,,, are the reciprocals of the distances from sun to aphelion 
and perihelion. Comparison of the two integrals yields 


2ma, 
Smin Smax = — we 
2 
(10) 
24m? M 
Sin + Smax = a 


Now we wish to obtain (9) in convenient trigonometric form; the trans- 
formation 


(11) g—Smintsmax , Smax—Smin 


oe fs 
suggests itself. It takes s=s,,, into w=+1 and s=s,,, into w=—l. 
From (9) we then have 
udu 
(12) p.-s-{" (wt 
and, making the assignable lower limit of integration equal to I, 
(13) o— B,=cos1u, u=cos(P?— B,). 


Finally we return from wu to s via (11) and take note that, according to 
p. 42, Fig. 7, 


1 1 
Smin=G(1+.e)’ %max~a(l—e)’ 


SO 
1 € 
Seen os aes) 
From (13) we then obtain the equation of an ellipse in the familiar form 


1 1+ecos (¢6—f,) 
(14) => ey 


where the constant f, can be absorbed into the definition of ¢. 
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For experimental reasons the astronomer is interested not so much in 
the geometrical form of the trajectory as in the motion as a function of 
time. Here again the Hamilton-Jacobi method gives the answer in the 
most systematic fashion, namely, by means of Eq. (45.1), 


‘from which we obtain, after substitution of the variable s, 


= m [8 ds : 
(15) a | g» # [(¢—smin)(smax—6)]# 


With this equation we complete our former treatment in § 6, where the 
position of the planet as a function of time was left undetermined. With 
the help of the ‘‘ eccentric anomaly ”’ of Problem I.16 as the new variable 
of integration jits symbol w should not be confused with the auxiliary w 
in Eq. (14) equation (15) can be solved by elementary integration and 
leads directly to the celebrated Kepler equation 


nt=u—esinu 
mentioned in the cited problem. 


It is well-known that two- and several-body problems play a central 
role in modern atomic physics as well. In the hydrogen atom the electron 
moves about the nucleus, the proton, like a planet about the sun. Here, 
too, the Hamilton-Jacobi methed has proved of surprising value. It 
literally shows us the point at which quantum numbers must be introduced. 

In the older quantum theory, whenever the kth degree of freedom was 
separable from the remaining ones, one defined a phase integral (also called 
“action variable *’) of the k'" degree of freedom given by 


(16) Je= |r. dq;,. 


The integral was to be taken over the whole range of values of the variable 
q,- One then asked that J, be an integral multiple of Planck’s elemen- 
tary quantum of action (ef. p. 181), 


(16a) ili 


With p, in (16) expressed in terms of the characteristic function S, one 
obtains 


= os ‘ 


AS,, is the k** “ modulus of periodicity ” of the function S, i.e., the change 
suffered by S when q;, runs through a complete cycle of its values. 
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The electron of a hydrogen atom has coordinates g,=¢ and q,=r. 
The differential equation (2) for S and its solution (7) can be transferred 
directly from astronomy to atomic physics, provided we replace the gravita- 
tional potential energy by the Coulomb energy — .. 


Since the range of the coordinate ¢ extends from 0 to 27, we obtain 
from (7) and (17) 


(18) AS¢ = 2m a, = ngh. 


ng is the azimuthal quantum number; «,, as we know, is identical to the 
azimuthal moment of momentum pg. 

The range of values of the r-coordinates extend from 7,;, to 7 
back. Eqs. (7) and (17) therefore yield 


max and 


(19) as,-2| [om (z 2") 28 ]iar=n,h, 


4727? 
Tmin 


n, is the radial quantum number. The quadrature is best performed by 
complex integration in the r-plane; once this is done, (19) becomes 

(20) | — ngh + 2m ata =n,h. 

The energy of the hydrogen electron in the quantum state n=n,+-ng is, 
therefore, 

(21) ae 


It is negative because the energy was set equal to zero for infinite electron- 
proton distance (see the above expression for the potential energy). 

Eq. (21), together with Bohr’s postulate of the radiation of energy in 
quantum jumps, led to the first understanding of the hydrogen spectrum 
(the so-called Balmer series) and from there to the modern theory of spectral 
lines in general. 

Present-day developments of atomic theory have gone beyond the 
description of electronic orbits here presented. As mentioned at the begin- 
ning of § 44, investigations following Hamilton’s line of thought have 
resulted in a more profound wave-mechanical conception of atomic processes. 


PROBLEMS 
Chapter I 


I.1. Elastic collision’. n equal masses VM are placed in contact with 
each other along a straight line. Two masses M, both having velocity v, 
collide with the row of m masses from the left. Evidently the laws of 
momentum and energy are satisfied if the two masses on the left transfer 
their velocities to the last two masses on the right. Show that these laws 
cannot be satisfied if only one mass is expelled on the right, or if the two 
last masses on the right are set in motion with different velocities 7, 79. 


1.2. Elastic collision with unequal masses. Let the last mass m on the 
right be smaller than the remaining masses. Let a mass M collide from 
the left with velocity 7). Show from the principles of energy and momentum 
that it is impossible for m to be the only mass set in motion. If it is assumed 
that only two masses are set in motion, what must be their velocities? 


1.3. Elastic collision with unequal masses. Let the last mass VW’ on the 
right be greater than the remaining ones. Make the same assumptions as 
in Problem 2, taking notice, however, that the next-to-last mass on the 
right transfers its momentum toward the left. What is the velocity of 
M’ and of the first mass VM at the left end of the row? What happens if 
M’ is very large? 


1.4. Inelastic collision between an electron and an atom. An electron 
m, of velocity v, collides centrally with an atom ¥ initially at rest. The 
atom is excited and is raised from its ground state to an energy level E 
units above it. What is the minimum initial velocity vr) that the electron 
must have? 

You will find one quadratic equation each for the final velocities » of 
the electron and V of the atom. The minimum value 2, results from the 
requirement that the radical occurring in the solutions for x and V be real. 
The value of v) is somewhat higher than would be expected if only the 
conservation of energy were called into play, although the difference is not 
observable because the ratio Um > 2000 is very high. 


"It is essential that the student carry out the experiments described in Problems I.] to 
I.3 himself. This can be done with coins on a smooth support, with elastic spheres 
so suspended on strings that they touch in the position of rest. or finally with 
marbles in a trough. 
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If the colliding particle is of the same, or approximately the same, mass 
as the struck one, the required minimum energy is about twice that expected 
from conservation of energy alone. 

1.5. Rocket to the moon. A rocket with continuous exhaust shoots 
vertically upward. Let the exhaust velocity be a relative to the rocket 
and 4=—m be the mass expelled per second, and assume both constant in 
time. Assume that the motion occurs under constant gravitational accelera- 
tion g, friction being neglected. Set up the equation of motion and integrate it 
under the assumption that the initial velocity of the rocket on the surface 
of the earth is zero. If u=t09 of the initial mass m)and a= 2000 meter: sec™}, 
what height has the rocket reached at t= 10, 30, 50 sec.? 

1.6. Water drop falling through saturated atmosphere. A spherical water 
droplet falls, without friction and under the influence of gravity, through 
an atmosphere saturated with water vapor. Let its initial radius (¢=0) 
be c, its initial velocity, vy. As a result of condensation the water drop 
experiences a continuous increase in mass proportional to its surface; as 
will be shown, its radius then increases linearly with time. Integrate the 
differential equation of the motion by introducing r instead of ¢ as indepen- _ 
dent variable. Show that for c=0 the velocity increases linearly with time. 

1.7. Falling chain. A chain lies pushed together at the edge of a table, 
except for a piece which hangs over it, initially at rest. The links of the 
chain start moving one at a time; neglect friction. The energy written in 
the usual form is here no longer an integral of the motion. Instead, the 
impulsive (Carnot) energy loss must be taken into account in writing the 
balance of energy. 

1.8. Falling rope. A rope of length J slides over the edge of a table. 
Initially a piece x) of it hangs without motion over the side of the table. 
Let x be the length of rope hanging vertically at time ¢. The rope is assumed 
to be perfectly flexible. Show that the principle of energy in the form 
T4+-V=const. gives an integral of the motion. 

1.9. Acceleration of moon due to earth’s attraction. The moon’s distance 
to the earth is about 60 earth radii. Assume that the lunar orbit is a circle, 
once traversed in 27 days, 7 hours and 43 minutes. From this the accelera- 
tion of the moon toward the earth (centripetal acceleration) can be calcu- 
lated. Comparison of this value with that from Newton’s law of gravitation 
gave the first confirmation of this law. 

1.10. The torque as a vector quantity. Consider a rectangular coordinate 
system (2, y, z), with r the radius vector of the point of application of a 
force F. We now pass to a second coordinate system (z’, y’, 2’), obtained 
from the former by rotation. Show that the moment of force F about the 
origin of the first coordinate system transforms like a vector, i.e., like 
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r=(zx, y, z). To prove this one must assume that both coordinate systems 
are of similar sense (both right-handed or both left-handed). 


I.11. The hodograph of planetary motion. From Eq. (6.5) with A=0, 
the hodograph of planetary motion is given by 


Ear — Ming, y= y= + cosg + B, 


where M is the mass of the sun, C the angular momentum constant, ¢ 
the true anomaly (cf. Fig. 6). Show that the trajectory is a hyperbola or 
ellipse, depending on whether the “pole” =7=0 of the hodograph is 
excluded from or included by the hodograph. Also describe the limiting 
cases of parabola and circle in terms of the position of this pole. 

1.12. Parallel beam of electrons passing through the field of an ton. 
Envelope of the trajectories. A source located at infinity shoots off electrons 
(charge e, mass m) along parallel paths with constant initial velocity v9. 
An ionized atom A (charge #, mass M) is fixed at the origin. If e and # 
have the same sign, what area surrounding A is never touched by the 
electrons? 

Take the y-axis as the direction of the incident particles; treat the 
problem as plane. It will be easiest to write the trajectory of an electron 
in polar coordinates with A as pole of the coordinate system and focus of 
the hyperbolic trajectory. The boundary of the above-mentioned area is 
obtained as the envelope of the electronic trajectories. Because of M>m 
one can consider A to be at rest. 

Show that if e and £ have opposite signs, the envelope of trajectories 
seems to yield the same boundary, but that it is now devoid of physical 
meaning. 

1.13. Elliptical trajectory under the influence of a central force directly 
proportional to the distance. Consider a mass m under the influence of a 
force directed toward a fixed point O (center of force) 

F= —kr 
a 
(r=Om, k=const.). Show that the following three laws hold for the motion 


of m: 
1. m describes an ellipse with O as center. 
2. The radius vector r sweeps out equal areas in equal times. 
3. The period 7 is independent of the shape of the ellipse, depending 
only on the force law, ie., the values of k and m. 


1.14, Nuclear disintegration of lithiwm (Kirchner, Bayer. Akad. 1933). 
If a hydrogen nucleus (proton, mass m ) collides with velocity v, With a 
nucleus of Lz? (lithium of atomic weigkt 7), the latter splits into two «- 
particles (mass ma=4 m,). These two «- particles fly off in almost (but 
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not exactly) diametrically opposite directions. Assume that the «- 
particles fly off symmetrically with respect to the line of collision, and with 
equal velocities, and calculate the angle 24 between them. Notice that in 
addition to the kinetic energy E, of the proton, there occurs another energy 
£ liberated as a result of the mass defect, which is greatly in excess of E, 
and is likewise transmitted to the two «- particles. Thus the final answer 
for cos¢ contains not only m, and mz, but also the kinetic energy E., of the 
proton, and £. 

In the units customary in atomic physics, H=14-10® ev (electron-volt). 
In an experiment E,=0.2:10° ev; what are the values of vg and 24? 


1.15. Central collisions between neutrons and atomic nuclei; effect of a 
block of paraffin. Neutrons are slowed down but little by a lead plate 
50 cm thick; a layer of paraffin about 20 cm deep, on the other hand, 
absorbs them completely. This can easily be understood: if one remembers 
that in a central collision the kinetic energy of the neutron (mass m=1) 
is completely transferred to one of the hydrogen nuclei of the paraffin 
(proton mass M,=1); whereas the amount of energy transferred in a 
central collision with a lead nucleus (mass M,=206) is hardly worth men- 
tioning. Draw a curve showing the kinetic energy which the initially motion- — 
less atomic nucleus (of mass M) receives from the neutron (mass m) in a 
central collision, as a function of the ratio M/m. 


1.16. Kepler’s equation. The secular variation of the motion of the 
planet in its orbit is determined, in differential form, by the principle of 
angular momentum. In order to obtain the secular variation in integral 
form, one can, following Kepler, proceed as follows (Fig. 55). 

Draw a circle about the 
center of the ellipse with the 
major axis as diameter. We 
now associate a point K on 
the circle with the planet 
located at point H of the 
ellipse at the time ¢. If we 
take the principal axes of the 
ellipse as coordinate axes, 
point K has the same ab- 
scissa as H. Whereas FE is 
given by its polar coordinates 
r, @ (pole 8), K is deter- 


mined by polar coordinates Fic. 55. Kepler’s construction of the eccentric 
a, u (pole M). Thus with the anomaly u and its connection with the true 
true anomaly ¢ we associate anomaly ¢. 


R 
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the eccentric anomaly u (as in the text, we count both from aphelion in 
the direction of motion, at variance with astronomical usage, where the 
anomalies are counted from perihelion, though, of course, also in the 
direction of motion of the planet). 

The coordinates x and y of the planet # can be expressed, on the one 
hand, in terms of r and ¢, and on the other, in terms of one of the semi- 
axes of the ellipse and the eccentric anomaly uw, so that, with K given, 
E is also given. The course of the motion of point K on the circle is then 
determined by the celebrated Kepler equation 

nt = (wu — sin u). 
me ee . @m\t oc 
Here e¢ is the eccentricity of the elliptical trajectory, and n=(=) =F 
where a, b are the semi-axes, G the gravitational constant, M the mass of 
the sun, C the areal velocity constant. 

In order to derive Kepler’s equation, start out with the polar equation 

of the ellipse, referred to S as pole and the ray SA (aphelion) as polar axis, 


= v2 
eet) = € cos 


‘ 


where p is the “‘ parameter ” a(l—«?). Now use the transformation rela- 
tions referred to above to introduce wu in place of ¢, and obtain the equation 


r=a(l+e cos u). 


Differentiation of these two equations, elimination of r and ¢, introduction 
of the principle of angular momentum and of Eq. (6.8) finally yield Kepler’s 
equation by an integration, provided we stipulate that at t=0 the planet 
is at aphelion. 


Chapter II 


II.1. Non-holonomic conditions of a rolling wheel. A sharp-edged wheel, of 
radius a, rolls without sliding on a rough plane support (think, for example, of 
a hoop rolling on an even road). Its instantaneous position is determined by 
assigning values to 


1. coordinates 2, y of the point of contact of the wheel with the support, 
referred to a rectangular coordinate system x, y, z whose xy-plane coincides 
with the support; 


2. angle @ between axle of wheel and zaxis; 


3. angle % formed between the tangent to the wheel (intersection of 
the plane of the wheel with that of the support) and the z-axis; 
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4. angle ¢ that the radius toward the instantaneous point of contact 
of the wheel makes with an arbitrary fixed radius, this angle to be counted 
positive, say, in the direction of rotation. 

In finite motion the wheel therefore has five degrees of freedom. The 
mobility of the wheel is, however, restricted by the condition of pure rolling 
(without slipping) brought about by the static friction between wheel and 
support; indeed, with the wheel moving along its instantaneous direction, 
the distance 6s moved along the direction of the tangent must equal a8d¢. 
By projecting this equation on the coordinate axes we then obtain the 
conditions of constraint 


(1) dx=acos $84, dSy=asin £d¢ 


which the displacements dz, dy and 5¢ must satisfy. 

Hence the rolling wheel has only three degrees of freedom in infinitesimal 
motion. 

Show that conditions (1) cannot be reduced to equations between the 
coordinates themselves. To do this, show that the existence of an equation 
f (x, y, ¢, %)=0 [6 does not occur in (1)] is incompatible with conditions (1). 

II.2. Approximate design of a flywheel for a double-acting one-cylinder . 
steam engine (cf. also § 9 (4)). A double-acting piston engine is one in 
which steam is introduced alternately on both sides of the piston, so that 
work is done during both strokes of a cycle. 

Let us assume, for simplicity, that the steam pressure remains constant 
during each stroke (full pressure or Diesel cycle), and let us, moreover, 
suppose that the connecting rod is of infinite length. The variable torque 
as a function of crank angle ¢ transmitted from the piston to the crank 
shaft is then given by 


L=L,sin¢ 


for the half-cycle in which the crank moves from the backward to the 
dead forward position [cf. Eq. (9.5)]. Here Ly is a constant; ¢ is counted 
in the sense of rotation from the dead backward position. During the 
second half-cycle, from forward to dead backward position, under the same 
assumptions as made above (viz., 1. double-acting engine, 2. operation under 
full pressure, 3. infinite connecting rod), the torque changes according to the 
same law, provided ¢ is now measured in the sense of rotation from the dead 
forward position. 

Let the load on the engine be given by the constant torque W, corres- 
ponding to a power of N HP withnr.p.m. Thus the driving torque L is 
variable, while the load torque W is constant. As a result the angular 
velocity of the engine fluctuates between a maximum value w,,,, and a 
minimum value w,,;,, its mean value w,, being given approximately by 
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@ max + & min 
On= a e 
It is the purpose of the flywheel to prevent the relative fluctuation, that is 
the degree 8 of unbalance of the engine, given by 


$= @ max — © min | 
Om 


from exceeding a given limit. How great must the moment of inertia of 
the flywheel be if the inertial effect of the moving masses (piston, piston 
rod, cross head, connecting rod and crank) is neglected? 


11.3. Centrifugal force under increased rotation of the earth. How fast 
must the earth rotate and how long would the day be in order that cen- 
trifugal force and gravity just cancel at the equator? 


I1.4. Poggendorff’s experiment. From one end of the beam of a balance 
we suspend a weightless pulley which can rotate without friction. A 
string U passes over the pulley; on one side the string carries the weight P, 
on the other, the weight P+, where p is a small additional weight, just 
as in Atwood’s machine. Initially p is fastened to the axle of the pulley 
by means of a thread wu. On the other side of the balance these weights are 
suitably equilibrated in a pan. The thread wu is then burned. 

(a) With what acceleration do the weights P and P+--p rise and fall, 
respectively? 

(b) Is the beam of the balance displaced in this process? 

(c) What is the tension in the string U? 


II.5. Accelerated inclined plane. An inclined plane is moved in a 
vertical direction according to a given dependence on the time. Investi- 
gate the motion of a body of mass m sliding down the plane without friction ; 
in particular, consider the case that the inclined plane is moved with the 
constant accelerations +g and —g. 


I1.6. Products of inertia for the uniform rotation of an unsymmetrical 
body about an axis. An unsymmetrical body rotates uniformly about an 
axis whose ends rest in bearings A and B. What reactions A and B must 
be exerted by the bearings? Calculate them from d’Alembert’s principle; 
show that they result from the total centrifugal force applied at the center 
of gravity and from the resultant moment of the centrifugal forces acting 
on the individual mass elements. 

From p. 55 we know the reactions caused by the weight of the body 
alone; we can therefore omit their effect here. 


II.7. Theory of the Yo-yo. A disk-shaped body of mass M and moment 
of inertia J is provided with a deep symmetrical groove in the median plane 
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perpendicular to its axis. A string is wound on the shaft of radius 7 in 
the groove. The loose end of the string is held in the hand. One then lets 
the body fall, with the string taut at all times. As the body descends, it 
acquires a rotational acceleration until the string is unwound. Then follows 
a transition stage, not to be considered in detail here, the result of which 
is that the body shifts from one side of the string to the other. The string 
now winds around the shaft in the opposite sense, and the body climbs 
with rotational deceleration, and so on. What is the string tension 

(a) in descent? 

(b) in ascent? 
Assume that r is so small compared to the distance of the axis from the 
loose end of the string that the string can at all times be considered to be 
vertical. 


11.8. Particle moving on the surface of a sphere. A mass point moves 
on the outside of the upper half of a sphere. Let its initial position z) and 
initial velocity v, be arbitrary, except that the latter is to be tangential 
to the surface of the sphere. The motion is to be frictionless, occurring 
solely under the influence of gravity. At what height does the mass point 
leave the sphere? 


Chapter III 


III.1. Spherical pendulum with infinitesimal oscillations. In general, 
the nodal points of the trajectory of a spherical pendulum advance during 
the course of the motion. For sufficiently small oscillations, however, the 
nodal points must be fixed, for we are then dealing with an harmonic 
elliptical motion. Estimate in what order the advance 4¢ of the nodal 
points vanishes with vanishing area of the ellipse. 


II1.2. Position of the resonance peak of forced, damped oscillations. 
In a forced oscillation with damping the maximum amplitude of oscillation 
lies, not at w=w, as in the case of no damping, but at a value below w» 
(cf. Fig. 33) depending on the amount of damping. 

Find for what value of w |O| is a maximum. 

[Show that the maximum of the velocity amplitude |C|w (or of the 
time average of the kinetic energy) occurs exactly at w= wy! 


III.3. The galvanometer. A galvanometer is connected through a 
switch with a direct-current source of constant HMF EH. At time t=0, 
the switch is closed. After a sufficiently long time the galvanometer deflec- 
tion reaches its final value «,. What is its motion between the initial 
position of rest, «=0, «=0, and the final position, «=«,,? 
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Three effects have to be taken into account. First, an external torque 
proportional to the electric current and hence to the EF acts on the 
galvanometer of moment of inertia I. Second, there acts a damping torque 
proportional to the angular velocity, which tends to slow down the motion. 
Third, the torsion in the suspension acts as a restoring torque and is pro- 
portional to the deflection « Let p be the factor of proportionality of 
the damping torque, w;, that of the restoring torque. 

Distinguish and explain graphically the three cases 

(a) weak damping (p< a), 

(b) aperiodic (‘‘ critical *?) damping (p= op), 

(c) strong damping (p> a»). 


III.4. Pendulum under forced motion of its point of suspension. 

(a) A particle is suspended from an inextensible string and oscillates 
without damping under the influence of gravity The point of suspension 
is moved along a straight horizontal line according to some given law of 
displacement € =f(é). 

What are the equations of motion of the system, the mass of the string 
being neglected? Derive them either from d’Alembert’s principle or from 
Lagrange’s equations of the first kind. 

The equations of motion become considerably simplified if we pass to 
small oscillations, i.e., retain terms of only the first order. 

If we make the additional assumption that the displacements of the 
point of suspension are harmonic in time, the equations of motion can 
easily be integrated. As the pendulum is set moving, say by a motion 
of the point of suspension, its proper frequency is excited; the amplitude 
of this proper frequency is gradually damped out (though we shall neglect 
damping in the analysis), thus leading to a steady state of oscillation with 
the same frequency as that forced on the point of suspension. Show that 
when the motion has thus become stationary, suspension point and mass 
m move in the same sense below the resonance frequency, in opposite 
senses above it. 

(b) Make a similar analysis of the case in which the point of suspension 
is subjected to a vertical displacement y, with special emphasis on the 
case that the acceleration of the point is constant. What is the period of 
oscillation if the point of suspension is displaced with accelerations +-g 
and —g? 


III.5. Practical arrangement of coupled pendulums, sketched in Fig. 56. 
Between two fixed supports 4 and B is stretched a weightless, flexible 
and elastic wire. Its tension § is regulated by an adjustable weight @ 
attached to the loose end of the wire hanging over the angle iron B. Two 
pendulums are suspended bifilarly at points C and D which divide the 
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segment AB into three, let us say, equal parts. The bifilar suspensions, 
indicated as simple suspensions in the sketch, enable the pendulums to 
swing out with good accuracy in a transverse direction, i.e., normal to 
the plane of the drawing. By increasing G the coupling between the two 
pendulums is made weaker (not stronger, as might at first be thought !). 
In what is to follow, we shall assume the coupling to be weak, which means 
that S is large compared with the weight of the pendulum bobs. We 
further suppose the angles of deflection 4, and ¢, of the pendulums with 


Fic. 56. Wire ACDB is held taut by the weight G. It is deformed 
into A34B or, for the opposite deflection, into 43’4’B, the deflection 
being caused not only by the gravitational action on masses m, 
and m,, but also by the inertial effects of the pendulums. The 
latter are labeled 1 and 2, are of lengths 7, and 1,, and suspended 
bifilarly, so that they swing out normally to the plane of the 
drawing (the bifilar suspensions are not shown in the figure). 9, 
and ¢, are the instantaneous deflections from the vertical. 


respect to the vertical to be small. (Refer to Fig. 56 for notation; 3’ and 
4’ are the deflections of the points of suspension C and D symmetrically 
opposite to 3 and 4.) These angles are then approximated by 


sin $= $\= Ee cos ¢,=1 


8in do= do= ee cos po= 1, 


With neglect of the y-component of the small oscillations we have for m, 
and similarly for mz, 


(1) m, g=S, cos $,=S, M29=S, cos d4=S. 
(2) m,z,= —S, sin d,= 72 Ge) Mo%y= —S_ sin Po= “24 (@4~ 2%). 
at 2 


At the points of suspension OC and D, S, and S, respectively must, at any 
instant, be-in equilibrium with the tension S; the latter is altered negligibly 
little by S, and S,. This yields two more conditions between x, x, 7; and 
a,. We can solve these for 2, and a, and substitute them in (2). We then 
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obtain the simultaneous differential equations of coupled pendulums. 
Verify that these are indeed in agreement with Eqs. (20.10). 


III.6. The oscillation quencher. A system capable of oscillating in the 
z-direction (mass Jf, proportionality constant of the restoring force, K) is 
coupled by means of a spring (constant ) to a mass m, in such a way that 
m, too, can oscillate in the z-direction. We require that when an external 
force P,,=ccoswt acts on the mass VM, this mass VM stay at rest. What 
conditions must be satisfied by the system (m, k)? 


Chapter IV 


IV.1. Moments of inertia of a plane mass distribution. Prove that 
for any plane mass distribution the moment of inertia about the “ polar ” 
axis (perpendicular to the plane) equals the sum of the moments of inertia 
about two mutually perpendicular “ equatorial ’ axes (in the plane of the 
mass distribution, intersecting in the polar axis). Specialize the foregoing 
to a circular disk. 


IV.2. Rotation of atop about its principal axes. According to Fig. 46a, b, 
the rotations of an unsymmetrical top about the axes of the largest and 
smallest moments of inertia are stable, that about the axis of the intermedi- 
ate moment of inertia is unstable. Prove this analytically. Start out with 
Euler’s equations of motion and put the angular velocity about the axis 
of rotation w,;—const.=w,. Angular velocities w, and w, about the other 
two principal axes are initially zero, but, due to a perturbation, acquire 
values different from zero. If we suppose the perturbation small, the first 
Euler equation states that to a first approximation w, remains unchanged, 
= . From the other two equations one obtains a system of two linear 
differential equations of first order in wand w3. Put w,=ae*t and w,=ber# 
with arbitrary constants a and 6, and substitute in the two equations. The 
discussion of the resulting quadratic equation for A yields the proof of the 
above assertion. 


IV.3. High and low shots in a billiard game. Follow shot and draw 
shot. A billiard ball is hit with horizontal cue in its median plane, ie., 
without “English .” At what height A above the center must the cue hit 
the ball so that pure-rolling (no slipping) will ensue?’ Work out a theory 
of balls struck high and low, taking into account the kinetic friction between 
ball and cloth. By how much does the velocity of the center of mass grow 
in a high shot during the total time friction is acting, and by how much 
does it decrease in a low shot? What time elapses before only pure rolling 
remains? 
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The same method can be used to explain the phenomena taking place 
on collision with another ball, i.e., follow and draw shots. 


IV.4. Parabolic motion of a billiard ball. How must a ball be struck 
so that the initial motion of its center of gravity and the axis of rotation 
are not normal to each other? Show that the direction of the force of 
friction is constant as long as the ball slides. What is the trajectory of 
the center of the ball? After what time does pure rolling ensue? 


Chapter V 


V.1. Relative motion in a plane. A plane rotates with variable angular 
velocity w about its normal at one of its points O. 

What forces in addition to the centrifugal force must be applied to a 
mass point so that its equations of motion in the rotating plane take on 
the same form as in the inertial frame of a spatially fixed plane? It will 
be convenient to introduce complex variables x+iy in the spatially fixed 
plane, ¢+-77 in the rotating plane. 


V.2. Motion of a particle on a rotating straight line. A mass point 
moves without friction on a straight line which in its turn rotates with 
constant angular velocity w about a fixed horizontal axis intersecting, and 
perpendicular to, the straight line. Calculate the motion on the rotating 
straight line as a function of time, and show that the force of constraint 
(guiding force) and the component of the gravitational attraction along 
this force just balance the Coriolis force. ; 


V.3. The sleigh as the simplest example of a non-holonomic system 
[after C. Carathéodory, Z. angew. Math. Mech. 13, 71 (1933)]. The sleigh 
is regarded as a rigid plane system with three degrees of freedom in finite 
motion, one degree in infinitesimal motion. (Cf. the rolling wheel in 
Problem II.1, which had five degrees of freedom in finite motion, three 
in infinitesimal motion.) 

Neglect the sliding friction on the snow, or, alternatively, think of it 
as permanently compensated by the pull of a horse. One must, however, 
take into account the friction F exerted laterally by the snow tracks 
against the runners of the sleigh, for it prevents any lateral motion of these. 
Let this friction be concentrated at one point of application O. 

An £n-system is fixed in the sleigh. The £-axis runs horizontally along 
the center line of the runners and passes through the center of mass CG 
with coordinates =a, 7=0, and the y-axis passes horizontally through 
the point of application of F. In the horizontal plane of the snow we fix 


an zy-system. Let ¢ be the angle between the axes of ¢ and z, w=¢ the 
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instantaneous angular velocity of the sleigh about the vertical; MM is the 
mass of the sleigh, I its moment of inertia about the vertical through the 
mass center; u, v are the components of the velocity of the point O 
(€=n=0) along € and 7». 

(a) Derive the three simultaneous differential equations for the quantities 
u, v, w with F as external force, using the method of complex variables 
of Problem V.1. 

(b) Simplify them by introducing the non-holonomic condition v=0 and 
determine F from them. 


Ke=2 K=3 


Fie. 57, Trajectory of a sleigh for various values of 
k, after Carathéodory. 


(c) Integrate them by introducing, instead of ¢, an auxiliary angle 
proportional to ¢. 

(d) Verify that the kinetic energy of the sleigh is constant (because F 
does no work). 

(e) Show that, with suitable choice of the time scale, the trajectory of 
point O in the xzy-plane possesses a cusp at t=0 andasymptotically approaches 
straight lines for t= + 0, as shown by the curves of Fig. 57 borrowed from 
Carathéodory. 


Chapter VI 


VI.1. Example illustrating Hamilton’s principle. Calculate the value 
of Hamilton’s integral between the limits =0 and t=t, 

(a) for the real motion of a falling particle, z= 4g#?; 

(b) for two fictitious motions z= ct and z—at®, where theconstantsc and a 
must be so determined that initial and end positions coincide with those 
of the real path, in agreement with the rules of variation in Hamilton’s 
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principle. Show that the integral has a smaller value for the real motion (a) 
than for the fictitious ones (b). 


VI.2. Once more the relative motion in a plane and the motion on a 
rotating straight line. Treat Problems V.1 and V.2 by means of the Lagrange 
method. 


VI.3. Once more the free fall on the rotating earth and Foucault’s 
pendulum. Verify that these problems, too, can be treated by Lagrange’s 
method without knowledge of the laws of relative motion. This procedure 
is interesting and simpler in thought than that of Chapter V; it does, 
however, require a careful inspection of ae numerous small terms occurring. 


only after the differentiations ii 


the usual approximations of large a radius and small angular velo- 
city be made; until then, all terms must be carried. 

Start out with ordinary spherical polar coordinates r, 6, %, where r is 
measured from the earth’s center. Next compare these with coordinates é, 
n, ¢ introduced in Fig. 49. Let R be the earth’s radius, 9, 4) the coordinates 
of the projection on the earth of the initial position of the freely falling 
body or of the point of suspension of the pendulum. We then have the 
following relations between coordinates 7, 0, % and &, y, { of the falling or 
oscillating particle m, 


and = ;, have been carried out hou 


(1) E=R(—6), n=Rsin O($— yo), C=r—R, 
with 
(2) Pyo=wt, I= 5 — d= colatitude. 
From this 

cos 0 


E=RO, j=Rsin O(p—w)4+ 2308, C= 7 
and, conversely, 


(3) rO= (1 fe 2) é, 


ie 6 9 oe OP 
rsindy=(1+$)a+oR(1+ f)sind—S4(1tR)Re r= 
where the angle @ occurring on the right must, according to (1), be regarded 


as a function of €. 
These values are to be replaced in the expression 


= a a ie 62-4 r2sin20y?) 
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for the kinetic energy, which becomes, as a result, a function of &, 7” G 
é, and . If we denote the terms later to be dropped by..., we can, 
for instance, calculate from 7’ 


(4) omit +R) em moe (it+5| ) AI. -toR(1+ §)sino+-.-} 


sin @ 


(5) wae me mercos On ++ « 
(6) oe = Bag = tmwcos Oy +--- 


As our potential energy we can take 
(7) V=mg(r—R)=mgl. 


Verify that in this manner we obtain Eqs. (30.5) for the free fall and 
Eas. (31.2) for Foucault’s pendulum, from which follow the results developed 
earlier. 


VI.4. ‘ Wobbling ” of a cylinder rolling on a plane support. A circular 
cylinder of radius a has an inhomogeneous mass distribution, so that the 
center of mass G has the distance s from the axis of the cylinder. The cylinder 
rolls on a horizontal plane under the influence of gravity. Let m be the 
mass of the cylinder, J its moment of inertia about an axis through the 
mass center parallel to its axis of symmetry. Investigate the motion with 
the help of Lagrange’s method, introducing the angle ¢ rotated through 
as generalized coordinate g. In calculating the kinetic energy, put the 
point of reference 

(a) in the center of mass, 

(b) in the geometrical center, 
of the cylinder and verify that in both cases the same differential equation 
in ¢ results. 

Show by means of the “ method of small oscillations ” that the equili- 
brium of the cylinder is stable with G in the lowest, and unstable with G 
in the highest position. 


VI.5. Dzfferential of an automobile. If the driven wheels of an auto- 
mobile are not to slide, they must be able to turn at different speeds on a 
curve. This is achieved by the differential (Fig. 58). The engine drives the 
driving wheel (2) in which axle A is fixed. ‘Two bevel gears (w) sit on A 
in such a way that they can rotate independently about A. They, in turn, 
are in mesh with the pair of bevel gears (w,, w,) on which they may roll 
(cf. Fig. 58, left) as A turns. 
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The axle of the rear wheels of an automobile is cut at the center (Fig. 58, 
right). Fixed to the left end of its right half is the bevel gear (w,), to the 
right end of its left half, the bevel gear (w.). The two halves of the rear 


vig 


4 


yee 


C0) smi 
Sey 


Fre. 58. The differential of an automobile, at the same time a 

model (after Boltzmann) for the induction effect of two coupled 

circuits. Left: view along rear axle of vehicle. Right: side 
view of this axle. 


axle are therefore coupled by the differential in such a way that they can’ 
turn with different angular velocities. 

Set up the kinematic relations between angular velocities 2, w, w, and 
w>. Next make use of the principle of virtual work to derive the condition 
of equilibrium between the driving torque L acting on (2) and the torques 
L, and L, acting on (w,) and (ws). 

What is the equation of motion of the system? Let J, and J, be the 
moments of inertia of (w,) and (w,), J that of the pair of gears (w) about 
the axis of A, I’ that of (w) about the axis of the driving wheel. Neglect 
the contribution of (2) to I’. 

If one rear wheel is accelerated, for instance by decreasing friction, the 
other wheel is retarded, even if driving torque and frictional torque remain 
equal there. 


HINTS FOR SOLVING THE PROBLEMS 


Almost all numerical calculations occurring in these problems can be 
carried out to sufficient accuracy by means of a slide rule. Let us call 
express attention to this useful tool for quick approximate calculations. 


I.1. The proof that v,=v,=v can be derived either algebraically or 
geometrically. In the latter case use v, and v, as rectangular coordinates 
in a plane diagram. 

1.2. The velocities of the expelled masses are, respectively, 


Mame and apr pXo- 
1.3. Here we obtain the formulas of 1.2 with a change of sign. 


1.4. Verify that the quadratic equation for V leads to the same minimum 
value v, as that for v. 


I.5. The differential equation to be integrated is 
mv —pa=— mg. 
With the independent variable m=m,— jt instead of t one obtains 
= La) 
v= aln(1 Ft) gt 


and, by an additional integration (z= height above earth’s surface), 


(1) zie | (1-41) in(1- £4) +5 th— Joe. 
For small ¢ we obtain, by neglecting higher terms in ¢, 
) (m9) 
The numerical calculation with equation (1) yields 
i= 10 30 50 sec 
z= 0.54 5.65 18.4 km 


1.6. Sinee water has specific gravity 1, the mass of the drop is 


re i.e., dm=4nr*dr. In condensation, on the other hand, with « 


a factor of proportionality, dm=4ar'adt; it follows that dr=« dt. In terms 
of r the differential equation is then 


i) —— 
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d 
as (rv) = rg. 
By virtue of the initial condition v=v, for r=c its solution is 
=a ale 
om 8 gta (Sa) 
for c=0 and v,=0 we have, respectively, 


4 
ee. v=2i(1—4). 
a4 


1.7. Let x be the instantaneous length of chain hanging down. With 
the mass of the chain per unit length put equal to 1, the equation of motion is 


£ (ai) =a +e ge. 


Since its integration is somewhat difficult —after the substitution r= ut it 
leads to an elliptic integral — we shall be satisfied with expressing the quanti- 


ties T, V and Q (Carnot energy loss per unit time) in terms of 2, x and x 
and showing that by the equation of motion we have 


T4+V+Q=0, and hence, 7+-V+0. 


1.8. Our equation of motion is ly=gz. This linear differential equation 
with constant coefficients has a solution of the form (3.24b). The validity 
of the principle of energy can be read off either in differential form from 
the equation of motion, or in integrated form from its solution 


x=a(ette ot)  g®= g, a= 


1.9. The numerical data given in the problem permit the calculation 
of the centripetal acceleration of the moon in msec™*. For the radius r 


of the earth we can take the original definition of the meter, r== 107m. 


The law of gravitation, on the other hand, yields ap as the centripetal accelera- 


tion after the gravitational constant G has been eliminated by means of 
g as on p. 20. The two numerical values thus obtained are in satisfactory 
agreement. 

1.10. Set up the transformation equations for the coordinates as in 
(2.5), but with «p= By>=yy=0. The components of the transformed moment 
L’ are found to be linear expressions of the components of L with coefficients 
equal to the cofactors of the transformation scheme. For the latter we 
have the relations 
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’ RY2 


, eee 


Ay Oy 
Bs Pi 
to be proved from the orthogonality conditions. Here p= +1, according as 
the transformed system has the same sense (“ unimodular transformation ’’) 
as the original system, or the opposite sense. 


I.11. From Eqs. (6.8) we have [according to Fig. 7 and Eq. (6.5), B is 
negative | 


_ |% & 
PYL = | aes 


eBoy 
<~@mM ~ GM 
o “ce 


It follows that for the ellipse («e< n= > |B], for the hyperbola (¢> 1) 


= < |B]. Now R= =e is the radius of the hodograph circle, |B| the 


distance of the center from the pole. From this the assertion made in the 
statement of the problem follows at once. 
The table below, in which 


v= G+ (BI 


signifies the magnitude of the planet’s velocity at perihelion, shows how 
the limiting cases of the circle and the parabola fit into the scheme. 


Planetary Trajectory € |B| Hodograph ty 
circle =0 =0 center at pole = a 
ellipse <1 <R | hodograph includes 2GM 
pole ae 

parabola =] =F | hodograph passes __2@GM 
through pole — = 

hyperbola >1 >R | hodograph excludes 2GM 
| pole oa 


1.12. In the differential equations (6.4) we must replace GM by + =. 


where the upper sign (attraction) corresponds to the case of the positive 
ion, the lower sign (repulsion) to that of the negative ion. Note that here 
z=0, y=—p, and the meaning of ¢ is the same as in Fig. 6, so that Eqs. 


(8.5) give for $= 5, 
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Eq. (6.6) then becomes 


(1) = + = (1—sind)— 2cos¢. 


C changes from trajectory to trajectory with the distance of the firing 
direction from the y-axis. It follows that (1) represents a family of 
curves. To obtain the envelope of this family, differentiate Eq. (1) with 
respect to C, then eliminate C from this and the original equation to obtain 
4eH 

(2) a Ss da 
Note that any electron path consists of only one branch of a hyperbola, 
whereas (1) represents both branches; verify — most simply by a sketch of 
the corresponding families of curves—that Eq. (2) is the envelope of the 
actual electron paths only in the case of repulsion. 

J.13. It will be easiest to use the method of harmonic oscillations 
of § 3, (4). It is, however, instructive to check that the methods of § 6 
also lead to the desired end. 


1.14. The nuclear reaction treated here is not an elastic collision; ~ 
nor is it an inelastic one. It is, so to speak, a “ superelastic ”’ one, in that 
the nuclear binding energy H is to be added to the primary energy £,,. 
The kinetic energy of the «-particles can be calculated in the classical form 
Ey=4mqvqa- 

Elimination of v, from the equations of energy and momentum then 
yields Kirchner’s result for the symmetrical case, 


= (™ _%._\t 
cos p= Es =e, 


1 ev is that energy which a potential drop of 1 volt (=108 electromagnetic 
units of potential) imparts to the electronic charge e (=1.6 - 10~?° electro- 
magnetic units of charge), so that 1 ev=1.6 : 10-™ erg. 

The mass of the proton is m,=1.65 - 10-4 g, that of the «-particle, 
is hence m,=6.6 - 10-%4 g. The latter is needed in order to pass from 
Ew, at first expressed in ev and then converted to erg, to the velocity vq. 
The value of v,, thus found shows that the classical form for Hy was justified 
and that the relativity correction of Eq. (4.11) is negligible. 


1.15. In the second Eq. (3.27) we put V)>=0 and, say, vg=1, so that 
one can immediately calculate the kinetic energy 4M V? of the struck particle 
after the collision as function of n="; in particular one finds it to be a 


maximum for x=1 and to be small—only 1.9% of the maximum value — 
for x= 206. 
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Proceeding from such considerations, Fermi in 1935 worked out his 
method for the production of “thermal” neutrons, i.e., slow neutrons of 
uniform velocity, which by frequent collisions have reached equilibrium with 
the protons of thermal energy contained in the paraffin. 


1.16. The coordinates of H are 
z= ML=acosu 
=SL—SM=r cos ¢— «a 
(1b) y=EL=rsin d=bsin u. 


(la) 


Write the polar equation of the ellipse in 7, ¢ in the form 
(1) r=ercos¢+p, p=a(l1—e?). 
Substitute the value of r cos ¢ from (la) to obtain 
(2) r= e¢(acos u-+ ea)+a(1— e?)=a(1+ € cos u). 
A differentiation of (2) gives 
(3) dr= — easin udu. 
A differentiation of (1) gives 

esin ddd=—p at 


From this 


(4) — 3 r= 7? fe C (C=areal velocity constant). 


Kq. (4) is transformed by (1b) and (3) into 


y aaa Pe 
5 ru=C. 


Finally replace r from (2), to arrive at the differential equation 
(5) (1+. cos u) du=n dt (6) n= Le 
Integration of (5) yields 

u—esin u= nt. 


The integration constant vanishes because we agreed to measure time in 
such a way that for w=0 we have t=. né is called the mean anomaly 
and, like the other anomalies, is measured from perihelion in astronomy. 
The name comes from the fact that by means of Eq. (6.9) the right member 


of (6) can be transformed to A. 
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II.1. Reduce 
f= 2 L bn 2 7 y+ 3 BOb+ sy oy 
by means of condition (1) of the problem, to obtain for the right member 
(Za COs i+Ha sin p+ A) 06+ oy Oy. 
Now 6¢ and 6y¥ can individually be put =0, so that 
(2) a7 0) and (3) ae cos ptaZ Z sin ves a =(). 


The latter equation is valid for all % and can therefore be differentiated 
with respect to %. With the help of (2) this gives 


(4) —aZsiny-+aZ! cosy— 0 
and, after a second differentiation with respect to y, 
(5) aL cosp+az siny=0. 
From (4) and (5) it follows that 

(6) ar ie 


According to (3) we must then also have 


of 
(7) ag =0. 
(2), (6) and (7) show that there does not exist a condition f=0 dependent 


on x, y, ¢, #, ie., that our system is non-holonomic. Proof of G. Hamel, 
“‘Elementare Mechanik,” 2nd Ed., Leipzig 1922. 


11.2. Draw the work diagram of the engine, that is, the L-curve and 
the W-line with the crank angle from 0 to z as abscissa. Note that the 
areas enclosed between the L-curve and the abscissa and the W-line and 
the abscissa must be equal. This yields a relation between Ly and W. 
The angles ¢, and ¢, belonging to w,,, and w,j;, are the points of inter- 
section of the Z- and W-curves in the diagram, sin¢,=sin¢,= = oo= 
a— 1, $,=39° 33’=0.69 radians. Determine the difference in the kinetic 
energy of the flywheel between angles ¢, and ¢, and express it in terms of 
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I, w, and 8. The equation of energy written for the same interval yields 
the magnitude of the required J in the form 


Ww __ 0.66 
t= 503 cos $,—7-+2¢,) = Suh W. 
With 
Wi 60 
N= soe ide and n= 5 wr.p.m. 
one obtains 


we NV ‘sec? 
I 43, 400 —kg-m-sec 
in the practical system of units. 


11.3. For the magnitude of the earth’s radius see Problem 1.9. For 
the numerical calculation of the length of the day put (87)?=5. 


II.4. (a). If one thinks of the beam as held fixed in position, one need 
only consider the equilibrium of gravity and inertial forces at the pulley 
in a virtual rotation 5¢ of the pulley (torque equation). From this one 
obtains the acceleration x of the weights as a small fraction of g. 

(b). Add a virtual rotation of the beam to the foregoing. Here the 
moments of the inertial forces about the fulcrum of the balance beam 
enter. One finds that equilibrium does not prevail. The beam is deflected 
downward on the side of the pan as long as the weight p is falling. In 
estimating the excess weight the diameter of the pulley may be neglected 
in comparison with the length of the balance beam. Another procedure 
using the same approximation is to compare the load on the pan with 
the load due to weights and inertial forces on the other side of the beam. 


II.5. Let the equation of the inclined plane be 
(1) F (2, 2, t)h=z-—ax—¢ (t)=0. 


a=tan « determines the constant inclination « of the plane to the hori- 
zontal; ¢(t) is its intersection with the z-axis which varies with time. 
Lagrange’s equations of the first kind (12.9a) give 


(2) x= — Aa, z=A-g. 


In order to determine A, differentiate (1) twice with respect to ¢, 


(3) %—ai=¢ (t). 
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Substitution of (2) in (3) yields A; the integration of (2) can now easily 
be carried out. With initial conditions x=2=0, =a), z=2) at t=0 one 
obtains 


a 


=~ 1 ¥a($()— 400) dO)-+95) 


1 D 2 
2= 29+ a(H()— 4(0)—4(0)t—ga?S )- 
From this we have for (iS +g 
= ag Fsin2a 2=% +95-cos2a 


and for $= —49, 


as for a free fall. A=O0 only under the last assumption; otherwise A acts 
as a pressure against the sliding body and hence does work. 

The problem can be solved by means of d’Alembert’s principle without 
introducing A. Since the time is not to be varied (cf. p. 68), we have, from 
(1), 6z=a dx for the virtual displacements. From d’Alembert’s principle it 
follows that 


which, together with (3), allows one to calculate z and z directly. This 
example illustrates that d’Alembert’s method leads to a solution more 
directly and simply than do Lagrange’s equations; the latter, on the other 
hand, have the advantage that the forces of constraint are quantitatively 
determined. 


II.6. In § 11, (1), d’Alembert’s principle was used to derive the equation 
of acceleration of a system rotating under the influence of an external torque. 
We introduced a virtual rotation 6¢ about the axis of rotation, which we 
shall here take as our z-axis. Only the tangential inertial forces were 
relevant, since the normal ones, the centrifugal forces, did no work in the 
rotation 6. 

Here we ask for the forces exerted on bearings A and B in a uniform 
rotation, or, instead, for their reactions A and B. It is precisely the centri- 
fugal forces which are relevant, whereas the tangential inertial forces drop 
out in a uniform rotation. If we introduce the virtual translations dy, 62, 
the virtual work becomes equal to the product of dy and 6z by the sum of 
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the y- and z-components of the centrifugal forces acting on the single mass 
elements, these forces being 


dmyw*, dmzw*. 


An integration yields the inertial components Y and Z of the ordinary 
swinging motion of the total mass m, which are to be thought of as applied 
at the center of mass. 

Next we introduce virtual rotations 54, and 6¢, about the y- and z-axis 
respectively. The virtual work done in these is given by 


— 3p, | dmaz w* and 8g, | may a*. 


They correspond to the torques 
Ly,=—1,,0? and L,=I,,0 


To determine the bearing reactions A and B, fix the origin of coordinate 
system xyz, say, at the bearing A, designate by / the distance between the 
two bearings and by 7 and ¢ the coordinates of the mass center along the 
y- and z-directions. We then obtain the two component equations 


(1) A,+B,=— myo’, 


A,+B,=— mu? 
and the two moment equations 
(2) IBL= —I,,, 
Boe — lg" 


for the determination of the four unknowns 4,, A, and B,, B,,. 

Clearly these periodically varying reactions in the bearings are undesirable 
from the engineering standpoint. To avoid them it is not only necessary that 
the center of mass lie on the axis of rotation y=f=0, Eq. (1), but also 
that the axis of rotation be a principal axis of the mass distribution, 
L,=14,=0, Eq. (2); see, in this connection, Ch. IV, § 22, near Eq. (15a). 
The fulfillment of this second condition is just as important as that of 
the first. The fulfillment of both conditions is called the “ balancing ” of 
the rotating body. 


II.7. Let S be the tension of the string, z the portion of its length 
that is unwound at any given instant. We have during (a): 


Iw=Sr, S=m(g—2). 
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z and Z are positive; because of 2 =rw, 


(1) g=ra= Tr, 
pene) 
a & 
during (b): 


The rotation w retains its sense. The torque of the string tension acts 
against w. z becomes negative and we have 


(3) t=-rw, %=-ra=+%, 
(4) Boe 
1+" 


In both cases (a) and (b) the string tension is the same, and constant in time; 
it is smaller than the weight of the rotating body. 

In the transition stage between (a) and (b) one perceives a very noticeable 
pull in the hand which corresponds to the transition from positive momentum _ 
mz to negative. During this interval S becomes greater than that given 


by Eq. (2). 
II.8. The condition that the particle Jump off is, according to (18.7), 
A=0 or &,=0 
so that, from (18.6), 


(1) mgz= —T(x%+-yij+22). 
Now for every path on the sphere 
we+yy+22=0, ie, xt+yy+22=—(e2+y2+2)=— 02, 


so that, instead of (1), we can write 

mgz mv 
(2) ae aa 
The right side does not equal the centrifugal force along the path, since the 
path is not a geodesic in our case. In agreement with Meusnier’s theorem 
of § 40 it is equal to the projection of this centrifugal force on the normal 
to the spherical surface. 

From the equation of energy 


(3) v= up — 2g (z— 2). 
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Eq. (2) can therefore be rewritten in terms of the initial values v9, 2): 


2 
(4) B2= Dey? = 2 (zoho), 


2 
“0 


, is the height of free fall corresponding to velocity vp. 


where hy=4 


III.1. For a pendulum hanging almost vertically coordinates x and y 
are small quantities of the first order; z equals —/ to quantities of the 
second order. For this reason the third Eq. (18.2) gives, to quantities of 
the second order, 


(1) Aa 


and the first two Eqs. (18.2) define, as in Problem I.13, a harmonic elliptical 
motion of circular frequency 


: 2 5 
e = ( 
For the areal velocity constant of the elliptical motion we have 


(3) on ne _ ()* ab —>0, 


and for the energy constant (initial state 0)=e, Oo = 0) 
2 
(4) E=T-+V-=mgl(—1+5). 
With u=7—1 one has, from (18.11), 


4g é Clmet 
U= —B(n—$)9- GF =F (m—1) (1—m)s 
_é e@ o2\t 
mame (ts ~aqn) - 


From (18.15) we then have 


Cc jf’ d 
5 In+-Ad=—, | ——__“7___.. 
(5) a al ny (m1) —72)# 


A substitution modelled after Eq. (46.11) transforms the integral of (5) 
into the known integral 


us dv = fd A e B e o2\? 
o4 + Beosv (A? — B2!’ ae ns =(is- ap): 


Thereupon (5) yields 44=0, which was to be proved. 
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IlI.2. The first assertion of the problem is proved immediately by 
differentiation of Eq. (19.10) for |C| with respect to w; the second assertion 
is similarly proved by differentiation of |C|w with respect to w. 


III.3. Let us designate the proportionality factors of the damping 
torque and the restoring torque by 2pI and w2I respectively. One then 
obtains Kq. (19.9) as the equation of motion of the galvanometer, with the 
difference that the right member is now a constant C and « replaces x in 
the notation. Fit the constants a and b of the general solution 


a=C-+e-P! (a cos [(we — p?)*t]-++b sin [(w? — p?)*4] 
to the conditions «=«=0 at t=0, and the constant C to the condition 
GH aS t—> oo. 
In the case (a) one obtains a transient motion with decreasing oscillations, 
in the case (c), a monotonic transient motion towards the final position. 


Case (b) should be treated as limiting case of either (a) or (c); in it we arrive 
at a secular term containing ¢ as a factor. 


III.4. In part (a) of the problem d’Alembert’s principle (x, y= coordinates — 
of the oscillating mass point, y positive upward) demands 


(1) % da+(y+g)dy=0. 

The equation of constraint is 

(2) (z— &?-+y* =P. 

Its variation (¢, and hence also ¢, being held fixed) gives 
(3) (w— €)8x-+y dy=0. 
Combination of (1) and (3) results in 

(4) yx— (x— €) (y+g)=9. 


Differentiating (2) twice with respect to ¢ yields a second equation for z 
and y which, together with (4), furnishes the exact differential equation of 
the problem. 

When passing to small vibrations, one must remember that x— é is a 
small quantity of first order so that, according to (2), y=—I to small 
quantities of second order. y and y are then also small quantities of second 
order, so that (4) becomes 


(5) ba+(x— &)g—0. 


With x— ¢=w one obtains the inhomogeneous pendulum equation 


(6) i+ fu=—é, 
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showing that —mé€ acts as driving force. The integration is performed as 
on p.101. The phase relation between the motion of the point of suspension 
and that of the mass point emphasized in the text of the problem corres- 
ponds to Fig. 31. It will be instructive to make an experiment with a 
string whose lower end carries a weight, and whose upper end is moved 
horizontally to and fro by the hand. For fast motion of the hand (case 
above resonance) the out-of-phase motion of the two points can be very 
clearly observed. 

Using the method of Lagrange’s equations of the first kind, from 
Lagrange’s equation for y one finds A= = up to small quantities of 


second order, and from the x-equation one obtains Eq. (5). 
In part (b) of the problem Eq. (1) remains valid. Condition (2) becomes 


(7) a+ (y—7)P=P. 
Its variation yields, instead of (4), 
(8) (y—n)&—2(y+-g) =0. 


If x is treated as a small quantity of first order, (7) gives to quantities of 
second order 


(9) y—n=—l, y=. 


By this, (8) becomes 
(10) #4 119 90. 


The same follows from. Lagrange’s equations of the first kind, since the 
y-equation yields the value 


(11) ‘== 
if approximation (9) is used, so that the x-equation becomes identical to 
(10). 

If the point of suspension is moved upward with constant acceleration 
+g it follows that the force of gravity seems doubled; if the point is moved 
downward with —g, it seems to be anulled. This points to an equivalence 
between gravity and acceleration, which, together with the equality of the 
gravitational and inertial mass (p. 19), formed the foundation of Einstein’s 
theory of gravitation. 
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III.5. Equilibrium of the tensions at points C and D (necessary because 
the wire is weightless !) demands that 


%1—%3  Qg@s ea Ga—Z % Uy—Ls 
” a ee ae? ie ge 
so that, from Eq. (1) of the problem, with o,= "4 r » a= 2 ; 
(4) 01%1= (2+ 0)t3— 2X, 


O_%_= (2+ 05)X4— Xz. 
We have presupposed weak coupling, so that c, and o, are small numbers; 
they can be cancelled in the right members of (4). Solving for a3, 2, then 
yields 


2 1 

(5) Te= 5 OTT 3 %QXs 
2 1 

Uy= 5 Og%ot 5 OyXy 


and substitution in (2) gives 


ee 1 
(6) T+ i (1— 04) a= Bi, (¢,%_— 042) 


AA g 1 
These simultaneous differential equations are to be treated just like (20.10). 
The meaning, for our problem, of the quantities w,, w., k,, k, introduced 
there can be found by comparison with Eq. (6) above. 


III.6. The effect of m on M is represented by k(X—~-), that of M on 
m by k(x—X). In the two resulting simultaneous differential equations for 
X and x put X=0. It will be found that the condition required —that only 
m take part in the oscillation—is given by the resonance requirement that 
the circular frequency of the proper oscillation of system (m, k) be equal 
to the circular frequency w of the external force. 

Such an arrangement is used in engineering practice as an “ oscillation 
quencher.”’ It may thus be used on a crank shaft with a flywheel rotating 
with constant angular velocity w; there the quencher is a device capable 
of variable rotation; its purpose is to absorb the oscillations of the crank 
with which it is coupled. In such a case the angle rotated through takes 
the place of coordinate x of our problem. 


IV.1. Moments of inertia of plane mass distributions are important 
for the torsion and bending of beams in elasticity theory (Vol. II). Because 
of r?=2?+-y? we have 


I= [ Pdm= fatdm+ [ ydm=1,+1,. 
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In problems of elasticity the mass is to be thought of as uniformly distri- 
buted with density 1 over the cross section of the beam, so that dm=d8S= 
element of area. For a circular disk of radius a and area S=za? one then 
obtains 


I,= i r2d8=2n | sar— Sat and hence, I,=I,,=}Sa*. 
if] 


IV.2. We leave the ratio of the magnitudes of the three principal 
moments of inertia arbitrary to the very last; we thus embrace, in one and 
the same calculation, the three cases in which A is the greatest, smallest, 
and intermediate principal moment of inertia. 


IV.3. The impulse Z imparts to the ball (radius a) both a translational 
and a rotational momentum, 


(1) Mv=Z and (2) Iw=Zh, 


where h is the height above the center at which the horizontally held cue 
strikes the ball. The axis of w is perpendicular to the median plane. The 
peripheral velocity u at the lowest point lies in the median plane and equals 
aw. ‘This is true not only at t=0 (time of the impact), but also for t>0. 


According to (11.12a), Tat Ma?*, so that, for t=0, by Eqs. (2) and (1), 
(3) | = Mau=Zh= Moh. 


v=u means pure rolling, and from (3) requires h= =a. Notice that we 


have counted u positive in the direction opposite to v. For high shots 
h>=a the sliding velocity u—v of the point of contact between ball and 


cloth is >0 and opposed to v; friction is therefore directed along v and of 
magnitude »Mg. Its moment about the center, 1. Mga, acts against the 
rotation w. 

For low shots the friction is directed in the opposite way. In general, 


we can associate the upper sign with a high shot, the lower sign with a low 
shot, and write for ¢>0, 


(4) b= bug, 
(5) th EBay, 


Discussion by means of graph: draw # and u as ordinates against t 
as abscissa; both are represented by straight lines which intersect in the 
case of high shots as well as that of low shots. At the point of intersection 
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u=v pure rolling takes place. From then on the graphs of u and v run on 
in coincidence along a horizontal straight line. The abscissa of the inter- 
section is 


5bh-—2a ZZ 
(6) : tea Se Ta gM 


Note that for a low shot the first numerator is negative since h lies between 
—a and ; a; the negative sign of the right member of (6) is therefore only 


a formal one. The increase or decrease of velocity for high and low shots 
respectively is given by 4v=+pg7. The final velocity of pure rolling 
becomes 


1.e., proportional to the height h-+-a of the point of impact above the cloth. 


Theory of the follow shot. The ball struck high meets a second ball in 
a central collision during the time interval t<7 in which u>v. Let uy 
and v, be the values of u and v at the moment of impact. v is transferred | 
to the second ball. According to (4), the first ball is then accelerated from 
v=0. From (5), its uw decreases from wy on down. A new graph shows 
that there is an intersection at which pure rolling begins to take place. 
Abscissa of the point of intersection and velocity of pure rolling are, 
respectively, 


2 up. 2 
(7) ™=7% aii Vy=H9T = F Uo. 


Theory of the draw shot. Again the driven ball meets a second one in 
the interval t<7, where now, however, u<v. For an extremely low shot, 
which we shall presuppose, wu is, as a matter of fact, negative, that is, has 
the same direction as v. Let wu, and v, be the values of wu and v just before 
impact. v) is again transmitted to the second ball. From (4), the first 
ball is accelerated from v=0O in the negative sense: it runs backward. 
Eq. (5) tells us that w increases from its negative initial value wu, toward 
positive values, i.e., its absolute value decreases. The two straight lines 
of v and wu intersect (new diagram); the abscissa of the point of intersection 
and the final velocity of pure rolling now become 


2 |u 2 
(8) r= 7 u Ce 7 |2q. 
IV.4. The cue is no longer held horizontally as in IV.3, but forms 
an angle with the horizontal plane; evidently the cue must hit the ball 
at a point of the upper hemisphere, as in our earlier “ high shots.” Put 


272 Hints for Solving the Problems IV.4 


the z-axis along the horizontal component of the impulse and the z-axis 
along the vertical. The components of the impulse Z become (Z,, 0, Z,) 
and the components of the impulsive torque N referred to the center of the 
ball (which is also the origin of the xyz-system), 


N,=yZ, N,=2Z,-22, N,=—-yZ_ 


Here x, y and z are the coordinates of the point of impact of cue and ball. 
From the V,, NV, we obtain the angular velocities 


The associated peripheral velocities at the lowest point P of the ball are 


(1) Up=—AWy, Uy=+Aw,. 


NV, and w, do not interest us; they do not generate any sliding at P, but 
merely a “boring ”’ friction to be neglected. Let the sliding motion at 
the cloth have components 


(2) V_— Ug= — pcosa, Vy— Uy= — psin a. 


It creates a friction R making an angle 7+ « with the x-axis and having 
magnitude ng M. Its influence on the translation and rotation for t>0 is 
determined by 


Mi,=R,, Mo,=R 


y— aby» 
Iw,=aR,, Io,=—aR,. 
It follows that 
0,= —pgCosa, 0y= —pgsin a 


and, by virtue of (1) and (2), 
: 5 E : 5 
(4) Uy= — 5Hg8in «, U_g=— 5H9 COS a; 


és : d,—ti,= —F (pcos «) = —2 4g 00s «, 


: : d : 7 - 
Vy Uy=— qj (P Sin == 5g sin a. 


Solution for « and p from the last two members of Eqs. (5) gives 


1. «=0. The friction has constant direction; since it also has constant 
magnitude, the path of point P in the horizontal plane becomes a parabola. 
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The axis of the parabola is parallel to the initial direction « of the sliding 


motion, which can be gathered from the components of Z and N. 


ap — Fug, p=po- sugt, p=oror ile on po is the initial magni- 


tude of sliding velocity which can likewise be determined from Z and N. 
For ¢>7 the sliding and friction are permanently 0. The ball pursues a 
straight course tangent to the parabola. 


V.1. Let ¢ be the instantaneous angle by which the rotating plane 
has turned with respect to the fixed plane. We put 


(1) a+tiy=(£+in)et. 


Two differentiations with respect to ¢ give, with ¢ =o, 


(2) H+ iy ={E + ti + Qe E + iy) + ia(E + iq) — w%(E + tm)’. 
+m is the (complex) vector r as observed from the rotating plane, 
é+%in=r its velocity observed from the same plane, etc. Since i(é + in)= 


: +, 42 , ‘ 
(€-+ in) e*? is a vector perpendicular to the latter, we can write, 


(3) Qiw(E+in)=2Qoxt, ivo(E+in)=oxr, 


where w is of course directed along the normal to the complex plane. As 
on p. 165, let us call w the velocity «+ iy, as observed from the fixed plane; 
we shall, however, retain the designation of superscript dots for the time 
derivatives referred to the rotating plane, as written in Eq. (3) above. 
Kq. (2) then transforms to the following equation analogous to (29.4): 


(4) w = {r+2%xr+axr-— wr} ef. 

If F=F,-+7F, is the force referred to the fixed plane, ®=F¢+1Fy that 
referred to the rotating one, we have, from (1), F= @e'¢, so that 

(5) @o=Fe-?, 

In the light of (4) and (5) we then have from mw=F that 

(6) m {t+ 20xr+axr—w'r} =o. 


With this we have determined the additional forces required in the problem. 
In particular, one identifies the second term on the left with the Coriolis 
force. 

We have intentionally treated this problem in complex notation in 
order to emphasize that two-dimensional vectors are best represented by 
complex variables. 
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V.2. Let us choose the plane in which the straight line rotates as the 
xy-plane; x-axis horizontal, y-axis vertically upward. Let ¢=wt be the 
angle of the straight line with the z-axis. One can reduce the problem to 
the foregoing one by associating with the rotating straight line a vertical 
én-plane in which the line is fixed. This éy-plane must then rotate in the 
xy-plane with constant angular velocity w. It is convenient to put the 
é-axis along the rotating straight line. In order to keep the mass point 
on the é-axis one must exert on it a force of constraint in the y-direction. 
Our external force ® is therefore the sum of the force of constraint, which 
we shall call mb, and the force of gravity mg. From Kq. (5) of the foregoing 


problem the contribution of the latter to ® is —imge~*?. Summing, we 
then have 


®= 0; + 710,= —mgsin wt—imgcoswt+imb. 
In Eq. (6) of the previous problem one can put r=é and, by virtue of (3) 


ibid., 20xr=2iwé; further one must put w=0. One obtains 
(1) E+ 2iwé—wté=— mgsin wt + i(b—gcos wt). 
Its real part gives 

(2) -wtf=—gsinat, 

a differential equation with solution 

(3) r= A cosh wt + Bsinh wt + 5%; sin wt. 


If one puts the imaginary part of (1) equal to zero, one obtains the relation 
between force of constraint, gravity and Coriolis force given in the problem, 
viz., 


(4) 7 b=gcoswt+2wé. 


V.3. (a) Let x9 -+ iyy determine the position of O in the xy-plane. We 
then have 


) Xy + tyy=(u + iv) etd 
Ho + 1Yo={U + i0 + iw (ut iv)}erd, 
Let x -+ ty determine the position of G in the zy-plane. We have 
1’ OEE oat Yors ae’? 
a+iy=(u+iv+iwa)e? 
(2) &+ty=[t+ W+taa-+ iw(u-+ iv)— wa] etd, 
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In the xy-plane there corresponds to the external force R the complex 
quantity 

(2’) F = Rie’?, 

From (2) and (2’) the Second Law, % + iy=5 leads to 


t+ibtioa+io(u+ iv)— waite 
or, resolved into components, 
(3) u— wv— wta=0, 
(4) e+wat ou=z. 


In addition we have, from the law of angular momentum, 
(5) Iw=-— Ra. 
(b) Conditions »=0, v=0 simplify (3) and (4) to 


I 


RI 


(3) w—wa=—0, (4) wat wu 
Elimination of R from (4) and (5) gives 

(6) ia(1+ iq) + ou=0. 

Now put J= Mb? (b=radius of gyration) and 

(7) k2—] to =a 

which transforms (6) into 

(6) Paatwu=0. 


After integration of the simultaneous Eqs. (3') and (6’) R is determined by 
(4) or (5). 
(c) Elimination of u from (3') and (6) yields 
(8) 2 Wek 2 wt, 
After multiplication by 2 this equation becomes integrable and furnishes 


(9) # (2)2=met— ae (9) ka=w(k2ct— wf, 


where c is a constant of integration. One gets rid of the square root by 
putting 
(10) ; w=kecos ps. 


T 
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With suitable choice of the sign of the square root, (9’) becomes 
(10’) y=ccos 


or 


dy = 1+sinyp 
cdt= cay 5 (11) et=4ln ny : 


We have thus determined y as a function of t. We can now express all 
quantities in terms of 4; w from (10), w and R from (6’) and (4’): 


(12) w=akcsin yf, (12’) R= yak(k?—ljc*sin2y. 
This completes the integration. 
Because of w=, comparison of (10) and (10’) finally yields the relation 


p= = Our auxiliary angle 4 is hence proportional to the angle of rotation ¢, 


(13) =f, 


since the constant of integration can be made zero by suitable choice of 
the arbitrary direction of the x-axis. 


(d) From (1’), for v=0, 
tigate w+ ata, 
Pa=F(P+P)+508=F (w+ wa?) +-F (P— Natet 


(14) 
= 1 (u®+Katw?). 


From (10) and (12) this equals 
(15) P= NG thete2(sin2y-+cos*p) = Const. 
(e) From (1) and (12) 
t=ak?csinyscosd, y—akcsin psing, 
so that, by virtue of (10’) and (13), 
(16) ap —aktan ys cos ¢, a= aktan yasin d. 
Kq. (11) tells us that 
for s— 0, 10 
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The whole trajectory takes place between — 3 << +35 _ ke <o< oe A 
At t=0 a cusp occurs; for, according to (16) with ~=0, ¢=0, 


dt, ad ad d*. ds 
a ee ma 7 B03 on the other hand, age and 3 igs 703 
the cusp has tangents parallel to the z-axis on both of its branches. 

For t=+© the path becomes asymptotic, for ¢ becomes stationary: 
from (16), quite generally, 


In addition (16) yields 
= =tan¢d= +tankZ, 
so that the asymptotes are oo symmetrically with 3 to the x-axis, 


with angles +- ks as shown by Fig. 57 of p. 252 for k= ie 5p 2, 3. 


VI.1. With z taken positive in the sense of fall, ie. downward, 
V=—mgz. Initial position z=0 for t=0 lies above the final position z=z, - 
at t=). 

(a) For z=4gé we obtain 


t. 
[a= |" [P00 mg$0*| dt = 5 mgt. 
0 


(b) For z=ct we must choose c in such a way that for t=t, 


? t 
z=%,=g4; we therefore have c= oo 


With this value we find 
[uae ["[3( (2) +mg mt dt= 2 mgt. 
For z=aé', aan 8, on the other hand, 


2t, 
faa ["[3( ) +g 2 Z LB |dt= 5 mgt, 


Whereas in Hamilton’s sae we compare paths differing only by 
infinitesimal amounts, here the trajectories of (b) in the phase space of the 
q, ¥ (here z,2) differ by finite amounts from the real motion (a). Neverthe- 
less even now the value of Hamilton’s integral is smaller for (a) than for (b), 


as 
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This is true here even for arbitrary lengths of path, which need not be 
the case as a general rule (cf. p. 208). 


VI.2. As in Problem V.1, let € and 7 be the coordinates fixed in the 


rotating plane; let u~=(é, n) be the velocity measured with respect to this 
plane. ‘The velocity relative to the fixed plane is then 


w=u+vV, V=oxr 


[ef., for instance, the first line of the table of p. 139]. Resolution into com- 
ponents gives 


we=t— wn, Wy=7 +, 
[w |? 2 4-9? + 20 (E9—n£) + o?(2-+7)). 
From this it follows, with 7'= jm|w\?, that 


d oT 


4: i ee 
ee. al wn) = m(& — wy — wn) 


Fi ap ag + wt) =m (74+ wé + w8) 


SEM (op + o€), T= m(— wé + oy). 
Let ®¢, ®, be the components of the external force F with respect to the 
moving axes €, 7; we then obtain Lagrange’s equations 

m(£—2w— wn— w £)= Bg, 

m (9 + 2wé + wE— wn) = By. 


This is in exact agreement with Eq. (6) of Problem V.1, provided we resolve 
the latter into its components. 


In the guiding on a rotating straight rod treated in Problem V.2 we have 


2 2 2 . . « 
ie — =P4Po%, LaF (r+ 1% 0%)—mgrsinot ; 


dob mr, HY —mre®—mgsinot 
aarp = g 
The Lagrange equation resulting from this is identical to Eq. (2) of V.2. 
It immediately leads to the solution (3) of that problem. With the present 
method we need not speak of Coriolis and similar forces, though, on the 


other hand, we do not learn anything about the force of constraint. 
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V1.3. The terms left out in Eq. (4) of the problem and indicated by 
. are 


(1 +3) 4 and —£ (145). 


sin 0 


After multiplication by the factor of {} they would give, on differentiation 
with respect to ¢, terms of second or higher order in the &€, y, ¢ or their 
derivatives. In connection with the differentiated equations (5) and (6) 


we should remark that terms of second order such as ee Le etc., have, 
of course, been omitted. It is worth noting that through this omission the 
radius R of the earth disappears from the results. In the complete Eq. (6) 
we would actually obtain, in addition to the term written down, a term 
In w*, viz., 

Rsin6cos6 w?, 


which evidently represents the ¢-component of ae ee centrifugal 


force ; the corresponding ¢-component would occur in 22 ar a These terms must, 
however, be omitted because they have already been included in the effective 


gravitational acceleration g, Eq. (30.1). 

In the case of Foucault’s pendulum one should evidently use not the 
ordinary form (34.6) of Lagrange’s equations, but the mixed type (34.11), 
coupled with the equation of constraint (31.1). 

Incidentally, note that due to the definition of y and y, in (1) and (2) 
our problem belongs to the class of problems dependent on the os — 
on p. 217. 


VI.4. The center of mass describes a “curtate’’ cycloid in a plane 


normal to the axis of the cylinder. Its parametric equations in terms of 


the angle of rotation ¢ are obtained from Eq. (17.1) for a ‘‘ common” 


cycloid by replacing a of Eq. (17.1) in part by s, 
=ad—ssing, £=(a—scosd)¢, 
n=a—scosd, n=ssind¢. 
(a) If we take the mass center as reference point O, we have 
Troan = 5 (E+) = 5 (a? + 82 —2as cond) $?, 
Ts =F 9, T ,=9, V=mgn=mg(a—scos¢). 


Notice that o= is originally the angular velocity of the cylinder about 
its axis of symmetry, but that, according to (23.8), it is also the angular 
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velocity about a parallel axis through the mass center. Putting I=mb? 
(b=radius of gyration) and c?=a*-+s?+-b?, we have 


(1) L=T a 5 (ct 2ascos¢)¢2— mg (a—scos¢) 
on aus (= 2ascosd)p + 2assindd? 
m dt od 
1 eL 


Hence the equation of motion is 


(2) (2 2ascosd)d+assindd?+gssind=0. 
(b) If we choose the center of the cross section through the mass center 


as reference point O, the latter moves horizontally with velocity ad; with 
I'=I-+ms3? [cf. (16.8)] we have 


: i: 
T ransi= 5 OP, Prot 5 ¢*, V as above, 
but now 7, is not 0; from Kq. (22.11) it is given by 


n= ma¢*scos¢. 


As a result 
(3) L—T nel + Dorel ln — 5 (et 2ascos¢) ge mg (a— scos¢), 


which is in agreement with (1), so that we obtain, once more, the equation 
of motion (2). For small oscillations about ¢=0 it yields 


d+io=0, Yee te? eee ...: stability; 


s 


for small oscillations about ¢=7, on the other hand, with J=z+-4¢, . 


bf. p=0, ee 

VI.5. 1. Relations between the angular velocities. The derivation of 
these relations is simplest if one remembers that at the points at which the 
bevel gears (w) are in mesh with gear (w,) on the one hand and gear (w,) 
on the other, the peripheral velocities must, at any instant, be equal. Gears 
(w) rotate about axle A with angular velocity w; in addition, this axle 
rotates together with (w) about the common geometric axis of (2), (w,) 
and (w,) with angular velocity Q. Ifr, r, and r, are the mean radii of bevel 
gears (w), (w,), (w,), we must have at point of contact (w, w,) 


ra+rQ=r,0, 
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and at point of contact (w, we) 
=O the tas 
With 7,;=r, we obtain from this the relations 


(1) 292 = w,+ we 
20="(e,— Wo). 


Of course these relations can also be derived by introducing virtual rotations. 


2. Relations between the torques. The virtual work of LZ must always 
equal the sum of the virtual work of LZ, and Zz, i.e., 


LOQSt= Ly, w, dt + Ly at. 
We now replace 2 in terms of w, and w,. by means of (1) to arrive at 
L L 
(- I,) Wy, + G =a L,) @,=0. 
This is possible for arbitrary w,, w, only if 
(2) 4L=L,=1,. 


It is seen that the driving torque of the engine is transferred in equal 
amounts to each rear wheel at all times, no matter what the values of 
angular velocities w, and w,. 


3. Equation of motion of the system. Here it will be found simplest to 
use Lagrange’s equations of the second kind. We have 


T=} (I,e%+1,03+1e?+I' i): 
We replace w and 2 by their expressions in terms of w, and w,. and introduce 


abbreviations 


Ir} 


¥ 8a 
Ba Lea 


ee Ge 
eat eae 

lift 
Ly_= Lo =F _ ap 


Lagrange’s equations then become 


d L 
(3) qe w+ Ly We) =5— Wy, 


2 
d L 
Ler 4 + Lys 2) = 5 — Ws. 
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W, and W, are two resisting torques acting at the two rear wheels; they 
have their origin in the static friction at the ground and may, if one wishes, 
include the other resistances (air, etc.). 

If L, W, and W, are given as functions of the time, one can calculate 
the parentheses in the left members of (3) as time integrals of the right 
members, so that w, and w, become known functions of the time. 

Averaged over the time, the right members of (3) are equal to zero, 
so that w, and w, are constant. If, however, the resistance acting on one 
wheel is decreased, which happens, for instance, if the wheel jumps off a 
bump in the road and momentarily turns in the air (W=0), this wheel 
is accelerated, whereas the other is decelerated. 


4. Analogy to electrodynamics. Eqs. (3) are so written that they remind 
one of the interaction of two inductively coupled currents (see the remarks 
on p. 225 concerning Boltzmann). If we identify the L,, with the coefficients 
of induction of the two circuits, w, and w, with the currents flowing in 
them, the left members of (3) are the electrodynamic induction effects. 
4L corresponds to the “ impressed EMF ” acting in the circuits, and 


aael © 1 2 
T = 3 Ly 0, +1L,,01 0+ 5 Lo.05 


is the total magnetic field energy. According to p. 197, one calls cyclic 
systems those whose Lagrangian contains only the derivatives of the 


coordinates with respect to time (here o=by ws=¢,). They therefore 
constitute the mechanical analogue of stationary electric currents. Both 
the differential mechanism and the symmetrical top are doubly cyclic 
systems. 
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A 
Acceleration, moment of, 35 
normal, 33, 36 
resolution along Cartesian 
coordinates, 32 
tangential, 33, 36 
Action, 181 
integral, 185, 205, 230, 238 
principle of least, 204, 230 
quantum of, 181, 229, 238 
Air resistance, 21 
d’Alembert, 53, 60 
d’Alembert’s principle, 59, 61 
Angular acceleration, 62, 142 
velocity, 62, 120, 130 
Angular momentum, ‘definition of, 35 
conservation of, 73, 79, 114 
law of, 71 
law of, for a rigid body, 133 
of a system of particles, 71 
relation to moment of inertia, 63, 131 
Anomaly, eccentric, 244 
mean, 260 
true, 39, 243 
Anschiitz-Kaempfe, H., gyrocompass, 155 
Aphelion, 42 
Archimedes, i, 54 
Areal velocity, 36, 39, 72 
Atwood’s machine, 246 


B 
Baer law of river displacements, 164 
Balmer series, 239 ; 
Beats, 108, 114 
Bernoulli, Jacques, 53 
Jean, 53 
Bicycle, 55 
gyroscopic effects, 157 
Billiards, theory of game, 158 
high and low shots, 158, 250 
parabolic motion of ball, 160, 251 
Block and tackle, 56 
Body, rigid, 118, 133 
Boltzmann, L., doubly cyclic systems, 225 
momentoids, 228 
Brachistochrone, 95 
Bridge, forces of support, 55 
Buys-Ballot, law of, 164 


Canonical, 220 

equations, 222 

variables, 222 
Canonically conjugate, 222 
Carathéodory, C., 174, 251 
Cardan’s suspension, 150 
Carnot energy loss, 28, 29, 241 


. Centrifugal force, 59, 82, 163 


for increased rotation of the earth, 246 
Chain, falling, 241 
Chandler’s period, 144 
Circular frequency, 23, 87, 115 
Cogredient, 14, 202 
Collision, see Impact 
Conservation of angular momentum, 73, 

79, 114 

of energy, 18, 31, 168, 189 

of momentum, 4, 79 
Constraint, 48, 96 

principle of least, 210 
Contact transformations, 220 
Contragredient, 202 
Contravariant, 202 
Coriolis force, 59, 162 
Corpuscular theory of light, 229 
Coulomb, Ch. A., laws of friction, 81 
Couple, 128 
Coupled pendulums, 106, 248 
Coupling coefficient, 107 
Covariant, 14, 202 
Curvature, 213 

of a trajectory, 33, 213 

principle of least, 212 
Cyclic coordinates (variables), 197, 236 
Cycloid, parametric equations, 94, 192 
Cycloidal pendulum, 94, 192 


dD 
Damping, aperiodic (critical), 104 
factor, 104 
Decrement, logarithmic, 104 
Differential of automobile, 254 
Differential, perfect (exact), 46 
Displacement, virtual, 50 
Dissipation of energy, 168 
Dissipative systems, 47, 168 
Double pendulum, 111, 195 
Drive mechanism of a piston engine, 49, 
51, 57 


283 


Index 


Dynamics of a free particle, 38 | Fermat's principle of least time, 207 
of a rigid body, 133 | Fermi, E., thermal neutrons, 260 
Dyne, 8 Flattening of the earth, 143 
‘ - Flywheel, calculation of, 245 
Ecliptic, 39 Force, 4 
Einstein, A., general theory of relativity, applied, 53 
15, 209 couple, 128 : 
Electron trajectory in the field of an ion, | ‘derivable from a potential, 46 
242 external, 70, 74 


fictitious, 59, 162, 192 

field, 17, 45 

generalized components of, 188, 192 
Hertz’s ideas on, 5 

internal, 70, 74 

Kirchhoff's ideas on, 5 


Electron, variable mass, 30 
Electron-volt, 243 
Elliptical trajeetory, for a central force 
proportional to the distance, 242 
in a Kepler type problem, 41, 179, 237, 


242 
Ellipticity, 143 lost, 61, 211 
Energy, 17, 18 ' moment of, see torque 
conservation of, 18, 31, 168, 189, 222 of reaction, 52 
equation (law) of, 17, 68, 222 peslisingecgy of, 6 
equation of, in relativity, 31 polygon, 125 J 
free, 185 principle of superposition, 6 
inertia of, 31 | units of, 7, 8 
kinetic, 17, 122 . Foucault’s gyrocompass, 154 
kinetic, for the rotation of a rigid body, | _ Pendulum, 171, 253 
63) 122 Four-vector, 14 


Frahm stabilization tank, 154 
Freedom, degrees of, 48, 50 

of non-holonomic systems, 50 

of rigid bodies, 48, 118 
Frequency of oscillation, 23, 87, 102 
Friction, 54, 66, $1 
| angle of, 82 
| coefficient of, $1, 83 
cone of, S] 
kinetie or sliding, 54, 83, 158 


kinetic, in relativity, 31 
potential, 17, 45 
potential, of harmonic binding, 23 

** English *, in billiards, 160 

Equations of constraint, 50, 66 
rheonomous and scleronamous, 191 
time-dependent, 68 

Equations of motion, various methods of 

integration, 16 
Equipollence of forces in the statics of 


rigid bodies, 126 ; Coulomb’s laws of, 81 
Erg. § : on an inclined plane, 82 
Euler's circle, 143 : static, 54, S81, 84 
equations, 1S7 
equations of motion, 139, 226 G 
period, 143 Galilean transformation, 11 
theorem, 190 Galileo, law of inertia, 3, 10 
theory of polar fluctuations, 142 | principle of virtual work, 53 


Eulerian angles, 196, 225 Galvanometer, 247 
Evolute of a cycloid, 96 Gauss, K. F., 8, 210, 215 
Gauss’ principle of least constraint, 210 


F Geodasies, 208, 214 
Fall, free, from a great distance, 20 Gibbs, J. W., notation for vector products, 
free, in air, 21 38 
free, near the earth, 19 . Grassmann, H., notation for vector 
free, on rotating earth, 167, 253 ' products, 38 
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Gravitation, Newton’s law of, 20, 39 
Einstein’s theory of, 16 

Gravitational constant, 20, 39 

Gravity, acceleration due to, measured 

with a reversible pendulum, 92 

center of, 91 

Gyrocompass, 154 

Gyroscope, 150 

Gyroscopic terms, 169 

Gyrostabilizer, 153 


H 
Hamel, G., 228, 261 
Hamilton, W. R., algebra of quarternions, 
120 
hodograph, 34 
Hamiltonian, 190, 217 
Hamilton-Jacobi equation, 229 
Hamilton’s equations, 217-219 
Hamilton’s principle, 181, 232, 252 
illustration, 252 
Hamilton’s theory, 217 
Heaviside, O., notation for vector pro- 
ducts, 38 
Helical spring, oscillating, 110 
Hertz, H., centrifugal force, 60 
concept of force, 5 
holonomic and non-holonomic 
ditions, 50, 185 
principle of least curvature, 212 
Hesse’s case of the unsymmetrical heavy 
top, 138 
Hodograph, 34 
of planetary motion, 40, 242 
Holonomic conditions, 50, 66 
Huygens, C., center of oscillation of a 
pendulum, 91 
cycloidal pendulum, 94 
Hydrogen atom, 238 
Hypersurface, 221 


con- 


1 
Impact, elastic, 24, 25, 240 
inelastic, 27 
inelastic, between an electron and an 
atom, 240 
in game of billiards, 159 
Impulse, 159 
Inertia, 3 
of energy, 31 
Galileo’s law of, 3, 10 


Inertia (contd.) 
moment of, see moment of inertia 
products of, 123, 246 
Inertial forces, 59, 60, 76 
systems, 10 
Integral variational principles of mecha- 
nics, 181 ; 
Intrinsic coordinates, 32, 36 
Invariant, 14, 15, 16, 216, 219 
Inversion (reflection through origin) of 
coordinate systems, 121 
Isochronous pendulum, 88, 94 


J 
Jacobi’s rule, 233 
Joule, unit, 8 


K 
Kelvin, Lord, 169 
Kepler’s equation, 238, 243 
laws, 39-43, 235 
problem, 38-45, 71, 235 
Kinematics in a plane, 32 
in space, 36 
of a rigid body, 118 
Kinetic energy, see energy 
Kirchhoff, G., concept of force, 5 
Kirchner, F., nuclear disintegration of 
lithium, 242 
Kowalewski’s case of the unsymmetrical 
heavy top, 138 


L 
Lagrange, J. L., Mécanique analytique, 
1, 53 
Lagrange’s case of the three-body problem, 
174 
equations of the first kind, 66 
equations of the second kind, 185 
fictitious forces, 192 
indeterminate multipliers, 67 
Lagrangian (function), 184, 209 
difficulty in defining it for general, 
especially non-mechanical systems, 
209 
Legendre’s standard form for elliptic 
integrals, 89 
transformation 226 
Lever, 54 
inverse of, 55 
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Index 


Light, corpuscular theory, 229 

independence of velocity of the refer- 
ence frame, 11 

wave theory, 229 

Linear momentum, see momentum 

Line element, 213 

Line of nodes, 136, 196 
advance of, 145 

Liouville’s theorem, 26 

Lorentz, H. A., deformable electron, 15 
transformation, 12 


M 
Mass, 4 
center, 25, 70 
center, velocity of, 25, 70 
gravitational, 19 
inertial, 19 
longitudinal, 30 
reduced, 28, 64, 85 
relativisite variation, 15, 30 
rest, 15 
transverse, 30 
units, 7, 8 
variable, 28 
Maupertuis, P. L. N. de, principle of least 
action, 204 
Mechanical system, 53 
Michelson-Morley experiment, 15 
Minkowski, H., proper time, 14, 209 
Modulus of periodicity of an action 
integral, 238 
Moment of acceleration, 35 
of a vector, 34 
of force, see torque 
of momentum, see angular momentum 
of velocity, 35 
Momental ellipsoid, 124, 132 
Moment of inertia, 62, 123 
law of parallel axes, 93 
of a compound pendulum, 91 
of a plane mass distribution, 250 
of a rigid body, 123 
of a sphere, 65 
principal, 124 
Momentum, 4 
conservation of, 4, 79 
equation of, 4, 70, 133 
equation of, for a rigid body, 133 
in a collision of two masses, 25 
in relativity theory, 14 


] Momentum (contd.) 


moment of, or angular, see angular 
momentum 
of a rigid body, 130 
Moon, acceleration due to earth’s attrac- 
tion, 241 
nodes, 146 
rocket to, 241 
Multiplication of vectors, scalar, 7 
vectorial, 34 


N 
Newton, Sir, I., Philosophiae Naturalis 
Principia Mathematica, i, 3 
unit of force, 9 
Newton’s absolute time, 9, 11 
axioms, 3 
first law, 3 
fourth law, 6 
law of acceleration, 4 
law of gravitation, 16, 20, 39 
pail experiment, 9, 20 
second law, 4 
third law, 6 
Non-holonomic conditions, 50, 244 
velocities, 141, 197, 226 
Normal modes of oscillation, 107 
Normal to a surface, 215 
North Pole, celestial, 143 
geometric, 143 
Nuclear disintegration of lithium, 242 
Nutations, 146, 200 


Oo 

Oscillations, 87 

aperiodic, 104 

center of, 91 

forced, damped, 104 

forced, damped, resonance peak, 105, 

247 

forced, undamped, 100 

free, damped, 103 

free, undamped, 22 

frequency of, 23, 87 

harmonic, 22, 87 

isochronous, 88, 94 

modulated, 106, 114 

of a‘ balance wheel, 115 

period of, 23, 87, 90, 95 

quencher of, 250 

sympathetic, 106, 248 
Osculating plane, 36, 214 
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P 
Parallelogram of forces, 6 
Path, curvature of, 33 
prescribed, 65 
principle of the shortest, 208 
variation of, 182, 205 
Pendulum, compound, 49, 91 
coupled, 106, 248 
cycloidal, 94, 192 
double, 111, 195 
forced motion of the point of suspension, 
248 
Foucault’s, 171 
isochronous, 88, 94 
reversible, 92 
seconds, 88 
simple, 49, 87 
spherical, 49, 96, 193 
spherical, for infinitesimal deflections, 
247 
Perihelion, 42 
Periodicity, modulus of, 238 
Phase difference of oscillations, 101, 105 
Phase space, 238 
Piston engine, drive mechanism of, 49, 
lh, (el 
double-acting, 245 
Pitot tube, 20 
Planck’s elementary quantum of action, 
181, 229, 238 
Plane, inclined, 64 
inclined, vertically accelerated, 246 
inclined, with friction, 81 
invariable, 73, 136 
osculating, 36, 214 
rotating, 174, 251 
Planetary motion, 38, 235 
Poggendorff’s experiment, 246 
Poinsot method, 132 
Point transformation, 201, 219 
Polar coordinates, 39 
Polar fluctuations, 142, 167 
Polhode, (body cone), 143 
Position coordinates, generalized, 185, 201 
Potential, 45 
energy, see energy 
kinetic, 185 
Power, 7 
Precession of a spherical pendulum, 99 
of the equinoxes, 145 
pseudoregular, 137, 146, 200 


Precession of a spherical pendulum (contd.) 
regular, 134, 142, 200 
under no forces, 145 
Principal axes, transformation to, 124 
Principal moments of inertia, 124 
Principal normal, 36 214 
Principle, d’Alembert’s, 59, 61 
Hamilton’s, 181, 232 
of least action, 204, 230 
of least constraint, 210 
of least curvature, 212 
of least time, 207 
of Maupertuis, 204, 230 
of the shortest path, 208 
of virtual work, 51 
Products of inertia, 123, 246 
Proper time, 14, 209 


Q 
Quantum numbers, 238 
theory, (old), 238 
Quaternion algebra, 120 


R 
Radius of gyration, 91 
Reaction, principle of action and, 6 
application to collisions of particles, 24 
Reduction of a system of forces, 126 
Reference frame or system, 9, 10 
Reference point, change of, in the theory 
of a rigid body, 127 
Reflection of coordinate system, 121 
Relative motion, differential equations, 
165 
in a plane, 251, 253 
Relativity pinciple, in classical mecha- 
nics, 1] 
of electrodynamics, 14 
Relativity theory, general, 15, 209 
principle of energy, 31 
special, 5, 14, 79, 209 
Resonance, 76, 102, 107, 116 
denominator, 102 
peaks in forced damped oscillations, 
105, 247 
Rest mass, 15 
Reversible pendulum, 92, 
Rheonomous conditions of constraint, 191 
Rigid body, 62, 118, 133 
Rolling wheel, 244 
Rope, falling, 241 
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Rotating straight line, 251, 253 
Rotation, about a fixed axis, 62 
addition of, 120 
basic equation of, 63 
infinitesimal, 119 
of a rigid body, 118 
of a rigid body about a fixed axis, 62, 
118 
permanent, of an unsymmetrical top, 
146, 250 
virtual, 58, 71 
Rotational couple, 128 
velocity, 119 
Routh, E. J., Treatise, 150, 223 
Routh’s equations, 222 
function, 223 


5 
Scalar product, 7 
Schlick, O., mass balancing, 76 
gyrostabilizer, 153 
Schrédinger, E., 229 
Schuler’s law, 156 
Scleronomous conditions of constraint, 191 
Screw displacement, 119, 129 
Secular equation, 109 
Separation of variables, 231, 235 
Sleigh, as an example of a non-holonomic 
system, 251 
Sliding friction, 54 
Spin, stable and unstable, 151 
Stability of the rotation of a top, 250 
ofaship, 153 
Static friction, 54 
Statics in space, 37 
of a rigid body, 125 
plane, 34 
Staude’s case of the unsymmetrical heavy 
top, 138 
System, closed, 79 
conservative, 47, 230 
cyclic, 222 
non-conservative (dissipative), 47, 231 


T 

Tautochrone, 95 
Tensor, symmetrical, 123 

strain, 123 

stress, 123 

surface, 123 
Three-body problem, 80 

Lagrange’s case, 174 


} Time, absolute (Newton), 9, 11 


proper, 14, 209 
Top, heavy symmetrical, 136, 196, 225 
heavy unsymmetrical, 138 
spherical, 125, 134 
| symmetrical, 134, 225 
under no forces, 134, 146, 227 
unsymmetrical, 135, 146, 227 
Torque, 35 
about an axis, 37, 58 
about a point, 37 
as a vector quantity, 241 
connection with virtual work, 58 
impulsive, 159 
polygon, 126 
Trajectory, curvature of, 33 
Transformation, angle-preserving, 27 
area-preserving, 26 
Galilean, 11 
Legendre, 226 
Lorentz, 12, 13 
orthogonal, 10 
unimodular, 258 
Translation of a rigid body, 118 
Turning stool, 74 
Two-body problem of astronomy, 44, 80, 
235 


U 
Units, absolute, 7, 8 
Giorgi’s system, 8 
gravitational or practical, 7, 8 


Vv 

Variation of trajectory, 182, 205 
Vector, 4 

algebra, 46 

analysis, 46 

axial, 120 

moment, 34 

notation for products, 38 

polar, 120 

scalar product, 7 

vector product, 34 
Velocity, areal, 36, 39, 72 

coordinates, generalized, 185, 201 

decomposition, 32, 36 

of a rigid body in arbitrary motion, 119 
Virtual work, 51 

displacement, 50 

rotation, 58 
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WwW : Work, 
Water drop in saturated atmosphere, 241 of the reactions, 52 
Watt, unit, 8 ‘principle of virtual, 61 
Wave theory of light, 229 units of, 8 
Weight, units of, 7 virtual, connection with torque, 58 


World line element, 209 
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Wobbling ’’ of a cylinder rolling on a Wrench, 129 


plane support, 254 
Work, 7 Y 
in a virtual rotation, 58 Yo-yo, 246 
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